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PREFACE. 



TfiA following summary view of the first principles of al- 
gebra is intended to be accommodated to the metliod of in- 
dtruction generally adopted in the Americ&n colleges. 

The boeks which have been published in Great Britain on 
mathematical subjects, are principally of two classes. — One 
Consists of extended treatises, wluch enter into a thorough in- 
vestigatidn of the particular departments which are tlie ob- 
jects of their inquiry. Many of these are excellent in their 
kind ; but they are too voluminous for the use of the body 
of students in a college. 

The other class are expoessly intended for beginners ; but 
many of them afe written in so concise a manner, that im- 
portant proofs and iUustfationa are excluded. They are 
mei'e text-iooki, containing only the outlines of subjects 
which are to be explained and enlarged upon, by the pro- 
fessor in his lecture room, or by the private tutor in his 
chamber. 

In the colleges in this country, there is generally put into 
the hands of a class, a book from which tliey are expected oj 
themselves to acquire the principles of the science to which 
they are attendmg : receiving, however, from their instructor, 
any additional assistance which may be found necessary. An 
elementary work for such a purpose, ought evidently to con- 
tain tlie explanations which are requisite, to bring the sub- 
jects treated of within the comprehension of the iK)dy of 
tlie class. 

If the design of studying the mathematics were merely to 
obtain su<^ a knowledge of the practical parts, as is required 
for transacting business ; it might be Sufficient to commit to 
memory some of the principal rules, and to make the opera- 
tions familiar, by attending to the examples. In this me« 
chanical way, the accountant, the navigator, and the land 
surveyor, may be qualified for their respective employments, 
with very little knowledge of the principles that lie at the 
foundation of the calculations whicji they are to make. 

But a higher object is proposed, in the case of those who 
ore acquiring a liberal education. The main design should 
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be to call into exercise, to discipline, and to invigorate the 
po\vera of the mind. It is the logic of the mathematics which 
constitutes tiieir principal value, as a part of a course of col- 
legiate instruction. The time and attention devoted to them, 
is for the purpose of formuig sotmd reasoners^ rather than ex- 
pert mathematicians. To accomplish this object it is neces^ 
sary that the principles be clearly explained and demonstra- 
ted, and that the several partd be arranged in such a manner, 
as to show the dependence of one upon another. The whole 
should be so conducted, as to keep the reasoning powers in 
continual exercise, without greatly fatiguing them. No 
other subject affords a better opportunity for exemplifying the 
rules of correct thinking. A more finidbed specinaen of dear 
and exact logic has, perhaps, never been produced, than the 
Elements of Geometry by Euclid. 

It may be thought, by some, to be unwise to form our gen- 
eral habits of arguing, on the model of a scieRce in which 
the inquiries are accompanied with cAsalute certcmty ; while ^ 
the common business of lile must be conducted upon probable 
evidence, and not upon principles which admit of ccnni^ete 
demonstration. There would be weight in this objection, if 
the attention were confined to the pure mathematics. Bui 
when these are connected with the physical sciences, astro-* 
nomy, chemistry, and natural philosophy, the mind has op- 
portunity to exercise its judgment upon all the various de- 
grees of probability which occur in the concerns of life. 

So far as it is desirable to form a tcute for mathematical 
studies, it is important that the books by which the student is 
first introduced to an acquaintance with these subjects, should 
not be rendered obscure and forbidding by their conciseness. 
Here is no opportunity to awaken interest, by rhetorical ele* 
gance, by exciting the passions, or by presenting images to 
the imagination. The beauty of the mathematics depends 
on the distinctness of the objects of inquiry, the symmetry of 
their relations, the luminous nature of the arguments, and the 
certainty of the conclusions. But how is this beauty to be 
perceived, in a work which is so much abridged, that the 
chain of reasoning is often interrupted, important demonstra- 
tions omitted, and the transitions from one subject to another 
so abrupt, as to keep their connections and dependencies out 
of view 1 

It may not be necessary to state every prq)osition and its 

Eroof, with all the formality which is so strictly adhered to 
y Euclid ; as it is not essential to a logical argument, that 
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It be tiaqMresaed itt regular aed entire tsfUMmiB. A step of 
a demonstration may be safely omitted, when it is so simple 
and obvioCis, that no one possessing a moderate acquaintance^ 
with the subject, could fail to supply it for himself. But thif» 
liberty of omisffloo ought not to be extended to cases in 
which it will occasion obscurity and embarrassment. If it 
be desirable to give opportunity for the mind to display and 
enlarge its powers, by surmounting obstacles; full scope 
may be found for this kind of exercise, especially in the 
higher branches of the Mathematics, from difficulties which 
wUi unavoidably occur, without creating new ones for the 
sake of p^plexing. 

Algebra requires to be treated in a more plam and diffuse 
manner, than some other parts of the mathematics; because 
it is to be attended to, early in the course, while the mind of 
the learner has not been habituated to a inode of thinking so 
abstract, as that which will now become necessary. He has 
also a neio language to learn, at the^same time he is settling 
the prindplee upon which his future inquiries are to he con* 
ducted. These principles ought to be established, in the 
most clear and satisfactory manner which the nature of the 
case will admit of. Algebra and geometry may be consider* 
ed as lying at the foundation of the succeeding branches of 
the mathematics, both pure and mixed. Euclid and others 
have given to the geomeUical part a degree of clearness and 
precision which would be very desirable, but is hardly to be 
expected, in algebra. 

For the reasons which have been mentioned, the manner 
in which the following pages are written, is not the most 
concise* But Uie work is necessarily limited in extent of 
sublet. It is far from being a complete treatise of algebra. 
It is merely an introduction* It is intended to contain as 
much matter, as the student at college can attend to, with 
advantage, during the short time allotted to this particular 
study. There is generally but a small portion of a class, 
who have either leisure or inclination, to piecsue mathemati- 
cal inquiries much farther than is necessary to maintain an 
honorable standing in the institution of which they are 
members. Those few who have an unusual taste for this 
science, and aim to become adepts in it, ought to be refer* 
red to separate and complete treatises, on the different 
tranches. No one who wishes to be thoroughly versed in 
mathematics, should look to compendiums and elementary 

books tos any thing more than the first principles. As soon 

I 
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as these are acquired^ he should be guided in his iuquiiies by 

the genius and spirit of original authors. 

In the selection of materialsi those articles have been 
taken which have a practical application, and which are pre- 
paratory to succeeding parts of ttie mathematics, philosophy, 
and astronomy. The object has not been to introduce orU 
gmal matler. In the mathematics, which have been cultiva- 
ted with success from the days of Pythagoras, and in which 
the principles already established are sufficient to occupy the 
most active mind for years, the parts to which the student 
ought first to attend, are not those recently discovered. Free 
use has been made of the works of Newton, Maclaurin, 
Saunderson, Simpson, Euler, Emerson, Lacroix, and others, 
but in a way that rendered it inconvenient to refer to them, 
in particular instances. The proper field for the display of 
mathematical genius, is in the region of invention. But 
what is requisite for an elementary work, is to collect, ar- 
range and illustrate, materials already provided. However 
humble this employment, he ought patiently to submit to it, 
whose object is to instruct, not those who have made consid- 
erable progress in the mathematics, but those who are just 
commencing the study. Original discoveries are not for the 
benefit of beginners, though they may be of great importance 
to the advancement of science. 

The arrangement of the paits is such, that the explanation 
of one is not made to depend on another which is to follow. 
The addition, multiplication, and division of powers, for in- 
stance, is placed after involution. In the statement of gen- 
eral rules, if they are reduced to a small number, their ap- 
plications to particular cases may not, always, be readily un- 
derstood. On the other hand, if they are very numerous, 
they become tedious and burdensome to the memory. The 
rules given in this introduction, are most of them compre- 
hensive ; but they are explained and applied, in subordinate 
articles. 

A particular demonstration is sometimes substituted for a 
general one, when the application of the principle to other 
cases is obvious. The examines are not often taken firom 
philosophical subjects, as the learner is supposed to be fa- 
miliar with none of the sciences except arithmetic. In treat- 
ing of negative quantities, frequent references are made to 
mercantile concerns, to debt, and credit, &c. These are 
merely for the purpose of illustration. The whole doctrine 
of negatives is made to depend on the single principle, that 
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they are quantities to be subtracted. But the student, at 
this early period, is not accustomed to abstraction. He re-, 
quires particular examples, to catch his attention, and aid his 
conceptions. 

The section on proporHony will, perhaps, be thought use- 
less to those who read the fifth Book of Euclid. That is suf- 
ficient for the purposes of pure geometrical demonstration. Bui 
it is important that the propositions should also be presented 
under tne algebraic forms. In addition to this, great assis- 
tance may be derived from the algebraic ^wtationy in demon- 
strating, and reducing to system, the laws of proportion. The 
subject instead of being broken up into a multitude of dis- 
tinct propositions, may be comprehended in a few general 
principK 
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MATHEMATICS IN GENERAL. 



Art. L Mathematics is the science of quantitf. 

Any thing wbict) can be multiplied^ divided, or measured^ b 
called quantity. Thus» a line is a quantity, because it can 
be doubled, trebled, or halved ; and can be measured, by 
applying to it another line, as a foot, a yard, or an ell. 
Weight is a quantity, which can be measiu-ed, in pounds, 
ounces, and grains. Time is a species of quantity, whose 
measure can be expressed, in hours, minutes, and seconds. 
But color is not a quantity. It cannot be said, with propri- 
ety, that one color is twice as great, or half as great, as 
another. The operations of the tiitnd, such as thought, 
choice, desire, hatred, &c. are not quantities. They are in- 
capable of mensuration.* 

3. Those parts of the Mathematics, on which all the 
others are founded, are 4SrUhmetic, Algebra^ and Geometty. 

B. Arithmetic is the science of numbers. Its aid is 
recpiired to complete and apply the calculations, in almost 
every other department of the mathematics. 

4. Algebra is a method of computing by letters a^nd other 
ftymbols. Fluxions, or the Difierential and Integral Cal 
cuius, may be considered as belonging to the higher branches 
of algebra, t 

5. Oeometrt is that part of the mathematics, which treats 
of inagnilvde. By magnitude, in the appropriate sense of 
tlie term, is meant that species of quantity, which is extend- 
ed; tliat is, which has one or more of the three dimensions, 
lengthy breadthy and thickness. Thus a line is a magnitude, 
because it is extended, in length. A swrface is a magnitude, 
having length and breadth. A solid is a magnitude, having 

♦ See Note A. t See Note B. 
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length, breadth, and thickness. But motiofiy though a quan- 
tity, is not, strictly speaking, a magnitude. It has neither 
length, bieadth, nor thickness.* 

6. Trigonometry and Come Sections are Uanches of 
the malhematics, in which the principles of geometry are 
applied to trirnigles^ and the sections of a ame. 

7. Mathematics are either pure or mixed. In pure mathe- 
iimtics, quantities are considered, independently of any sub- 
stances actually existing. But, in nmed mathematics, the 
relations of quantities are investigated, in connection with 
some of the j**operties of matter, or with reference to the 
common transactions of business. Thus, in Surveying, 
mathematical principles are applied to the measuring of 
land ; in Optics, to the properties of light ; and in Astrono- 
my, to the motions of the heavenly bodies. 

8. The science of the pure mathematics has long been 
distinguished, for the clearness and distinctness ot its princi- 
ples ; and the irresistible conviction, which they carry to the 
mind of every one who is once made acquainted wih them. 
This is to be ascribed, partly to the nature of the subjects, 
and partly to the exactness of the definitions, the axioms, 
and the demonstrations. 

9. The foundation of all mathematical knowledge must 
be laid in definitions. A definition is an explanation of what 
is meant, by any word or phrase. Thus, an equilateral tri- 
angle is defined, by saying, that it is a figure bounded by 
three equal sides. 

It is essential to a complete definition, that it perfectly dis- 
tinguish the thing defined, fiom every thing else. On many 
subjects it is difficult to give 6uch precision to language, that 
it shall convey, to every hearer or reader, exactly the same 
ideas. But, in the mathematics, the principal terms may be 
so defined, as not to leave room for the least difierence of 
apprehension, respecting their meaning. All must be agreed, 
as to the nature of a circle, a square, and a triangle, when 
they have once learned the definitions of these figures. 

Under the head of definitions, may be included explana- 
tions of the characters which are used to denote the relations 
of quantities. Thus the character y\/ is explained or defined, 
by saying that it signifies the same as the words square root. 

10. The next step, after becoming acquainted with the 
meaning of mathematical terms, is to bring them together, in 

♦ Some writers, however, use magnitude as synonymous with quantltv 
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the fiirm of propoeritiona S6tne o( the relations of qaantitiee 
require no process of reasoning, to render them evident. To 
be understood, they need only to be proposed. That a 
square is a different figure from a circle ; that the whole of a 
thing is greater than <me of its paits ; and that two straight 
lines cannot enclose a space, are propositions so manifestly 
mie, (liat na reasoning upon them could make them more 
eertairL They are^ therefore, called self-evident truths, of 

11. There are, however, comparatively few mathematical 
truths which are self-evident^ Most require to be proved by 
a chain of reasoning. Propositions of this nature aie denom*- 
inated ihttinms; aiKl the process, by which they are shown 
Co be trtse, i9 called dtmonsliraltwt^ This is a mode of argu- 
ing, in which, every inference is immediately derixed, either 
from definitions, or from principles which have been previ- 
ously demonstmted. In this way, complete ceilainty is made 
to accompany every ste|^ in a long course of reasoning. 

10. Demonstration is either direct or tndtrecl. The for- 
ffi& is the: common, obvious mode of conductmg a demon- 
sUaEtiire argument. But in some instances, it is necessary to 
resort to indirect demonstration ; which is a method of es- 
taUidiing a proposition, by provii^that to suppose it noi 
true, would lead to an absurdity. This is frequently called 
ndw^Ho ad absurdum. Thus, in certain cases in geometry, 
two lines may be proved to be equal, by showing that to sup- 
pose them unequal, would involve an absurdity. 

18. Besides the principal theorems in the mathematics, 
there are also Lemmas and Corollaries. A Lemma is a pro* 
position whieh is demonstrated, for the puipose of using it, in 
the demonstration of some other proposition. This prepara- 
tory step is taken to prevent the proof of tlie principal theo- 
rem from becoming complicated and tedious. 

14. A CoroUary 19 an inference fi'om a preceding proposi- 
tion, A Scholium is a remark of any kind, suggested by 
something which has gone before, though not, like a corolla- 
ry, inunediately depending on it. 

16. The immediate object of inquiry, in the mathematics, 
IS, frequently, not the demonstmtion of a general truth, but 
a method of performing some operation, such as reducing a 
vulgar fraction to a decimal,, extracting the cube root, or 
inscribing a circle in a square. This is called solving a prob- 
lem. A theorem is something to be proved^ A problem i» 
something to be done. 
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1 6 Wlien that Aviikh ia required to be ion% is eo easy, as 
to be obvious to every one, without an explaoaticm, itiseaU^ 
ed a postulate. Of this nature is the drawing of a stni^sH 
line, from one point to another. 

17. A quantity is said to be giveoy when it is eitl^r sup- 
|)osed to be aheady known^ or is made a condition^ in the 
statement of any theorem or problem. In the rule of pro^ 
portion in arithinetic, for instance, three terms must be give? 
to enable us to lind a fourth. These three terms asse ibe 
do/d, upcm which the calculation is founded. If we are re- 
quired to find the number of acres, in a circular island tea 
miles in circiunference, the circular figure, and the length of 
tl le circumference are the data. They are said to be given 
by supposUion^ that is, by tlie conditioi^ c^ the problem. A 
quantity is also said to be given, when it may be directly and 
easily inferred from something dse which is given. Thus, if 
two numbers aie given, their sum is given; because it isob« 
tained, by merely adding the numbers together. 

In Geometry, a quantity may be given, either in position, 
or magnitude, or both. A line is given in position, when its 
ntuation and direclion are known. It is given in magnitude) 
when its length is known. A circle is given in position, when 
(he piaceof its centre is known. It is given in magrdiudoi 
wlien the lengtb of its diameter is known. 

1 8. One proposition is contrary^ or contradictory to another, 
when, what is affiimed, in the one, is d^iied, in tlie others 
A proposition and its contrary, can never bQth be tnie. l\ 
cannot be true, that two given lines are equal, and that they 
are not equal, at the same time. 

1 9. One proposition is tlie converse of another, when thf^ 
order is inverted; so that, w^hat is given or supposed in the 
first, becomes the conclusion in the last ; and what is ^ given 
tn the last, is the conclusion, in the first. Thus, it can- be 
proved, first, that if the sides of a triangle are equal, the an- 
gles are equal ; and secondly, that if the angles are equals 
the sides are equal. Here, in the first proposition, theequaU 
ity of the sides is given; and the equality of the angles m<# 
f erred: in the second, the equality of the angles is given, and 
the equality of the «i(ie5 inferred. In many instances, a pro^ 
oasition and its converse are both true ; as in the preceding 
example. But this is not always the case. A circle is a 
figure bounded by a curve.; but a figure boimded.by a curve 
8 not of cot^rse a circle. 
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80. The pmctieal a^ipticatiotis of the mathematics, in the 
common cor>ccrns of business, in the useful arts, and in the 
various branches of physical science are almost innumerable. 
Mathematical priiiciptes are necessary in Mercantile transaC'^ 
lionSi for keeping, arranging, and settling accounts, adjusting 
the prices of commodities, and calculating the profits of trade ; 
in J^Tamgationf for directing the course of a ship on the ocean, 
mlapting the position of her sails to the direction of the wind, 
finding her latitude and longitude, and determining the bear- 
ings and distances of objects on shore : in Survenng^ for 
measuring, dividing, and laying out grounds, taking the eleva- 
tion of hills, and fixing the boundaries of fields, estates, and 
Eublic territories : in Civil Engineeringy for constructing 
ridges, aqueduots, locks, &c. : in Mechanicsj for understand- 
ing the laws of motion, the composition of forces, the equili- 
brium of the mechanical powers, and the structure of ma- 
chines : in Architecture^ for calculating the comparative 
strength of timbers, the pressure which each will be required 
to sustain, the forms of arches, the proportions of columns, &c. : 
in fbrtificationy for adjusting the position, lines, and an- 

Eles, of the several parts of the works : in Crtmnery, for regu- 
ating the elevation of the cannon, the force of the powder, 
and the velocity and range of the shot : in Opti4:$y for tracing 
the direction of the rays of light, undei'standing the forma- 
tion of images, the laws of vision, the separation of colors, the 
nature of the rainbow, and the construction of microscopes 
and telescopes: in A^tronomyy for computing the distances, 
magnitudes, and revolutions of the heavenly bodies ; and the 
influence of the law of gravitation, in raising the tides, dis- 
turbing the motions of the moon, causing the return of the 
comets, and retaining the planets in their orbits : in Geogra^ 
phy, for determining the figure and dimensions of the earth, 
the extent of oceans, islands, continents, and countries ; the 
latitude and longitude of places, the courses of rivers, the 
height of mountains, and the boundaries of kingdoms : in HU-- 
tery, for fixing the chronology of remarkable events, and 
estimating the strength of armies, the wealth of nations, the 
value of their revenues, and the amount of their population : 
and, in the concerns of Government, for apportioning taxes, 
arranging schemes of finance, and regulating national ex- 
penses. The mathematics have also important applications 
to Chemistry, Mineralogy, Music, Painting, Sculpture, and 
indeed to a great proportion of the whole circle of arts and 
sciences. 2 
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21. It is tru^ that, in maay of the hiraiiehes whieh have 
been mentioned, the ordinary business is frequently trans* 
acied, and the mechanical <^rations performed, by persons 
who have not been regularly instructed in ^ course of mathe« 
matics. Machines are framed, lands are surveyed, and ships 
are steered, by men who have never thorougldy investigated 
tlie principles, whicli lie at the foundation of their respective 
mts. The reason of this is, that the methods of proeeedinf*, 
iu their several occupations, have been pointed out to theitt* 
by the genius «and labor of others. The mechanic c^ii 
works by rules, which men of science have provided for fajs 
use, and of which he knows nothing more, than the practical 
application. The mariner calculates his longitude by table% 
ifor which he is indebted to mathematicians and astronomers 
of no ordinary attainments. In this manner, even the at>- 
Uruse parts of the mathematics are made to contribute theii 
xid to the common arts of hfe. 

22. But an additional and mcnre important advantage, to 
persons of liberal education, is to be found, in the enlarge* 
pient and unproveioent of the reasoning powers. The mind, 
like the body, acquires strength by exerticm. The art of 
reasoning, like other arts, is learned by practice. It is per- 
fected, only by long contuiued exercise. Mathematical sto* 
dies are peculiarly fitted for this discipUne of the mind. 
They are calculated to form it to habits of jGixed attention ; 
of sagacity, in detectuig sophistry ; of caution, in the admis* 
aion of proof ; of dexterity, in the arrangement of arguments ; 
and of skill, in making all the parts of a long continued pro* 
cess tend to a result, in which the truth is clearly and firmly 
established. When a habit of close and accurate thinking 
is thus acquired, it may be applied to any subject, on which 
a man of letters or of business may be called to employ his 
talents. • " The youth," says Plato, " who are Airnished with 
mathematical knowledge, are prompt and quick, at all other 
sciences.'* 

It is not pretended, that an attention to other objects of 
mquiry is rendered unnecessary, by the study of the mathe- 
matics. It is not their ofiice, to lay before us historical facts ; 
to teach the principles of morals; to store the fancy with 
brilliant images; or to er^able us to speak and write with 
rhetorical vigor and elegance. The beiieficial e0ects which 
they produce on the mind, are to be seen, principally^ in the 
regulation and increased energy of the reasoning poifsrt 
These they are calculated to c^l into frequent and vigorous 
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exercise. At the same time, mathematical studies may be 
do conducted, as not often to require excessive exertion and 
fatigue. Beginning with the more simple subjects, and as- 
cendin(7 gradually to those which are more complicated, the 
mind a quires strength as it advances; and by a succession 
of steps, nsing regularly one above another, is enabled to 
surmount *Ke obstacles which lie in its way. In a course of 
mathematitH, the parts succeed each other in such a con- 
nected series, that the preceding propositions are preparatory 
to those which follow. The stuaent who has made liimself 
master of the former, is qualified for a successful investiga- 
tion of the latter. But he who has passed over any of the 
ground superficially, will find that the obstructions to his 
future progress are yet to be removed. In mathematics as in 
war, it should be made a principle, not to advance, while any 
thing is lefl unconquered behind. It is important that the 
student should be deeply impressed with a conviction of the 
necessity of this. Neither is it sufficient that he understand? 
the nature of one proposition or method of operation, before 
proceeding to another. He ought also to make himself /o- 
miliar with every step, by careful attention to tlie examples. 
He must not expect to become thoroughly versed in the sci- 
ence, by merely reading the main principles, rules, and obser<- 
vations. It is practice only, whicn can put these completely 
m his possession. The method of studying here recom- 
mendea, is not only that which promises success, but that 
which will be found, in the entf, to be the most expeditious, 
and by far most pleasant. While a superficial attention oc- 
casions perplexity and consequent aversion; a thorough 
investigation is rewarded with a high degree of giatification. 
The peculiar entertainment which mathematical studies are 
calculated to funiish to the mind, is reserved for those who 
make themselves masters of the subjects to which their 
attention is called. 
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SECTION I. 

■ 

NOTATION, NEGATIVE aUANTITIES, AXIOMS, luv 
Art. 23. ALGEBRA may be defined, a general method 

OF INVESTIGATING THE RELATIONS OF QUANTITIES, BY LET- 
TERS, AND OTHER SYMBOLS. Tliis, it iTiust bc acknowledged, 
is an imperfect account of the subject; as every account 
must necessarily be, which is comprised in the compass of a 
definition. Its real nature is to be learned, rather by an 
attentive examination of its parts, than from any summary 
description. 

The solutions in Algebra, are of a more general nature 
than those in common Arithmetic. The tatter relate to par- 
ticular numbers ; the former to whole classes of quantities. 
On this account. Algebra has been tenned a kind of universal 
JlrUkmetic. The generality of its solutions is principally 
owing to the use of lettersy instead of numeral iig\ires, to 
express the several quantities which are subjected to calcula« 
tion. In Arithmetic, when a problem is solved, the an&wer 
is limited to the particular numbers which are specified, in 
the statement of the question. But an Algebraic solution 
may be equally applicable to all other quantities which have 
the same relations. This important advantage is owing to 
the diflferenoe between the customary use of figures, and the 
maimer in which letters are employed in Algebra. One of 
the nine digits, invariably expresses the same number: but a 
letter may be put for any number whatever. The figure 8 
always signifies eight ; the figure 5, five, &c. And, thotigh 
one of the digits, in connection with others, may have a locot 
value, different from its simple value when alone; yet the 
same cambinatum always expresses the same number. Thus 
263 has one uniform signification. And tliis is the case with 
every other combination of figures. But in Algebra, a letter 
may stand for any quantity which we wish it to re|>resent. 
Thus b may be put for 2, or 10, or 60, or 1000. It must no' 
be understood from this, however, that the letter has no de 
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tenniiiate value. Its valoe is fixed for die occasion. Fot 
the present purpose^ it remains unaltered. But on a difTerent 
occasion, the same letter may be put for any other numl)er. 
A calculation may be greatly abridged by the use of let- 
ters ; especially when very large numbers, are concerned. 
A.nd wlien several such numbers are to be combined, as iu 
multiplication, the process becomes exti*emely tedious. But 
a single letter may be put for a large number, as well as 
for a small one. The numbers 26347297, 68347823, and 
27462498, for instance, may be expressed by the letters, 6, c, 
and d. The multiplying them together, as will be seen 
hereafter, will be nothing more than writing them, one after 
another, in the foi-m of a word, and the product will be sim- 
ply bed. Thus in Algebia, much of the labor of calcula- 
tion may be saved, by the rapidity of the operations. Solu- 
tions are sometimes effected, in tiie compass of a few lines, 
which, in common Arithmetic, must be extended through 
many pages. 

24. Another advantage obtained from the notation by let- 
ters instead of figures, is, that the several quantities which 
are brought into calculation, may be preserved distincl from 
each other ; though carried through a number of complicated 
processes; whereas, in arithmetic, they are so blended to- 
gether, that no trace is left d[ what they were, before the 
operation began. 

25. Algebra differs farther from arithmetic, in making use 
of vmknown quantities, in carrying on its operations. In 
arithmetic, all the quantities which enter into a calculation 
must be known. For they are expressed in fwmbers. And 
every number must necessarily be a determinate quantity. 
But in Algebra, a. letter may be put for a quantity^ before 
its value has been ascertained. And yet it may have such 
relations to otiier quantities, with which it is connected, as 
to answer an important purpose m the calculation. 

NOTATION. 

26. To facilitate the uivestigations in algebra, the seveial 
steps of the reasoning, instead of being expressed in toords^ 
are translated into the language of signs and symbols, which 
may be considered as a species of slwrt-hand. This serves 
to place the quantities and their relations distiiicfly before 
the eye, and to brhig them all into view at once. They are 
thus more readily compared and understood, than when re- 

a* 
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mated at a distance from each olfaer, as in the commoii 
mode of writing. But before any one can avail himself of 
tliis advantage, he must become perfectly familiar with the 
new language. . 

27. The quantitiea in algebra, as has been already ob- 
serve^, are generally expressed by letters. Tihe first letters of 
the Alphabet are used to represent known quantities ; and 
the last letters, those which are tmknoion. Sometimes the 
quantities, instead of being expressed by letters, are set down 
in figures, as in common arithmetic. 

28. Besides the letters and figures, there are certain char- 
acters used, to indicate the relations of the quantities, or the 
operations which are perfonned with them. Among these 
are the signs -|- and — , which are read plw and minns, or 
more and less. The fonner is prefixed to quantities which 
are to be added; the latter, to those which are to be ^- 
tracted. Thus a-^-b signifies that 6 is to be added to a. It 
is read a plus 6, or a added to 6, or a and 6. If the expres- 
sion be a-h, i. e. a minus b; it ijiidicates that b is to be k>ub- 
tracted from a. 

29. The sign -f- ^ prefixed to quantities which are con- 
sidered as qffimiatwe or positive ; and the sign — y to those 
which are supposed io be negative. For the nature of this 
distinction, see art. 54. 

All the quantities which enter into an algebraic process, 
are considered, for the purposes of calculation, as either posi- 
tive or negative. Before the first one, unless it be negative, 
the sign is generally omitted. But it is always to be under- 
stood. Thus a-)-6, is the saitke as -^^a-^-b. 

SO. Sometimes both 4- and — are prefixed to the same 
letter. The sign is then said to be omMsuous. Thus a+ft 
signifies that in certain cases, compiehended in a general so- 
lution, b is to be added to a, and in other cases subtracted 
fi'om it 

31. When it is intended to express the difference between 
two quantities without deciding which is the one to be sub- 
tracted, the character </> or -^^ is used. Thus a^6, or a<»b 
denotes the difference between a and 6, without determining 
whether a is to be subtracted from 6, or b from a. 

32. The eqwiUty between two quantities, or seU of quanti- 
ties is expressed by parallel lines =, Thus a^b^d sig-* 
nities tliat a and i- together are equal to d» And €^dss.€ 
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9^h+g:sik fijgiufies ti»t a and d eqiial e, which is equal tc 
b and g, which are equal to A. So 8-|-4= 16 -4=10+2= 
7+2+3= 12, 

33. When the first of the two quantities comparedi is 
grecUer tlian the other, the chsu'acter[> is placed between 
them. Thus a]>6 signifies that a is greater than 6. 

If the first is less than the other, the character <^ is used ; 
as a<^6; i. e. a is less than b. In both cases, the quantity 
towards which the character opens, is greater than the other. 

34. A numeral figure is often prefixed to a letter. This 
is called a co-efficient. It shows how often the quantity ex- 

Eressed by the letter is to be taken. Thus 2b signifies twice 
; and 96, 9 times i, or 9 multiplied into 6. 

The co-efficient may be either a whole niunber or a fi'ac- 
tion. Thus §fc is two-thirds of b. When the co-efficient is 
not expressed, 1 is always to be understood. Thus a is the 
same as la; L e. once a. 

35. The co-efficient may be a letter^ as well as a figure* 
In the quantity w6, m may be considered the co-efficient of 
6 ; because 6 is to be taken as many times as there are units 
in m. If m stands for 6, then mb is 6 times 6. In 3a&c, 3 
may be considered as the co-efficient of abc; 3a the co-effi- 
cient of fcc; or 3a6, the co-efficient of c. See art. 42. 

36. A simple quantity is either a single letter or number, 
or several letters connected together without the signs + 
and-. Thus a, afr, ofrd and 8b aie each of them simple 
quantities. A compound quantity consists of a number of 
simple quantities connected by the sign + or - . Thus a+ 
b^d-y^b-- d+3A, are each compound quantities. The mem- 
bers of which it is composed are called terms. 

37. If there are two terms in a compound quantity, it is 
called a binomied. Thus o+fi and a - fr are binomials. The 
latter is also called a residual quantity, because it expresses 
the difference o( two quantities, or the remainder, after one is 
taken from the other. A compound quantity consisting of 
three tenns, is sometimes called a trinomial; one of four termS| 
a quadrinondcdy &c. 

33. When the several members of a compo&nd quantity 
are to be subjected to the same operation, they are fi'equent. 

ly connected by a line called a tineulMm. Thusoa-6+e 
shows that the sum of b and e is to be subtracted from a. But 
a-6+c signifies that b only is to be subtracted from a 
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while c is to be added. The sum of c and d^ subtracted 

from the sum of a and 6, is a-j-6 - c-\-d. The marks used 
for parentheses, ( ), are often substituted instead of a line, for 

a vinculum. Thus x - (a+c) is the same as ar - a-j-c. The 
equality of two sets of quantities is expressed, without using 
a vinculum. Thus a-|-i=c-|-rf signifies, not that b is equal 
to c ; but that the sum of a and b is equal to the sum of c 
* and d, 

39. A single letter, or a number of letters, representing any 
quantities with their relations, is called an algebraic express 
sion; and sometimes a formula. Thus a-f-6-{-3<2 is an 
algebraic expression. 

40. The character x denotes multiplication. Thus ax^ 
is a multiplied into b: and 6x3 is 6 times 3, or 6 into 3. 
Sometimes a point is used to indicate multiplication. Thus 
a.b is the same as ax^* But the sign of multiplication is 
more commonly omitted, between simple quantities; and 
the letters are connected together, in the form of a word or 
syllable. Thus ab is the same as a. 6 or ax 6. And bcde 
is the same qjs bx^Xdx^* When a compound quantity is 
to be multiplied, a vinculum is used, as in the case of sub- 
traction. Thus llie sum of a and b multiplied mto the sum 

of c and rf, is a+6 X c+d, or (a+6) X (c-^-d). And 
(6+2) X 5 is 8 X 5 or 40. But 6 + 2x5 is 6+10 or 16. 
\Vhen the marks of parentheses are used, the sign of multi- 
plication is frequently omitted. Thus (a?+2/) (a? - y) is (a:+y) 

41. When two or more quantities are multiplied together, 
each of them is called a factor. In the product ab, a is a 

factor, and so is 6. In the product «Xo+w», x is one of the 
factors, and a-^-m, the other. Hence every co-efficient may be 
considered a factor. (Art. 35.) In the product djf, 3 is a 
factor as well as y. 

42. A quantity is said to be resolved intofactors, when any 
factors are taken, which, being multiplied together, will pro- 
duce the given quantity. Thus 3ao may be resolved into 
the two facto% 3a and />, because 3axfr is 3a6. And ^amn 
may be resolved into the tliree factors 6a, and m, and ft. 
And 48 may be rcsdved into the two factors 2x^4, or 3x^6, 
or 4xl^» or 6xSi ox into the three factors 2x3X^ of '^X 
6x2, &c. 
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43. The character -f- is used to show that the quantity 
which precedes it, is to be divided^ by that which follow& 

Thus a-^ is a divided by e : and a-f-6-f-c-|-d is the sum 
of a and b^ divided by the sum. of c and d. But in algebra, 
division is more commonly expressed, by writing the divisor 
under the dividend, in the form of a vulgar fraction. Thus 

. is the same as a-7-6: and -ittt is the difference of c and h 

divided by the sum of d and h. A character prefixed to the 

dividing line of a fractional expression, is to be understood 

as referring to all the parts taken collectively ; that is to the 

b+c 
whole value of the quotient. Thus a 7- signifies that 

the quotient of b-^-e divided by wi-j-n is to be subtracted from a. 

And — ; — X -^^ denotes that the first quotient is to be 
a-f-tn x-y ^ 

multiplied into the second. 

44. When four quantities are praportionaly the proportion 
is expressed by points, in the same manner, as in the Rule of 
Three in arithmetic. Thus a:b::c:d signifies that a has to 
6, the same ratio which c has to d. And abicd:: a-|-tn : 
6-f n, means, that ab is to cd; as the sum of a and m, to the 
sum of b and n. 

40. Algebraic quantities are said to be aUke, when they 
are expressed by the same letters^ and are of the same power: 
and utdikej when the letters are different, or when the same 
letter is raised to different powers.* Thus afc, Safe, - afe, 
and -6abj are like quantities, because the letters are the 
same in each, although the signs and co-efficients are differ- 
ent. But So, 3y, and Sbx, are unlike quantities, because 
the letters are unlike, although there is no difference in the 
signs and co-efficients. 

46. One quantity is said to be a multiple of another, when 
the former contams the latter a certain number of times with- 
out a remainder. Thus 10a is a multiple of 2a; and 24 is 
a multiple of 6. 

47. One quantity is said to be a metisure of another, when 
the foriner is catUamed in the latter, any number of times, 
without a remainder. Thus 36i0 a measure of I5f>; and 7 
is a measure of 35. 
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* for tl^e notation of pvwen and rods, see the sections on those subjects. 



ALGEBRA. 

48. The vahe of an expressiOTiy is the number or quantity, 
for which the expressioTi stands. Thus the value of S-f-4 k 
7; of 3x4 is 12; of V » 2. 

49. The RECIPROCAL of a quantity^ is the quotient ioistM 
from dividing a unit by that quantity. Thus the reeiprociu 

of a is - ; the reciprocal of o-j-ft is — rr 5 the reciprocal of 4 

. 1 

IS 7. 

4 

50. The relations of quantities, which in ordinary language, 
are signified by iDordsy are represented in the algebraic nota^ 
tion, by signs. The latter mode of expressing these rela- 
tions, ought to be made so familiar to the mathematical 
student, that he can, at any time, substitute the one for the 
other. A few examples are here added, in which, words 
are to be converted into oigns. 

1. What is the algebraic expression for tlie following 
statement, in which tlie letters a, by c, &c. may be supposed 
to represent any given quantities ? 

The product of o, 6, and c, divided by the difference of € 
and dy is equal to the sum of b and c added to 15 times A. 

Ans. — J=fe-^-^+^^^• 
2. The product of the difference of a and h into the sum 
of by Cy and d, is equal to 37 times m, added to the quotient 
of b divided by the sum of A and b. Ans. 

3. The sum of a and 6, is to the quotient of b divided by 
c ; as the product of a into (T, to 12 times A. Ans. 

4. The sum of a, 6, and c, divided by six times their pro- 
duct, is equal to four times their sum diminished by d. Ans. 

5. The quotient of 6 divided by the sum of a and 6, is 
equal to 7 times rf, diminished by the quotient of A, divided 
by 36. Ans. 

51. It is necessary also, to be able to reverse what is done 
in the preceding examples, that is, to translate the algebraic 
signs into common language. 

What will the following expressions become, when words 
are substituted for the signs ? 

1. — T — =a6c-6wi 



h —---'- a+c' 
Ans. The sum of a and b divided by A, is equal to the 
profluct of a, 6, and c diminished by 6 times m, and increased 
by the quotient of a divided by the sum of a and C 
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S. (H-7 (H-^)-|zg=(a+ft) (6- c). 

4.a-ft:ac::lzi:SxM-rf+y- 

m 

fl-A <f-hat fcgyTT^ erf 



3-|.6-c 2m am A-f-dm 

52. At' the close of an algebraic process^ it is frequently 
necessary 4,0 restore the nurnJberSy for which letters had been 
substituted, at the beginnmg. In doing tlxis, the sign of mul- 
tiplication must not be omitted, as it geneittUy is, between 
factors, expressed by letters. Thus, if a stands for 3, and p 
for 4 ; the product ab is not 34^ but 3x4» i. e. 12. 

In the following exam[des, 

Let a=3 And i/=:6. 

6=4 m=a 

€=:2 n=ria 

Then. I a+wi.*^-n^3+8. 4x2-10. 

2.J±^^ftcmn+^:\^^= • 

c -* dm oab 

o I. .,a6-Srf 36n-6c, ft 

3. om d4 5 — -; rr — A = ^' 

cdm 4a-f3ca a 

53. An algebraic expression, in which numbers have been 
substituted for letters, may often be rendered much more 
simple, by reducing several terms to one. This cannot 
generally be done, while the letters remain. If a+i is used 
for the sum of two quantities, a cannot be united in the same 
term with 6. But if a stands for 3, and b for 4, then a-^-b 
=:3-(-4=7. The value of an expression, consisting of many 
terms may thus be found, by actually performing, with the 
numbers, the operations of addition, subtraction, multiplica- 
tion, &c. indicated by the algebraic characters. 

Find the value of the following expressions, in which the 
letters are supposed to stand for tlie same numbers, as in the 
preceding article. * 

I. i^4.a4.tnn=l^+3+8x 10=94.3+80=92, 
2 
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2. a 6m+_^+ 2»=3 X 4 X 84.|>li+ 2 XlO= 
m ^ o — 



m-ft 
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POSITIVE AND NEGATIVE QUANTITIES * 

64. To one who has just entered on the study of algebra, 
^here is generally nothing more perplexing, than the use of 
what are called negative quantities. He supposes he is about 
to be introduced to a class of quantities which are entirely 
new ; a sort of mathematical nothings^ of which he can form 
no distinct conception. As positive quantities are real, he 
concludes that those which are negative must be imaginary. 
But this is owing to a misapprehension of the term negative, 
as used in the mathematics. 

55, A NEGATIVE quantity is one which is required 
TO BE SUBTRACTED. When several quantities enter into 
a calculation, it is frequently necessary that some of them 
should be <idded together, while others are subtracted. The 
former are called affirmative or positive, and are marked with 
the sign -|* ; the latter are ternned negative, and distinguished 
by the sign -. If, for instance, the profits of trade are the 
subject of calculation, and the gain is considered positive ; 
the Zo^a will he negative; because the latter must be subtracted 
from tlje former, to determine the clear profit. If the sums 
of a book account are brought into an algebraic process, the 
debt and the credit are distinguished by opposite signs. If a 
man on a journey is, by any accident, necessitated to return 
several miles, this backward motion is to be considered ncga- 
tive, because tlijit, in determining his real progress, it must 
be subiracled from the distance which he has travelled in 
the op|K^ite direction. If the ascerd of a body from the earth 
be called positive, its descent will be negative. These are 
only different examples of the same general principle. In 

♦ On the subject of r.cg:ative ouantities, see Newton's Universal Arithmetic, 
Masoreson the Negative Si^, Mansfield's Mathematical Essays, and Mao- 
buiriii's, Simpson's, Ruler's, Saunderson's, and Lodlam's Algebra. 
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each of the iiistances, one of the quantities is to be nAtradtd 
from the other. 

56. The terms positive and negative, as used in the mathe- 
matics, are merely rdiuive, Tliey imply that there is, eitlier 
in the nature of the quantities, or in their circumstances, or 
in the purposes which they are to answer in calculation, 
some such oppo8iti4m as requires that one should be subtracted 
from the other. But this opposition is not that of existence and 
non-existence, nor of one thing greater than nothing, and 
another less than nothing. For, in many cases, either ot 
the signs may be, indifferently and at pleasure, applied to 
the very same quantity; that is, the two characters may 
change places. In determining the progretis of a ship, for 
instance, her easting may be marked 4- > ^nd her westing - ; 
or the westing may be -}- 9 &nd the easting - . All that is 
necessary is, that the two signs be prefixed to the quantities, 
in such a manner as to show, which are to be added, 
and which subtracted. In different processes, they ma} 
be difierently applied. On one occasion, a downward mo- 
tion may be called positive, and on another occasion negative. 

57. In every algebraic calculation, some one of the quan- 
tities must be fixed upon, to be considered positive. All 
other quantities which will tncrea^e this, must be positive alsa 
But those which will tend to diminish it, must be negative. 
In a mercantile concern, if the stock is supposed to be positive, 
the profits will be positive ; for they increase the stock ; they 
are to be tidded to it. But the losses will be negative ; for 
they dimmish the stock ; they are to be subtracted from it. 
When a boat, in attempting to ascend a river, is occasionally 
driven back by the current ; if the progress up the stream, to 
any^particular point, is considered positive, every succeeding 
instance of forward motion will be positive, while the back' 
ward motion will be negative. 

58. A negative quantity is frequently greater^ than the 
positive one with which it is connected. But how, it may 
be asked, can the former be subtracted from the latter? The 
greater is certainly not contamed in the less : how then can 
it be taken out of it] The answer to this is, that the greater 
may be supposed first to exhaust the less, and then to leave 
a remainder equal to the difference between the two. If a 
man has in his possession 1000 dollars, and has contracted a 
debt of 1500; the latter subtracted from the former, not 
only exhaustfl the whole of it, but leaves a balance of 500 

3 
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A]Bfam8l him. In comnxHi lang^ge, he k 500 dollars worse 
ihan nothing. 

69. In this way, it frequently happens, in the course of an 
algebraic piocess, that a negative quantity is brought to Hand 
alone. It has the sign of subtmction, without being con- 
nected with any other quantity, frwn which it is to be sub- 
hacted. This denotes tliat a previous subtraction has left a 
remainder, which is a part of the quantity subtracted. If 
the latitude of a ship which is 20 degrees north of the equator, 
is considered positive, and if she sails south 25 degrees ; her 
motion first dxmhmhes her latitude, then reduces it to noth- 
ings and finally gives her 5 degrees of south latitude. The 
sign - prefixed to the 25 degrees, is retained before the 5, 
to show that this is what remains of the southward motion, 
after balancing the 20 degrees of north latitude. If the mo^ 
feion southward is only 15 degrees, the remainder must be 
4-5, instead of -5, to sliow that it is a part of the ship's 
northern latitude, which has been thus far diminished, but not 
reduced to nothing. The balance of a book account will be 
positive or negative, according as the debt or the credit is the 
greater of the two. To determine to which side the remain- 
der belongs^ the sign must be retained, though there is no 
other quantity, from which this is agahi to be subtracted, or to 
which it is to be added. 

60. When a quantity continually decreasing is reduced to 
ftothing, it is sometimes said to become afteiw^ards less than 
nothmg. But this is an exceptionable manner of speaking.* 
No quantity can be really less than nothing. It may be di- 
minit bed, till it vanis>ies, and gives place to an opposite quan- 
tity. The latitude of a ship crossmg the equator, is first 
made less than nothing, and afterwards contrary to what it 
was ijefore. The north and south latitudes may therefore 
ae properly distinguished, by the signs + »"d " > ^^^ ^^e 
positive degrees being on one side of 0, and all the negative, 
m the other ; thus, 
f 6, +5, +4, +3, +2, +1, 0, - 1, - 2, - S, - 4, - 5, &c. 

The numbers belonging to any other series of opposite 
|uantities, may be arranged in a similar manner. So that 
) may be conceived to h« a kind of dividing point between 

* The expression *.*U88 ttum notkmg,^^ may not be wholly improper ; if it if 
intended m be understood, not literally, but merely as a convenient phraae 
adopted for the sake of avoiding a tedious circumlocution ; as we say " ttie sun 
rises," instead of saying "the 6arth rolls round, and brings the sun into view," 
The use of it in this manner, is warranted by Newton, EuUsr and others. 
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positiYe and negative nimibers. On a thermometer, the de- 
grees abwe may be considered positive, and those below 0, 
negative. 

61. A quantity is sometimes said to be subtracted from 0. 
By this is meant, that it belongs on the negative side of 0. 
But a quantity is said to be added to 0, when it belongs on 
the positive side. Thus, in speaking of the degrees of a 
thermometer, G4-6 means 6 degrees above 0; and 0-6, 6 
degrees behw 0. 

AXIOMS. 

62. The object of mathematical inquiry is, generally, to 
investigate some unknown quantity, and discover how great 
it is. This is effected, by comparing it with some other 
quantity or quantities already known. The dimensions of 
a stick of timber, are found, by applying to it a measuring 
ride of known length. The weight of a body is ascertaineil^ 
by placing it in one scale of a balance, and observing how 
many pounds in the opposite scale, will equal it. And any 
quantity is determined, when it is foimd to be equai to some 
known quantity or quantities. 

Let a and h be known quantities, and y, one which is un- 
known. Then y will become known, if it be discovered tc 
be equal to the sum of a and b : that is if 

An expression like this, representing the equality between 
one quantity or set of quantities, and another, is called an 
equaiion. It will be seen hereafter, that much of the business 
of algebra consists in finding equations, in which some un- 
known quantity is shown to be equal to others which are 
known. But it is not often the fact, that the first compari- 
son o( the quantities, fumi^es the equation required. I( 
will generally be necessary to make a number of additions, 
subtractions, multiplications, &c. before the unknown quanti- 
ty is discovered. But in all these changes, a constant equality 
must be preserved, between the two sets of quantities com- 
pared. 'Hxis will be done, if, in making the alterations, we 
are guided by the following axionva. These are not insetted 
here, for the purpose of being proved ; for tliey are self- 
evident, r Art. 10.) But as they must be continually intro-^ 
duced or implied, in demonstrations and the solutionsr of 
problems, thev are placed together, for the convenience u/ 
reference 
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6S. Axiom 1. If tiie aame quantity or equal quantities be 
added to equal quantities, their aunis will be equal. 

2. If the same quantity or equal quantities be subtracted 
from equal quantities, the remainders will be equal. 

3. If equal quantities be multipUed into the same» or equal 
qutmtities, the products will be equal. 

4. If equal quantities be divided by the same or equal 
quantities, the quotients will be equal. 

5. If the same quantity be both added to and subtractea 
from another, the value of the latter will not be altered. 

6. If a quantity be both irndtiflkd and divided by another, 
the value of the former will not oe altered. 

7. If to unequal quantities, equals be added, tlie greater 
will give the greater sum. 

8. If from unequal quantities, equals be subtracted, the 
greater will give the greater remainder. 

9. If miequal quantities be multiplied by equals, the 
greater will give the greater product. 

10. If unequal quantities be divided by equals, the greater 
will give the greater quotient. 

11. Quantities which are respectively equal to any other 
quantity are equal to each other. 

12. The whole of a quantity is greater than a part. 

This is, by no means, a complete list of the self-evident 
propositions, which are furnished by the mathematics. It is 
not necessary to enumerate them all. Those have been 
selected, to which we shall have the most frequent occasion 
to refer. 

64. The investigations in algebra are carried on, princi» 
pally, by means of a series of equations and proportions. But 
mstead of entering directly upon the3e, it will be necessary 
to attend in the first place, to a number of processes, on 
which the management of equations and propoitions de» 
pends. These preparatory operations are similatr to the caU 
culations under the common rules of arithmetic. We have 
addition, multiplication, division, involution, &c. in algebra, 
as well as in arithmetic. But this application of a common 
name, to operations in these two branches of the mathemat- 
ics, is often the occasion of perplexity and mistake. The 
learner naturally expects to find addition in algebra the same 
as addition in arithmetic. They are in fact the same, in 
many respects : in all respects perhaps, in which the steps of 
the one will adroit of a dnect comparison, with those of the 
other But addition in algebra is more ewtensive^ than in 
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Wthmetic. The same observation may be made concerning 
several other operations in algebra. They are, in many 
points of view, the same as those which bear the same names 
in arithmetic. But they are frequently extended farther, and 
comprehend processes which are unknown to arithmetic 
This is commonly owing to the introduction of negative 
quantities. The management of these requires steps wiiich 
are unnecessary, where quantities of one class only^are con- 
cerned. It will be important, therefore, as we pass along, to 
mark the dfference as well as the resemblance^ between arith- 
metic and algebra ; and, in some instances, to give a uew 
definition, accommodated to the latter. 



SECTION II. 



ADDITION. 

Art. 65. In entering on an algebraic calculation, the first 
tiring to be done, is evidently to colkct the materiaU. Seve- 
ral distinct quantities are to be concerned in the process. 
These must be brought together. They must be connected 
in some form of expression, which will present them at once 
to our view, and show the relations which they have to each 
other. This collecting of quantities is what, in algebra, is 
called ADDITION. It may be defined, the connecting of 

SEVERAL QUANTITIES, WITH THEIR SIGNS, IN ONE ALGEBRAIC 
EXPRESSION. 

66. It is common to include in the definition, " uniting in 
one term, such quantities, as will admit of being united.** 
But this is not so much a part of the addition itself, as a 
reduction, which accompanies or follows it. The addition 
may, in all cases be performed, by merely connecting the 
quantities by their proper signs. Thus a added to 6, is evi- 
dently a and h : that is, according to the algebraic notation, 
a^b. And a added to the sum of 6 and c, is o-f-fc+c. And 
a4*^> added to c-4-4, is a^b-^c-^-d. In the same manner, il 
the sum of any quantities whatever, be added to the sum oi 

3* 
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fuxy others, the expression for the whole, will contain all 
these quantities connected by the sign >f>. 

67. Again, if the difference of a and b be added to c; the 
sum will be a- 6 added to c, that is a-b-^c. And if a- 6 
be added to c-d, the sum will be a-b-J^c^d. In one of 
the compound quantities added here, a is to be diminished 
by b, and in the other, c is to be diminished by d ; the sum 
of a and c must therefore be diminished, both by 6, and by 
J, that is, the expression for the sum total, must contain - 6 
and - d. On the same principle, all the quantities which, in 
the parts to be added, have the negative sign, must retain this 
sign in the amount. Thus a4-26-c, added to c{- A m> is 
a+26-c-fd-fc-m. 

68. The sign must be retained also, when a positive quan- 
tity is to be added, to a single negative quantity. If a be 
added to - 6, the sum will be - b-\-a. Here it may be object- 
ed, that the negative sign prefixed to 6, shows that it is to be 
subtracted. What propriety then can there be in addmg it 1 
In reply to this, it may be observed, that the sign prefixed 
to 6 while standing alone, signifies that b is to be subtracted, 
not from a, but from some other quantity, which is not here 
expressed. Thus - b may represent the tow, which is to be 
subtracted from the stock in trade. (Art. 55.) The object 
of the calculation, however, may not require that the value 
of this stock should be specified. But the loss is to be con- 
nected with a profit on some other article. Suppose the 
profit is 2000 dollars, and the loss 400. The inquiry then, is 
what is the value of 2000 dollars profit, when connected with 
400 dollars loss 1 

The answer is evidently 2000-400, which shows that 
2000 dollars are to be added to the stock, and 400 subtracted 
from it ; or which will amount to the same, that the difference 
between 2000 and 400 is to be added to the stock. 

69. Quantities are added, then, by writing theji one 

AFTER ANOTHER, WITHOUT ALTERING THEIR SIGNS ; observ- 
ing always, that a quantity, to which no sign is prefixed, is 
to be considered positive. (Art. 29.) 

The sura of a+w, and 6-8, and 2A - Stn-f d, and A - n 
nd r-^-Sm - y, is 

a-^m+b - S+2h - Sm-\-d-\-h - n+r-f3m - y. 

70. It is immaterial in what order the terms are arranged. 
The sum of a and 6 and c is either a-f-t+^j ^^ a+c-j-^j or 
c+6+a. For it evidently makes. no difference, which of the 
quantities is added first. The sum of 6 and 3 and 9, is the 
^me as 3 and 9 and 6« or 9 and 6 and 3. 
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And a-|-m - n, is the same as a - n^m. For it is plainly 
of no consequence, whether we first add m to a, and after- 
wards subtract n; or first subtract n and then add m. 

71. Tiiough connecting quantities by their signs is aTi 
which is easenticU to addition ; yet it is desirable to make the 
expression as simple as may be. by reducing several tenrn to 
one. The amount of 3a, and 60, and 4a, and 56, is 

3a4-664-4a+56. 
But this may be abridged. The first and third terms may 
be brought into one; and so may the second and fouith. 
For 3 times a, and 4 times a, make 7 times a. And 6 times 
6, and 5 times ft, make 1 1 times 6. The simi when reduced 
is therefore 704*116. 

For making the reductions connected with addition, two 
rules are given, adapted to the two cases, in one of which, 
the quantities and signs are alike, and in the other, the quan- 
tities are alike, bat the signs are unlike. Like quantities 
are the same powers of the same letters. ^Art. 45.) But 
as the addition of powers and radical quantities will be con- 
sidered in a future section, the examples given in this place, 
will be all of the first power. 

72. Case I. To reduce several terms to one, when 

THE QUANTITIES ARE ALIKE, AND THE SIGNS ALIKE, ADD THB 
CO-EFFICIENTS, ANNEX THE COMMON LETTER OR LETTERS, 
AND PREFIX THE COMMON SIGN. 

Thus to reduce 36-4-76, that is +36-f-76 to one term, add 
the co-efScients 3 and 7 ; to the sum 10, annex the common 
letter 6, and prefix the sign +• The expression will then 
be +106. That 3 times any quantity, and 7 times the same 
quantity, make 10 times that quantity, needs no proof. 



Examples. 



be Sxy 76+ xy 

2bc Iry 86+3jy 

96c xy %h-{-^xy 

36c 2a^ 66+5ary 

166c 236+1 la^f 



3ry- 
6fy- 
2ry. 



■3a6& 

- abh 
4ahh 

- abh 



cdTy-\'Smg 
^cdxy-^ mg 
5cdxy'\'7mg 
7cdxy-\-Smg 

I5cjxy+19mg 



Tlie mode of proceeding will be the same, if the signs are 

^ative. 

Thus - 36c - 6c - 56c, becomes, when reduced, - 96c 



fic^a^ue. 



T 
\ 
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And - ox - Sax - taxzs - 6aa?. Or thus, 

-S6c - <u? -^a6- my --Siicfc-Mdjf 

- fee -Soa? - c6-9my - ac&- 6dy 

-Sic -2aap -7a6-6fiiy -5aefc-76iJy 



73. It may perhaps be asked here, as in art. 68, what pro- 
priety there is, in cMiag quantities, to which the negative 
sign is prefixed ; a sign which denotes suhtraeiwn ? The an- 
swer to this is, that when the negative sign is applied to sev- 
eral quantities, it is intended to indicate that th^se quantities 
are to be subtracted, not from eachother^ but from some other 
quantity maiked with the contrary sign. Suppose that, in 
estimating a man's property, the siun of money in his pos- 
session is marked ~|-9 ^nd the*debts which he owes are mark- 
ed -. If these debts aie 200, 300, 500 and 700 dollars, and 
if a is put for 100; they will together be -2a-3a-5o-7a. 
And tlie several terms reduced to one, will evidently be 
- 17a, that is, 1700 dollars. 

74. Case II. To reduce several terms to one, when 

THE QUANTITIES ARE ALIKE, BUT THE SIGNS UNLIKE, TAKE 
THE LESS CO-EFFICIENT FROM THE GREATER; TO THE DIF- 
FERENCE, ANNEX THE COMMON LETTER OR LETTERS, AND 
PREFIX THE SIGN OF THE GREATER CO-EPFICIENT. 

Thus, instead of 8a~ 60, we may write 2a. 

And instead of 76-26, we may put 56. 

For the simple expression, in each of these instances, is 
equivalent to the compound one for which it is substituted. 
To -f-66 +46 56c 2Am -dy+6m 3A- dx 

Add -46 -66 -76c -9/tm 4dy - m Bh+4dx 

Sum+26 - 26c Sdy-\-5m 



75. Here again, it may excite suq^rise, that what appears 
to lie subtraction, should be introduced under addition. But 
according to what has been observed, (Art. 66.) this subtrac- 
tion is strictly speaking, no part of tbjc addition. It belongs 
to a consequent reduction. Suppose 66 is to be added to 
a- 46. The sum is a- 46+66. (Art. 69.) 

But this expression may be rendered more simple. As it 
now stands, 46 is to be subtracted from Oy and 66 added. 
But the amount will be the same, if, without subtracting any 
thing, we add 26, making the whole a+26. And in all sim* 



ilar i]nauic6d» the hahmei of two or mare quantities, ma) \)e 
subetituted for the quantities themselves. - 

77. If two e^ual quantities have e(min»y signt^ they dc* 
stroy each othe r, ai)d may be. cancelled. Thii8 4-6i-66 
crO: And 3x6- 18=^:0: And 76c-7ic=0. 

Let there foe any two quantities whatever, of which a is 
the greater, and b the less. 

Their sum will be a^b 

And their difference a - 6 



> The sum and difference added, will be So-f-O, or simply 
2a. That is, if the sum and dij^enee of any two quantities 
be added together, the whoh will be hDice the greater quan- 
tity. This is one instance, among multitudes, of the rapidity 
with which general truths are discovered and demonstrated 
in algebra. (Art, 23.) 

78. If several positive, and several negative quantities are 
to be reduced to one term ; first reduce those which are posi- 
tive, next those which are negative, and then take the differ^ 
ence of the co-efficients, oi tlie two tei-ms thus found. 

Ex. 1. Reduce lSfc+664 i- 46 -66 -7ft, to one term. 

By art. 72, 136+66-f 6= 206 > 
And -46-66-76=- 1G6 J 



By art 74, 206- 166=46, which is the value 

of all the given quantities, taken together. 

Ex. 2. RedvGce Sxy - xy-\-2xy - ?xy+4«y - 9iry+'''^ - 6-^- 
The positive terms are Sa^j/ The negative terms are - xy 

2«y - 7x1/ 

7xy -6apy 

And their sum is 16xy -23a;j/ 

Then I6a;y-23a:y=-7a:y 

E^ 3. Sod- 6ad+ad+7ad - 2ad+9ad - 8arf - 4arf=0. 
4. 2a6m-a6m-{-7a6tn-3a6m-{-7a6in= 
6. axy^7axy-\-&axy-axy-Saxy-\-9aTy= 

79. If the letters, in the several terms to be added, are 
different, they can only be placed after eo ;h other, with their 
oroper signs. They cannot be united in one simple term 



If 46, and -Cu, and Sx, and 17A, aad --M aad S, beaddad, 
their sum will be 

DifTerent letters can no more be united in the same term, 
than dollars and guineas can be added, so as to make a 
single sum. Six guineas and 4 dollars are neither ten guineas 
nor ten dollars* Seven hundred and five dosen, are neither 
12 hundred nor 12 dozen. But, in such cases, the algebraic 
signs serve to show how the different quantities stand related 
to each other ; and to indicate future operations, which are 
to be performed, wlienever the letters are converted into 
numbers. In the expression a-\-6y the two terms cannot be 
united in one. But if a stands for 15, and if, in the course 
of a calculation, this number is restored ; then a-f-6 will be- 
come 15-{-6, which ii^ equivalent to the single term 31. In 
the same manner, a - 6, becomes 15-6, which is equal to 9. 
The signs keep in view the relations of the quantities till an 
opportimity occurs t>f reducing several terms to one. 

80. When the quantities to be added contain several terms 
which are alikcj and several which are urdikej it will be con- 
venient to arrange them in such a manner, that the similar 
terms may stand one under another. 

To 36c - 6d^2b - 3y J These may be arranged thus : 

Add-36c+ar-3rf+feg S 3k-6d+26-3y 

And 2d+y+3x+b > - 36c - 3rf + x+bg 

2d + y4"3a: +A 

The sum will be - 7d + £6 - fty+4x+bg+ b. 

Examples, 

1. Add and reduce ab-^-S iocd^S and 5a6-4m-f 2. 
The sum is 6o6-f-*''+cd-4m. 

2. Add ar-|-3y-dar, to 7-x-8-f-A*w. 
Ans. 3i/-dar-l+fcfi. 

3. Add abm - Sa?+6m, to y - x+7 and 5a: - By+S. a 

4. Add 3a?»+6-7ay-8, to 10ay-9+5am. 

5. Add 6ahy+7d - 1 4-ma;y, to Sahy - 7d+ 1 7 - tnxy 

6. Add lad - h-^Sxy - ad, to 5ad-\-h - 7ay. 

7. Add 3a6 - 2ay-4-^> to a6 - ay-\-bx - h. 
8 Add 26y - 3aa?4.2a, to 36a: - 6y-f a. 
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SUBTRACTION. 

Abt. 8L addition is bringing quantities together, to 
find their amount. On the contrary, SUBTRACTION is 

FINDING THE DIFFERENCE OF TWO QUANTITIES, OR SETS 
OF QUANTITIES. 

Particular rules might be given, for the several cases in 
subtraction. But it is more convenient to have one general 
rule, founded on the principle, that taking away a ponthe 
quantity, from an algebraic expression, is the same in effect, 
as annexing an equal negative quantity ; and taking away 
a negative quantity is the same, as annexing an equal posi- 
tive one. 
Suppose -f-6 is to be subtracted from a-^h 

Taking away -\-by from a-|-t> leaves a 

And annexing -6, to a+fr> gives a-{-fc-6 

But by aidom 5th, a-^b -bis equal to a 

That is, tdldng away a positive tenn, from an aleebraic 
expression, is the same in effect, as annexing an equal nega^ 
tits term. 

Again, suppose -6 is to be subtracted from a-fr 
Taking away - 6, from a- fe, leaves a 

And annexing -\-by to a -6, gives a-6+fc 

But a-b-^-b is equal to a 

That is, to/nng away, a negative term, is equivalent to an^ 
nexing,& positive one. If an estate is encumbered with a 
debt ; to cancel this debt is to add so much to the value of 
the estate. Subtracting an item from one side of a book ac- 
count, will produce the same altcrDtion in the balance, as 
adding an equal sum to the opposite side. 
To place this in another pomt of view. 
If m is added to 6, the sum is by the notation 6-{-m > 
But if m is subtracted from 6, the remainder is 6 - m ) 
So if m and h are each added to 6, the sum is fr4-''H'^ 
But if m and h are each subtracted from 6, the 
remaind<)r is fc - Hi - A 
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The only difference then between adding, a positive quan- 
tity and subtracting it, is, that the sign is changed from -f- 
to -. 

Again, if m-n is subtracted from 6, the remainder is, 

b - m-^-n. 
For the less the quantity subtracted, the greater will be th^ 
remainder. But in the expression m-n, m is diminidiied by 
n; therefore, 6-m must be increfised by n; so as to become 
b^m-{-n: that is, m-n is subtracted from 6, by changing 
-|-m into -m, and -n into +n, and then writing them after 
b, as in addition. The explanation will be the same, if there 
are several quantities which have the negative sign. Hence, 

82. To PERFOttM SUBTRACTION IN ALGEBRA, CHANGE THE 
SIGNS OF ALL THE QUANTITIES TO BE SUBTRACTED, OR SUP- 
POSE THEM TO BE CHANGED, FROM -J- TO -, OR FROM - TO +, 
AND THEN PROCEED AS IN ADDITION. 

The signs are to be changed, in the subtrahend only. 
Those in the minuend are not to be altered. Although the 
ride here given is adapted to every case of subtrac.tion ; yet 
there may be an advantage in giving some of the examples 
in distinct classes. 

83. In the first place, the signs may be alikey and the min- 
uend greater than the subtrahend. 

From +28 16i Uda -28 -166 -14da 

Subtract +16 12* 6da -16 -l«t -6(fa 



Difference +1« 46 Sda -12 -46 -8da 

Here, in the first example, the + before 16 is supposed 
to be changed into -, and then, the signs being unlike, the 
two terms are brought into one, by the second case of re- 
duction in addition. (Art. 74.) The two next examples 
are subtracted in the same way. In the three last, the - in 
the subtrahend, is supposed to be changed into +. It may 
be well for the learner, at fiist, to write out the examples ; 
and actually to change the signs, instead of merely con- 
ceiving them to be changed. When he has become familiar 
with the operation, he can save himself the trouble of tran 
scribing. 

Tliis case is the same as subtraction in arithsnetic. The 
two next cases do not occur in common arithmetic, 

84. In the second place, the signs may be alike, and th^ 
minuend less than the subtrahend. 
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From +Hb 136 6da *-16 wisi . e<2a 
Sub. +286 166 14(ia -2d -.16& -Hda 



Dif. --126 -46 ^Bdd +12 46 8<fai 

The same quantities are given here, as in the preceiBng 
article, for the purpose of comparing them together. But the 
minuend and subtrahend are mode to chtuige places* The 
mode of subtracting is the same. In this class, a greater 
quantity is taken from a less : in the preceding, a less from a 

SrecUen. By comparing them, it will be seen, that there is no 
ifference in the answers, except that the signs are opponU, 
Thus 166-126 is the same as 126-166, except that one is 
-J-46, and the other - 46 : That is, a greater quantity sub^ 
tracted from a less, gives the same result^ as a less subtracted 
from a greater, except that the one is positive, and the other 
negative. See Art. 68 and 59. 

85. In the third place, the sigm may be unlike. 

Prom +28 +166 +14*1 -28 -166 -I44i 
Sub. -16 -126 - 6da +16 +126 + dda 

Dif, +44 286 20rfa -44 -286 -20Ai 

From these examples, it will be seen that the difference 
between a positive and a negative quantity, may be greater 
than either of the two quantities. In a thermometer, the dif- 
ference between 28 degrees above cypher, and 16 below, is 
44 degrees. The difference between gaining 1000 dollars in 
trade, and losing 500, is equivalent to 1500 dollars. 

86. Subtraction may be proved^ as in arithmetic, by adding 
the remainder to the subtrahend. The sum ought to be equal 
to the minuend, upon the obvious principle, that the difference 
of two quantities added to one of them, is equal to the other 
This serves not only to correct any particular error, but to 
verify the general rule. 

Prom 2«y-l A+S6« hy- ah nd-lby 

Sub. -xy+7 SA-96ar 5%-6oi Snd-^ by 

Dif. 3jy-8 ^4hy+5ah 

Prom Sa6m- xy -17+4(m: a2;+ 76 Sah+axy 

Bub. -7a6w+6«y -20- or -.4aa:+156 -7aA+aay 

Rem. 10o6m-7ay ^ Box- 86 
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87. When there are nperal'termi aUkiy they may be re- 
duced as in addition. 

' 1. From ab subtract iam-^an^7cm-^2an¥^QanL 

Ana. a6-3aiii-a}n-7am*2aiti-6am=afr-19am, (Art. 72.) 

2. Fromy, 8ubtraei-«-*»-*«-a. 

3. From ax - &€-}-3ax-f-7&c, subtmet 4bc - i€LX'\-bc-{-4ax. 

Ana. ax^hC'\'SaX'^lfbC'-4bC'\-2aX'-bc'-4ax'=:2ax-^bc 
(Art. 78.) 

4. From (id-|-3dc-ft«, snbtract 30(^4-''^^^'*^+^ 

88. "When the letters in the minuend are different from 
those in the subtrahend, the latter are subtracted, by first 
changing the signs, and then placing the several terms one 
after another, as in addition. (Art. 79.) 

From So6-|-8 — my^dhy subtract x - rfr+4Ay - bmx. 

Ans. 3a6-4-8 - my'-\'dh - x-^-dr - 4hy^bmx. 

88. b. The sign-, placed i>efore the marks of parm^huiif 
which include a number of quantities, requires, that when 
these marks are removed, the signs of all the quantities thus 
included, should be changed. 

Thus a- (6-c-f-^ signifies that the quantities 6, -c, and 
-^dy are to be subtracted from a. The expression will then 
become a - 6+^ - ^• 

2. 1 3ad+anf-\-d -^(lad- xy+d+hm - ry) =z6ad+2xy - hm 

3. 7abc - 8+7x - {Sabc - 8 - dx+r) = 4abc-\-7x+dx - r. 

4. 3ad+A-2y-(7y+3A-mx+4ad-Ay-ad)= , r- ^ 

5. 6am-rfy+8-(16+3rfy-8+am-.€+r)= / 

6. 7ay - 2ar+6 - {4+h - ay-^-x+Sb) r= 

88 c. On the other hand, when a number of quantities are 
introiluced within the marks of parenthesis, with-immedi« 
a.ely preceding; the signs must be changed. 

Thus - ifi-f-fc - dx+Sh^ - (m-'b+dx - SA.) 
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Art. 89. In addition, one quantity is connected with an- 
other. It is frequently the case, that the quantitiss brought 
together are equal; that is, a quantity is added to itself. 

A3a^a=2a a^a-\'a-{'az=4a 

a4-a4-o=£3a ii^a-4-a-)-a4-a=5a, &c. 

Tiua repeated addition of a quantity tp iUtelf, is what wat 
originally called muUplkaUan, Bitt tfae term, as it is now 
os^ kais a mote extensive signification. We have frequent 
occasion to repeat, not only the whole of a quantity, but a 
certain fmiion of it. If the stoc^ of an incorporated com* 
pany is divided into share% one man may own ten of them, 
another five, and another a part only- of a share, say two* 
fifths. When a dividend is made, of a certain sum on a 
share, the firi>t is entitled to (011 times this sum, the second to 
five times, and the third to only twh-fifths of it. As the ap- 
portioning of the dividend, in each of these instanceey is 
upon the same principle, it is called multiplication in the 
last, as well as in the two first. 

Again, suppose a man is oUtgated to pay an annuity <rf 100 
dollars a year* As this is to l^ mA^raclsd finom his estate, it 
may be represented by •«a. As it is to be subtracted year 
after year, it will become, in four years^-a-a-^-ass -4a. 
This repeated subirat^ion is also called mtiltiplication. Ac- 
cording to the view of tlie subject; 

90. Multiplying bt a whole number ts taking thk 
multiplicand as many times, as there are units in the 
multiplier. 

Multiplying by 1, is taking the multiplicand once^ as a. 
Multiplying by 2, is taking the multiplicand twice^ as o-f-^. 



* Newton's Universal Arttfametic, p. 4w "Mswirffli on Uie NentiTe Sign, 
.'See. 11. Camus' Arithmciic, Book 11. Chap. 3. - Euler's Algebra, Sec. I 
iA, Chap. 3. Simpson's Al{;<^rti, Sec tV Maefamiin, Saundencn, Lac roi i^ 
Ludlam. 
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Multiplying by S, is taking the multiplicand three IfnMf, ar 

MULTIPLTIKO BT A FRACTION IS TAKING A CE&TAIIV 

PORTION or the mcltiplicand as m an r times, as thekb 

ARE LIKE PORTIONS OF A UNIT IN THE MULTIPLIER.* 

Multiplying by j, is taking { of the multiplicand, once, as \a. 
Multiplying by {» is taking j of the multiplicand, tv>ke^ as 

Multijdying by ), is taking I of the multiplicand, thru Hmee, 
Hence, if tne multiplier is a umj, the product is equal to 
the multiplicand : If tne multiplier is greater than a unit, the 
product is greater th&n the multiplicand : And if the multipli- 
er is lese tlian a unit, the product is less than the multiplicand. 

Multiplication by a NEGATIVE quantity, has the 

SAME relation TO MULTIPLICATION BY A POSITint QUANTITY, 

WHICH KJBTR ACTION has to addition. In the one, the 
Bum of the repetitions of the multiptieand is to be aidedy to 
the other (Quantities with which this multiplier is connected. 
In the other, the sum of these repetitions is to be mAtrwied 
from the other quantities. This subtractmn is performed at 
the time of multiplying, by changing the sign of the {hto- 
duct. See Art. 107 and 108. 

91. Every multiplier is to be considered a number. We 
sometimes speak of multipljing by a given welskt or meaewre^ 
a sum of motley, &c. But this is abbreviated utngnage. If 
construed literally, it is absurd. Multiplying is taking either 
the wliole or a part of a quantity, a certain number oj tvmc*. 
To say that one quantity is repeated as many times, as an- 
other is heaiey, is nonsense. But if a part of the weight of a 
body be fixed upon as a umtj a quantity may be multiplied 
by a numibes* equal to the number of these parts contained 
in the body. If a diamond is sold by weight, a particular 
price may be agreed upon for each gram* A grain is here 
the unit ; and it is evident that the value of the diamond, is 
equal to the given price repeated as many times, as there are 
pains in the whole weight. We say concisely, that the price 
IS multiplied by the weight ; meaning that it is multiplied by 
a number equal to the number of grains in the weight. In a 
smiilar manner, any quantity whatever may be supposed to 
be made up of parts, each being considered a tmtt, and any 
nmnber of these may become a multiplier. 



« See Note C. 
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92. As muldj^ymg is taking the whole or a part of a 
quantity a certain number of dmes, it is evident that the 
product^ must be of the same nature as the muUipUcand. 

If the multiplicand is an abstract number; the product will 
be a number. 

If the multiplicand is ioeighi, the product will be weight 
If the multiplicand is a line^ the product will be a line. R^ 
peoHng a quantity does not alter its nature. It is frequently 
said, that the product of two lines is a surface^ and that the 
product of three lines is a solid. But these are abbreviated 
expressions, which if interpreted literally are not correct. 
See Section xxi. 

93. The multifdication of fractions will be the subject of 
a future section. We have first to attend to multiplication 
by positive whole numbers. This, according to the defini* 
tion (Art. 90.) is taking the multiplicand as many times, as 
there are units in the multiplier. Suppose a is to be multi- 
plied by b, and that 6 stands for S. There are then, three 
units in the multiplier 6. The multiplicand must therefore 
be taken three times ; thus, a-|-a-|-a=3a, or ha. 

So that^ multiplying two letters together is nothing more^ 
than writing them one after the other^ either with, or without 
the sign of multiplication between them. Thus b multiplied 
into c is bxCi or be. And x into y, is xyy^ or x.y, or xy. 

94. If more than two letters are to be multiplied, they 
must be connected in the same manner. Thus a into b and 
Cf is cba. For by the last article, a into b, is ba. This pro- 
duct is now to be multiplied into c. If c stands for 5, then 
ba is to be taken five times thus, 

ba+ba^ha^ba^ha^BbOf or cba. 

The same explanation may be applied to any number ol 
letters. Thus, am into xy^ is amxy. And bh into mrx^ is 
bhmrx. 

95. It is immaterial m what order the letters are arranged 
The product ba is the same as cA. Three times five is equal 
to five times three. Let the number 5 be represented by as 
many points, in a horizontal line ; and the number 3, by as 
many points in a perpendicular line. 



Here it is evident that the whole number of points is equal 
eitlier to the number in the horizontal row three times repeat 

4* 
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ed, or to the number in the perpenMcudar row fine times re« 
peated ; that is, to 5 x3» or 3 x5. This explanation may be 
extended to a series of factors consisting of any'numDers 
whatever. For the product of two of the factors may lie 
considered as one number. This may be placed before or 
after a third factor : the product of three, before or after a 
fourth, &c. 

Thus 24=4x6 or 6x4=4x3x2 or 4x2x3 or 2x3x4 

The product of a, 6, c, and d, is abcdj or acdb, or dcba^ or hcidc. 
It will generally be convenient, however, to place the letters 
in olphabeHcal order. 

%. When the letters have numerical CO-EFFI- 
CIENTS, THESE MUST BE MULTIPLIEn TOGETHER, AND 
PREFIXED TO THE PRODUCT OF THE LETTERS. 

Thus, Sa into 2b, is 6<zb. For if a into b is ob, then S tunes 
a into 6, is evidently Sab: and if, instead of multiplying by 
6, we multiply by ttoice 6, the product must be twice as great; 
that is 2x3a6 or 6a6. 

Mult. 9ab nky Sdh 2ad 7bdh Say 

Into Sxy 2rx my IShmg x 8m» 

Prod. 27abxy Sdhmy Ibdhx 

97, If either of the factors consists of figures oviy^ these 
miist be multiplied into the co^flScients and letters of the 
other factors. 

Thus Sab into 4, is \2ab. And S6 into 2:r, is 72ar. And 
24 into %, is 24hy. 

98. If the multiplicand is a compound quantity, each of Ue 
terms must be multiplied into the multiplier. Thus 6-|-c-|-d 
into a is ab-{-ac-^ad. For the whole of the multiplicand ie 
to be taken as many times, as there are units in the multi- 
plier. If then 0, stands for 3, the repetitions of the multipli- 
cand are, 

b+c+d 

b+c+d 



And their sum is Sb-i-Sc+Sd, that is, ab-\-ae-^ad. 
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Mitlt. d+2xy ^h+m S/J+l ^kn^S+df 

Into Sb ' 6dy my 46 

Prod Sbd^Gbay Shlmy-\-my 



99. The preceding instances must not be confounded 
with those in which several factors are connected by the 
sign X 9 or by a point. In the latter case, the multipUer is 
to be written before the other factors without being repeated. 
The product of bxd into a^ia abx d, and not abxf^* For 
bxd is bdy and this intoo, is abd, f Art. 94.) The expression 
bxd is not to be considered, like o+d^ a, compound qtumtity 
consisting of two terms. .Different terms are always separr\- 
ted by+or-. (Art. 36.) The product of bxhx^Xy in- 
to a, is axbx^X^Xy or abhmy. But b-^h^-m^y into a, 
is ab-\-ak^am-\-ay. 

100. If both the factors are compound quantities, each 
term in the multiplier must be multiplied into each in the multi' 
pUcand, 

Thus a+fr into c-\-d is €u:'\-ad-\-bC'\-bd. 

For the units in the multiplier a^b are equal to the units 
in a added to the units in 6. Therefore the product produ- 
ced by a, must be added to the proiluct produced by b. 
The product of c-j-d into a is oc-f-od ) a -* qq 
The product of c+d into b is bc+bd J ^"- ^^• 
Tlie product of c-^-d into a-{-b is therefore ac-^-ad-^-bc^bd 

Mult. Sx+d 4ay+2b o+l 

Into ia^hm Sc -^rx Sa;-}-4 



Prod. 6ax+2ad+Sknix-\-dhm 3aar+3ar4.4a4-4 

Mult. 2/1+7 into 6J+1. Prod. l2dh+42d+2h+7. 
Mult, dy-i-rx-^h into 6m-\-4-\-7y. Prod. 
Mulu i+eb+ad into Sr+4+2h. Prod. 

101. When several terms in the product are alike^ it will 
be expedient to set one under tlie other, and then to unite 
them, by the rules for the reduction in addition. 
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Mult b+a b+c+2 a+ y+1 

Into b+a b+c+S Sb+ix+t 

bb+ab bb+bc+2b 

J^ab+eM be +ce+2e 

+36 +3c+6 



Prod. bb+2ab+aa bb+2bc+5b+€c+5e+6 



Mult. 9a+d+4 into 2a+Sd+ 1 . Prod. 
Mult. b+cd+2 into Sb+4cd+7. Prod. 
Mult. Sb+2x+h into a X «^ X 2a?. Prod. 

103. It will be easy to see that when the multiplier and 
multiplicand consist of any quantity repeated as a factor^ this 
factor will be repeated in the product, as many times as in 
the multiplier and multiplicand together. 

Mult. axaX<^ Here a is repeated three times as a factor. 
Into ax A Here it is repeated tmce. 

Prod. axaxaX^Xa. Here it is repeated five times. 

The product of bbbb into bbb^ is bbbbbbb. 
The pixKiuct of 2a?x3arx4a? into SxX^x^ is 2arxS«X4«X 
5xX^^» 

104. But the numeral co-efficients of several fellow-factcvB 
may be brought together by multiphcation. 

Thus 2ax36 into 4a x 56 is 2ax36x4ax56, or 120aa66. 

For the co-efficients are /octort, (Art. 41.) and it is imma- 
terial in what order these are arranged. (Art. 95.) So that 
2ax36x4ax56=2x3x4x5xaxax6x6=120aa66. 

The product of 3a X 46 A into 5mx6y, is 360a6Ainy. 

The product of 46x6rf into 2x-f 1, is 486(ia?+246rf. 

105. The examples in multiplication thus far have been 
confined to positive quantities. It will now be necessary to 
consider in what manner the result will be affected, by mul- 
tiplying positive and negative quantities together. We shall 
find. 

That + into -{-produces -f- 

— into -j- - 
-f- into — — 

- into - 
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All these may be comprised in one general rule, which it 
will be important to have always familiar. If the signs or 

THE FACTORS ARE ALIKE!, THE SIGN OF THE PRODUCT WILL 
BE AFFlRMATtTE ; BUT IF THE SieHS OF THE FACTORS ARE 
UNLIKE, THE SIGN OF THE PRODUCT WILL BE NEC^ATITR. 

106. The first case, that of 4- inio -f-, needs no farther 
illusiratioiL The. second is - into ^, tliat is, the multipli- 
cand is negative, aitd the multiplier positive. Here -a 
into -{-^ is - 4a. For the repetitions of the multiplicand are, 

— a— tf— a— fl= *• 4(1. 



Mult. 


b-Sd 


2a -m 


h-Sd-i 


a-i-7i 


Into 


6» 


Bhr\-X 


2y 


Si+A 



Prod. 6^-18ay 2&y-6({y-8j/ 



107. In the two preceding cases, the affirmative sign pre« 
fixed to the multiplier sliows, tliat the repetitions of the mul- 
tiplicand are to be added to the other quantities with which 
the multiplier is connected. But in the two remaining cases, 
the negative sign prefixed to the multiplier, indicates that 
the sum of the repetitions of the multiplicand are to be sub 
traded from the other quantities. (Art. 90.) And this sub^ 
traction is performed, at the time of multiplying, by making 
the sign of the product opposite to that of the multiplicand. 
Thus -f-^ ^^^ - 4 is -4a, For the repetitions of the multi- 
phcand are, 

^a^a^a^ajs'\'4a* 

But this sum i6 to be subtractedy from the other quantities 
with wliich the multiplier is cotmected. It will then become 
-4a. (Art. 8t.) 

Thus in the expression ft-(4Xfl») it is manifest that 4xfl 
is to be subtracted from b. Now" 4x^ is 4a, tliat is -\-4a. 
But to subtract this from 6, the sign 4- must be changed 
into -. So that 6-(4x<>) is b-ia. And ax -4 is there- 
fore - 4a. 

Again, suppose the multiplicand is a, and the multiplier 
(6-4.) As (6-4) is equal to 2, the product will be equal 
to 2a. This is less than the product of 6 into a. To obtain 
then the product of the compound multiplier (6 - 4) into a, 
we must subtract the product of the negative part, from that 
of tlie positive part. 
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. M II I— ^l^y ^Bl^ 

And the product 6a •^ 4% is the some as the product 2a. 
Therefore a into •*4» is -4a. 

But if the multiplier had been (6-)-49) the two products 
must have been udded. 

Multiplying ^ a > . . ( Maltiplying a 

Into 6+4 J ** ^'^^ ^""^^ ■* I Into 10 

And the prod. 6a+4a is the same as the product 10a. 

This shows at once the difference between multiplying by 
a posUioe factor, and multiplying by a negaiwe one. In the 
former case, the sum of the repetitions of the multiplicand is 
to be added to^ in the latter, subtrcicted fivm^ the other quan- 
tities, with which the multiplier is connected. For every 
negative quantity must be supposed to have a reference to 
some otiier which is positive; though the two may not 
always stand in connection, when the multiplication is to be 
performed. 

Mult, a-ffr KSdy+hx+2 ik+S 

Into 6-a? mr^ctb ad^6 



Prod, ab+hh -ax-^hx Soifl^-Sad - 1 8A - 18 

108. If two negates be multiplied together, the product 
will be aflSrmative : - 4 x - a=+4o. In this case, as in the 
preceding, the repetitions of the mulliplicand are to be sub- 
traded^ because the multiplier has the negative sign. Tliese 
repetitions, if the multiplicand is — a, and the multiplier - 4, 
are --a-a-a-a=-4a. But tliis is to be subtracted by 
changing the sign* It then becomes -f^^ 

Suppose -a is multiplied into (6-4.) As 6-4=2, the 
product is, evidently, twice the multiplicand, that is, -2a. 
But if we multiply - a into 6 and 4 separately ; - a into 6 
is - 6a, and - a into 4 is - 4a. (Art. 106.) As in the multi- 
plier, 4 is to be subtracted from 6 ; so, in the product, -4a 
must be subtracted from - 6a. Now - 4a becomes by sub- 
traction -{-4a. The whole product then is - 6a-}-4a which is 
equal to - 2a. Or thus, 

Multiplying - « ? ig <he same as \ Multiplying - a 
Into 6-45 i Into 2 

And the prod. - 6a-f-4a, is equal to the product - 3^ 
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It is often considered a great mjrsteiy, tlmt the product of 
two negatives should be affimialive. But it amounts to no* 
thing more than this, that the subtraction of a negative quan* 
dtjy is equivalent to the addition of an affirmative one; 
(Art. 81.) and, therefore, that the repeated subtraction of ft 
negative quantity, is equivalent to a repeaUd addition of an 
affirmativ/e one. Taking off from a man's hands a debt of 
ten dollars every month, is adding ten dollars a month to the 
value of his property. 

Mult. d-.4 Sd-kjf-'ix 3ay-6 

Into 36-6 46-7 6x-l 



Prod, Sab - I2b - 6a+24 iSaxy''6hx-Say+b 

Muiti|dy Sad-ah-^l into i--dy^kr* 
UvAtily »kg+Sm - 1 into 4d - Sx+S. 

1 09. As a negative multipliei changes the sign oi the quan- 
tity which it multiplies ; if there are teverai negative factors 
to be multiplied together. 

The twa first will make the product poiiltv£; 
The Ihira will make it negative i 
The fourth will make it poHtwef &c. 

Thus - ax -6»+^ 1 f'^^ factors. 

That is, the product of any even nmnber of negative fac 
tors iapasUive; but the product of any odd number of nega- 
tive factors is tugatioe. 

Thus-ax -«=«« And-ax -flX -^X "az=cuMa 

-ax-<»X -az=-^aaa -ax -«X -flX-^X -«=-fl«<w« 

The product of several factors which are Mpositwef is in- 
variably positive. 

110. Positive and negative terms may frequently balance 
each other, so as to disappear in the product. (Art. 77.) A 
star is sonietunes put in tlie place of a deficient term. 
Mult, a- 6 mm -yy 004-^64-66 

Into 04-6 nwi-\-yy a-6 

aa-ab 0004-^064-066 

4-06 - 66 - 006 - 066 - 666 

Prod.oo * -66 aaa ♦ ♦ -666 
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m 

^ 111. For many purposes, it is sufficient merely to mdkal^ 
the multiplication of compound quantities^ without actually 
multiplying the several terms. Thus the product of 
«4-*+^ into A-j-m-f-y, is (^-j-fc-f-c) x (M-"*+yO {^^- 40.) 
The product of 
o-f-tH into hr^-x and (H-jf, is (a+w) X (A+^) X (^M-yO 

By this method of representing multiplication, an important 
advantage is often gained, in preservmg the factors distinct 
from each other. 

When the several terms are multiplied m form, the ezpres 
sion is said to be expanded. Thus, 

(a-i-i) X (c+^) hecomes when expanded ac^^^^^A^^hd 

112. With a given multiplicand, the less the multiplier, 
ihe less will be the product. If then the multiplier be 
reduced to nothing^ the product will be nothing. Ttius axO 
=0. And if be one of any number of fellow-fectors, the 
product of the whole will be nothing. 

Thus, abxeXidx0^9abcdxO:=::0. 

And (a+b) X (c+d) X (k - m) X0=0. 

113. Although, for the sake of illustrating the diflerent 
points in multiplication, the subject has been drawn out into 
a considerable number of particulars ; yet it will scarcely be 
necessary for the learner, after he has become familiar with 
the examples, to burden his memory with any thing more 
than the following general rule. 

Multiply the letters and co-efficients of each term 
IN the multiplicand, into the letters and co-efficients 

of each term in the multiplier; and prefix to each I'ERM 
of THE product, THE SIGN REQUIRED BV THE PRINCIPLE, THAT 
LIKE SIGNS PR0DUCE-{--» AND DIFFERENT SIGNS - . 

1 . Mult. a+Sb - 2 into 4a - 66 - 4. 

2. Mult. 4a6xa?x2 into 3my-l-f A. 

3 Mult. (7a/i-j/)x4 into 4arx3x5x<i 

4. Mult. (6a/^-Ad+l)x2 into (8+4x-l)xrf. 

5. Mult. 3rty4.j/-4-|-/4 into ((/-|-a:)x(/*+y.) 
G. Mult. 6(wr-(4fe-rf) into (6+l)x(A+10 

7. Mult. 7ay-l+Ax(«^-«) "iio -(r+3-4m.) 
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Art. 114. IN multiplication, we have two factors given^ 
and are required to find their product. By multiplying tlie 
ftictors 4 and 6, we obtain the product 24. But it is fre- 
quently necess»xry to reverse this process. The number 24^ 
and one of the factors may be given, to enable us to find the 
other. The operaticm by which this is effected, is called 
Dhnsion. We obtain the number 4, by dividing S4 by ft. 
The quantity to be divided is called the dividend ; the gwm 
factor, the divisor; and that wliich is reqtdred^ the quotient. 

115. DIVISION l» PINDl^'G A QUOTIENT, WHICH MULTI- 
PLIED INTO THE DIVISOR WILL PRODUCE THE DIVIDEND.* 

In multiplication the tMdHplier is always a number, (Art. 
91.) And the product is a quantity of the sdme icind, as the 
multiplicand. (Art. 92.) The product of 3 rods into 4, is 12 
rods. When we come to division, the product and eilker of 
the fiictors may be given, to find the oilier : that is. 

The divisor may t>e a nunAer^ and then the ((uotient will 
be a quantity of the same kind as the dividend ; or. 

The divisor may be a quantity of the same kind as the 
dividend ; and then the quotient will be a number. 

Thus 1 2 ro(is-i-4 = 3 rods. B ut 1 2 rods-i-S rods = 4. 

And 12 rods^24=:irod. And 12 »W*-^24 rods=\ 

In the first case, the divisor being a number^ shows into 
how nuiny parts the dividend is to be separated ; and the quo- 
tient shows what these parts are. 

If 12 rods be divided into 3 parts, each will be 4 rods long; 
And if 12 rods be divided into 24 parts, each will be half a 
rod long. 

In the other case, if the divisor is less than the dividend, 
the former sliows into tohat parts the latter is to be divided ; 
and the quotient shows how many of these parts are contained 



* The remainder is here supposed to be included in the quotient, as is com 
monly the case in algebra. 
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m tlie cKvidemL In other words, division is this case con- 
sbts in finding haw tften one qtumtUy i$ contained in anoAer. 

A Ikie of 3 rods, is c<mtained in one of 12 rods, four times. 

Bat if the divisor is Renter than the dividend, and yet a 
quantity of the same kmd, the quotient shows tokai part ot 
the divisor is equal to the dividend. 

Thus one haifot 24 rods is equal to 12 rods. 

116. As the product cf the divisor and quotient is equal to 
the dividend, the quotient may be found, by resolving the 
dividend into two such factors, that one of them shall he the 
divisor. The other will, of course, be the quotient. 

Suppose abd is to be divided by a. The &ctor a and hd 
will produce the dividend. The first oi these, being a divi* 
sor, may be set aside. The other is the quotient Hence^ 

Whew the divisor is found as a factor in the divi- 
dend, THE DIVISION IS FERFORMED BT CANCELLtNO THIS 
FACTOR. 

Divide ear ih irx hmg ihxji abci elbt^ 
By e d dr km if b mx 

Quot. X 9 hx by 



k«« 



In each of these examples, the letters which are common 
to the divisor and dividend, are set aside, and the other let- 
ters form the quotient. It will be seen at once, that the pro- 
duct of the quotient and divisor is equal to the dividend. 

117. If a letter is repeated in the dividend, care must be 
taken that the factor rejected be only equal to the divisor. 

Div. aab bbx aadddx ttammyy amaxxxh yyy 
By a 6 ad amy aaxx yy 

Quct. ab addx ahx 



In such instances, it is obvious that we are not \o reject 
every letter in the dividend which is the same with one in the 
divisor. 

118. If the dividend consists of amy factors tsha^ver^ ex* 
•roai^ig one of them is dividing by it. 
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By a b-^-d b+x tf-A 



^a* 



Quot. 6+rf a e-\-d (^+y) X* 



In all these inetanees the product of the quolieiit aad cfivi- 
«Qr k equal to the dividend by Art. Ill, 

119. In perfcvming multiplicatton, if the factors eontam 
numer€d figureSy these are niultipiied into eftch other. (Art 
96.) Thus Sa into 76 is 2lab. Now if this process is to be 
reversed, it is evident that dividing the number in the product, 
by the number in one of the factors, will give the number in 
the other factor. The quotient of 21a6-r3a is 76. Hence, 

In division^ if there are nvmeral co-efficients prefixed to the 
letters, the co-efficient of the dividend must be divided, by the co» 
efficient of the divisor, 

Div. 6a6 16dxy 25dhr 12a;y Sidrx ' 20hm 
By 2b 4dx dh 6 S4 m 

QuoUSa 25r drx 



120. When a simple ftictor is multiplied into a dompowid 
one, the former enters into every tenn of the latter. (Art, 
98.) Thus a into b-^-d, is ob-^-otl. Such a product is easily 
resolved again into its original factors. 

Thus a64-ad=ax(^4-^)- 

amA-f.ama:+ar»y=awx(A4-^+y)* 
4a(i4-8aA+12am-f4ay=4ax (<M-2M-S»H-y)- 
Now if the wliole quantity be divided by one of these factors^ 
according to Art. 118, the quotient will be the other factor. 

Thus, (a64>aif)-x-0=fr4.(l. And (a6+ad)^(6+(;)=a. 
Hence, 

If the divisor is contaified in every term of a oompo\md divi- 
dend, it rauA be cancelled m each. 

Div. ab-{'ac bdk-^bdy acA^ay drX'\^4Bix-{'dxfi 

By a bd a dx 

Quot. b-^-c ^^M-y 



And if there are co^effidents, these must be divided, in eag^ 
tenn also. 
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Div, 6a6-fl8ae \0dry+l6d Uhs+8 d5dm.fl4<b 
By Sa 2d 4 7d 



•■MM*dhlMMMMMaaiW~aK ■MABMfMM^klMWaMk Aiatal^BdM 



Quot. U+4c Sib+2 



121. On^ie odier hand, if a compound exprtsskm contmn^ 
mg owjf factor m every lerm^ he dmded by the other quantiHe» 
etnmected by their l%iie« the quotient mil be thai faetor* See ihe 
first part of the pioeoeding article. 

Div. db'^aC'^ah amh-^amx-^amy iab-^-Say akm+akg 
By b-^-c-^h A+ar-f-y *+% ^'^-fy 



Qtiot a 4a 



122. In division, as well as in multiplication, the caution 
must be obderved, not to confound terme with factore^ See 
Art. 99. 



Thusro6+ac). 
But (abxac) 
And {ab-\-ae)- 
But {abxooy 



a=6-H. (Art. 120,) 

^zoabC'i-aszcAc. 
{64-c)=a, (Art. 181.) 
(6x^)=?aa6c-7-6es=aa. 



123. In division, the same rui,e is to be observed 
ee8prctin6 the signs, as in multiplication ; that is, 
if the divisor and dividend are both positive, or 
both negative, the quotient must be positive : if 
one is positive and the other negative, the quo-* 

TIENT MUST BE NEGATIVE. (Art. 105.) 

This is manifest from the condderation that the product oi 
the divisor and quotient must be t^ie scune as the aividend. 

If ^ax+b^+ab \ / +a6-J.4.6=+a 

-ax+h=z-abf . ) -afc-f-+i=:-a 

-ax -i=4-a6 ) v +a6-7--fc==-« 

Div. abx 8a-10ay 3ax-6ay 6amxdh 
By -a -Sa da -2a 



Quot - tar - 4+5y -SmXdhzs: ^ Shdm 
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124. If thc letters of tab diyisor a&b xot to be fouro 

IN the dividend, the division 18 EXPRESSED BY WBITIK0 
THE DIVISOR UNDER THB DIVIDEND, IN THE FOBM OF A VUL> 
CUkR FRACTION. 

Thus ai/-7-a= -*-; and (i-«) ■T--A=-3r 

This is a method of denoting division, rather than an actual 
pei-forming of the operation. But the purposes of division 
may frequently be answered, by these fractional expressions. 
As they are of the same nature with other vulgar fractions, 
they may be added, subtracted, multiplied, £c. See the 
next section. 

125. YHien the dividend is a compound quantity, the divi- 
sor may either be placed under the whole dividend, as in the 
preceding instances, or it may be repeated imder each Umiy 
taken separately. There are occasions when it will be con- 
venient to exchange one of these forms of expresabii fOft the 
other. 

h-i-e h e 
Thus 6+c divided by «, is either— *—, or -| — • 

X X X X 

a+b 
And o-f 6 divided by 2, is either — o", that is, half the sum 

of a and b; or^-f-o' ^^^^ ^ ^^® ^^^ ^^ ^^ ^ ^^^ ^^ ^* 

For it is evident that half the $%an of two or more quantities^ 
is equal to the sum of their halves. And the same principle 
is applicable to a third, fourth, fifth, or any other portion of 
the dividend. 

So also a-b divided by 2, is either ^"" ■ , or -.-. 

^ 2 2 2 

For half the cUfference of two quantities is equal to the d\(^ 
ference of their halves. 

126. If some of the letters in the divisor are in each term 
of the dividend, the fractional expression may be rendered 
more simple, by rejecting equal factora from the numeratm 
and denominator. _ 
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Diy. ofr dk» 
By ac djf 


ah 


ah+bt 
by 


torn 


ab b 

Quot. — or- 

ae c 


Am-Sy 
b 


am 
ay 



These reductions are made upon the principle, that a given 
divisor is contained in a given dividend, just as n>any times, 
as double the divisor in double the dividend ; triple the divi- 
sor iji triple the dividend, &c. See the reduction of fractions, 

127. If the divisor is in some of the terms of the dividend, 
but not in all ; those which contam the divisor may be divi- 
ded as in Ait. 116, and the otliers set down in the form of a 
fraction, 

r 

Thus (db'\'d)-T^ is either — ^i— , or — -j — , or 6-J — , 

Div. dxy-^rx^bd %ah-\'ad^x 6m-f-Sy 2my-\-dh 

By a a ^b 2m 



hd 3y 

X 



Quot. dy+r--— ..^ —^. 



128. The quotient of any quantity divided by itself or its 
equals is obviously a unit, 

mm^ a ^ M^ .Sox « » » 6 ^ . -a-|-6 — 3A 

Tlius~=l. And«— = 1. And-— -r = l. And--^ — ^, =1. 

a oax 44-2 o-f-o-oA 

Div. ax+x 364 -3d 4axy-4a+Sad 3afc-{-3-6m 

By a Sd 4a S 

Quot o+l xy-'l+2d 



Cor. If the dividend is greater than the divisor, llie quo- 
uent nuist be greater than a unit: But if the dividend is less 
tlian the divisor, the quotient must be less tlian a unit. 
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PKOmSCUOUS BZAMPUS. 

1 Divide 12a6y+6a6s* \Sbbm+fM^ by 6k 

2 Divide 1 6a - 1 2-f 8y+4 - gOodx-f-WH by 4. 

8. Divide (a- 2*) x (Sm+y) xxy by (a ^ 2A) X (Sm+y) 

4. Divide oAd - 4«cI-{-Say - a, by W - 4<24~^ •" !• 

5. Divide oaf-ry-l-aJ-' 4my- 6+0, by- o. 

6. Divide amy-\-Smy - fnary+am - cl, by-- dmy. 

7. Divide arrf - 6a+2r - W4.6, by 2ari 

8. Divide 6aa?-8-|-2a:y-f*4-6%, by 4axy. 

129. From the nature of division it is evident, that the 
value of the quotient depends both on the divisor and the 
dividend. With a given divisor, the greater tlie dividend, 
the greater the quotient. And with a given dividend, ihe 
greater the divisor, the less the quotient. In several of the 
succeeding parts of algebra, particularly tlie subjects of frac- 
tions, ratios, and proportion, it will be important to be able 
to determine what change will be pioduced in the quotient, 
byincreasuig or diminishing either the divisor or the dividend. 

If the given dividend be 24, and the divisor 6 ; the quotient 
will be 4. But this same dividend may be sup)x>8ed to be 
multiplied or divided by some other number, before it is 
divided by 6. Or the dkdsar may be mtdtiplied or divided 
by some other number, before it is used in dividuig 24. In 
each of these cases, the quotient will be altered. 

130. In the first place, if the given divisor is contained in 
the given dividend a certain number of times, it is obvious 
that the same divisor is contained, 

In double that dividend, twice as many times ; 
In triple the dividend, thrice as many times, &c. 

That is, if the divisor remains tlie same, multiplying the 
dwidend by any quantity, is, in effect, multiplying the quotieni 
by that quantity. 

Thus, if the constant divisor is 6, then 24-^-6=4 the 
quotient. 

Multiplvmg the dixHdend by 2, 2x24-5-6=2x4 

Multiplying by any number n, n X 24-7-6 ^nx 4 
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131. Secondly, if the given divisor is contained in the 
given dividend a certain number of times, the same divisor 
is contained) 

In half that dividend, half as many times ; 

In one third of the dividend, one third as many times, &c 

That is, if the divisor remains the same, Jbnding the dtoi- 
dend by aay other quantity, is, in effect, dmdmg the quoHetU 
by that quantity. 

Thus 24-f-6=4 

Dividing the dividend by 2, ^24-^-6=^4 

Dividing by n, . i24-j-6=i4 

132. Thirdly, if the given divisor is contained in the given 
dividend a certain number of times, then, in the same divi- 
dend, 

Tudce that divisor is contained only half as many times ; 
Three dmee the divisor is contained one tUrd as many times. 

That is, if the dividend remains the same, muUtplymg the 
divisor by any quantity, is, in effect, divUUng the quotient by 
that quantity. 

Thus 24-£-6=4 

Multiplying the divisor by 2, 
Multiplying by n, 

133. Lastly, if the given divisor is contained in the given 
dividend a certain number of times, then, in the same divh- 
dend, 

Half tb it divisor is contained tteiee as many times ; 

One third of the divisor is contained thrice as many timea 

That is, if the dividend remahis the same, dividing the divi- 
sor by any other quantity, is, in effect, multiplying the quotiem 
by that quantity. 

Thus? 24-f-6=:4 

Dividing the divisor by 2, 24-M6=z2x4 

Dividing by n, 24H-i6=rnx4 

For the method of performing division, when the divisor 
and dividend are both compound quantUieSt see one oi' the fot» 
.owing sections. 
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FRACTIONS.* 

Art. 1S4 EXPRESSIONS in the form of fmot'ions occui 
more frequently in Algebra than in arithmetic. Most in* 
Btaaces in division belong to this class. Indeed the numeia* 
tor of every fraction may be considered a» a dlMend^ at 
which the denoniinator is a dmtar. 

According to the cominon definition in arithmetic^ the 
denominator shows into what parts an integrcd unit is sup- 
posed to be divided ; and the numerator sIkiws how many 
of these parts belong to the fraction. But it makes no dif« 
ference, whether the whole of the numerator is divided by 
the denominator ; or only one of the integral units is divided, 
and then the quotient taken as man^ times as the number of 
units in the numerator. Thus | is the same as ^-|-}^]. 
A fourth part of three dollars, is equal to three fourtlis of one 
dollar. . 

135. The vaiue of a fraction^ is the quotient of the nume- 
rator divided by the denominator. 

Thus the value of - is 3. The value of zT is a. 

% h 

From this it is evident, that whatever changes are made 
in the terms of a fraction ; if the quo^xiU is not altered, the 
value remains the same. For any fmction, therefore, we 
may substitute any otker fraction which will give the same 
quotient. 

rp. 4 10 Aha Sdrx 6+2 « r« *u *• * • 

Thus-=r — = — = — ^=: -X- , &c* For the quotient m 

2 5 2ba 4drx 3+1 ^ 

each of these instances is 3. 

136. As the value of a fraction is the quotient of the nu 
merator divided bv the denominator, it is evident from Art. 
128, that when the numerator is equal to the denominator, the 
value of the fraction is a unit ; when the numerator is less 

* riorsley's Mathematics, Camus' Arithmetic, Emerson, Euler, Saundcrson, 
ana Ludlum* 
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than tbe denominator, the value is less than a tmt; and wh&a 
the nuDierator id greater than the denominator, the value i^ 
greeder than a unit. 

The calculations in fractions depend on a few general 
principles, which will here be stated in connexion with each 
other. 

137. If the denommator of a fraction remains the samey mul* 
tiplying the numerator ly any quantityy is multiplying the 
VALUE by thai qnanHty ; and itoidmg the numerati^ry is dmding 
the vdiae. For the numerator and denominator are a divi- 
dend and divisor, of which the value of the fmction is the 

Juotient. And by Art. IdO and ISl, multiplying the divi- 
end is iu efiect multiplying the quotient, and dividing the 
dividend is dividing the quotient. 

Thua in the fracUons — , — ^, , 5f-, &c. 

a a a a 

The quotients or values are 6, SJ, 76d, jJ, &c. 

Here it will be seen that, while the denominator is not 
altered, the value of the fraction is multiplied or divided by 
the same quantity as the numerator. 

Cor. With a given denominator, the greater the nume« 
cator, the greater will be the value of the fraction ; and, on the 
other hand, the greater the value, the greater the numerator. 

138. If the numerator remains the samsy mtdtiplying the ds" 
nominator by any quantity y is dimding the value by that quantity ; 
and dimding the denominatoTy is multiplying the value. For 
multiplying the divisor is dividing the quotient ; and dividing 
the divisor is multiplying the quotient. (Art. 132, 133.) 

J ,. . ,. 24ab 24ab £4afr X4a6 n 
Inthefracuona -^ _, _^ _, &c. 

The values are 4€iy 2a, 8a, 24a, &c 

Cor. With a given numerator, the greater the denomiiuttor, 
the less will be the value of the fraction ; and the less the 
voluey the greater the denominator. 

139. From the last two articles it follows, that dimding the 
numertUor by any quantity; will have the same effect on the 
value of the fraction, as mtdtiplying the denominator by that 
quantity ; and multiplying the numerator will have the same 
effect, as dividing the denominator. 
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140. It is also evident from the preceding artieles, that nr 

THE ^^MERATOR AND DENOMINATOR BE BOTH MULTIPLIED, 
im BOTH DXTIttED, BT THE SAME QUANTITY, THE TALUB or 
THE FRACTION WILL NOT BE ALTERED. 

these instances the quotient is x. 

141. Any integral ([uantity may, without altering its value, 
be thrown into the fonn of a fraction, by multiplying the 

3 uantity into the proposed denominator, and taking the pro- 
uct for a numerator. 

-^ a oib oA^ah 6adh « *« « 

Thus a=Y=-T ~~jjir ^'aSr* ' quotient 

of each of these is a. 

MS. There is nothing, perhaps, in the calculation of alge* 
braic fractions, which occasions more perplexity to a learner, 
than tlie positive and negative signs. The changes in these 
are so frequent, that it is necessary to become familiar with 
the principl^ft-on which they are made. The use of the sign 
which is prefixed to the dividing line, is to show whether the 
value of the tok/ok firactum is to be added to» or subtracted 
from, the other quantities with which it is connected. (Art. 
43.) This sign, therefore, has an influence on the several 
tenns taken collectively. But in the numerator and de- 
nominator, each sign affects only the single term to which it 
is applied. 

ab 
The value of-r is a. (Art. 135.) But this will become 

negative, if the sign - be prefixed to the fraction. 

ob tib 

Thus y-}-r =y+«. Buty — r =jf-a. 

So that changing the sign which is before the whde frac- 
tion, has the effect of changing the value from positive to 
negative, or from negative to positive. 

Next^ suppose the sign or signs irf the munerator to be 

changed. 

ab — a6 

ByArU 123,-^ =+a. But -T-=-a. 
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. .ah be ^ ♦* -ab+bc 
And 7 — =-|-a-c. But r^ — =-a+c. 

That is, by changing all the signs of the nnmerater, the 
value of the fraction is changed from positive to negative, or 

the contrary. 

< 

Again, suppose the sign of the denammalar to be changed. 

ub (U} 

As before -r =+* ^"' — r-=-a. 

143. We have then, this general proposition; If the 

SIGN PREFIXED TO A FRACTION, OR ALL THE SIGNS OF THB 
NUMERATOR, OR ALL THE SIGNS OF THE DENOMINATOR Bfi 
CHANGED ; THE VALUE OF THE FRACTION WILL BE CHANGED, 
FROM POSITIVE TO NEGATIVE, OR PROM NEGATIVE TO POSI- 
TIVE. 

From this is derived another important principle. As each 
of the changes mentioned liere is from positive to negative, 
or the contrary ; if any two of them be made at the same 
time, they unU balance each other. 

Tlius by changing the sign of the numerator, 

~ =:-f-a becomes Z— -= - a. 
b b 

But, by changing both the numerator and denominator, if 
becomes-Z---=-}-a, where the positive value is restored. 

— 

By changing the sign before the fraction, 
y+-- =y+a becomes j/ - _ =y - a. 



But by cliangi ng the sign of the numerator also, it becomes 
y -_ where tlie quotient -a is to be 9ubiracted from y, 

or which is the same thing, (Art. 81,) +a is to be added, 
making y-f-a as at first. Hence, 

144. If all the signs both of the numerator and 
denominator, or the signs of one of these with the 
sign prefixed to the. whole fraction, be changed at 
the same time, the value of the fraction will not be 

ALTERED. 
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8 -8 _6 6 

Thus j= -g= - x= - rjB =+*• 

Hence the quotient in diTUon may be set domi in differenC 
vajrau Thus (a - c)-i-6, is either -j + -^, ^ T * jT' 

The latter method ia the meet common. See the exoru 
{Aes in Art. 127. 

REDUCTION OP PRACTIONa 

145. From the principles which have been stated, are de 
rived the rules for the reducHtm of fractions, which are sub- 
stantially the same in algebra, as in arithmetic. 

A FEACTIOIf MAT BE REDUCED TO LOWER TERMS, BT DIVI 
DINO BOTH THE NUMERATOR AND DENOMINATOR, BY ANT QUAN 
TITT WHICH WILL DIVIDE THEM WITHOUT A REMAINDER. 

According to Art 140, this will not alter the value of the 
fifaction. 

»«. ob a ^ ^ 6dm 9m 7m I 

In the lost example, both parts of the fraction are divided 
by the numerator. 

If a letter is in every term, both 0( the numerator and de 
nominator, it may be cancelled^ for this is dividing by that 
letter. /Art. 120.) 



Samr^ay Sm+y dry+dy _ r-\-i 



If the numerator and dencHntnatin* be divided by the mat* 
vet common measure, it is evident (hat the fraction will be 
reduced to the lowest terms. For the method of finding the 
greatest coimnon measure, see Sec. xvi. 

146. Fractions of different denominators mat be re- 
duced TO A common denominator, BY MULTIPLYING EACH 

6 
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lfOM£RATOR INTO AIX THE DENOMINATORS SX€EPf ITS OWN, 
POR A NEW NUMERATOR ; AND ALL THE DfiHOMINATORS TO* 
CETHER, FOR A COMMON DENOMINATOR. 

Ex. 1. Reduce ~, and ^ and ~ to a common denominator. 

b d ^ 

cx^X}t=cbiy > tho three numerators. 

»»X*Xrf=w>W ) 

( X <^ X y = f>dy the common denominator. 

The fractions reduced are f^^, and -3^, and — ^. 

bay bay bay 

Here it will be seen, tliat the reduction consists in multi- 
plying the numerator and denominator of each fraoiion, into 
all the other denomiaatoi's* Thk does not alter the value, 
.(Art 14a) 

t. Reduce fl, and?*, and ?i. 
9m g y 

S. Reduce -, and * , and .1x1. 
F X d+h 

4. Reduce .--^9 and -JLp. 
Or^b a -6. 

After the factions have been reduced to a common de* 
nominator, th'iy may be brought to lower terms, bv the rule in 
the last article, if there is any quantity which will divide the 
denominator^ and all the numerators without a reinaindei:. 

An mteg'n' and a fraction, are easily reduced to a commcm 
denomiiiaton (Art. 141.) 

Thus a and . are equal to> and ~, (»r fi and -^ 
' ' 1 c c c 

Anda,i,J^ 1 are equal to ?!!5f, *!!«, ?3L, *? 
my my my my my 

147. To REDU<3 AN IMPROrBR FRACTION TO A MIXED 
QUANTITY, DIVIDR THE NUMERATOR BT THE DENOMINATOR^ 

AS in Art. 127. 






Keduce — ZUlJLlS^ to a mixed (joutity* 

For the reduction of a mixed quantity to an iinprq)er frao* 
tion, see Art. 150. And ior the reduction of a €0mpmmi 
faction to a simple one, see Art. ISO. 

ADDITION OP FRACTIONS. 

148. In adding fraclions, we may either write them one 
after tlie other, witli their signs, as in the addition c^ integersi 
or we may incorporate them into a single fraction, by the fol- 
lowing rule : 

Reduce the fractions to a coMBioif nfiivoifiNAroR, 

MAKE THE SIGNS BEFORE THEM ALL POSITIVE, AND THEN ADD 
THEIR NUMERATORS. 

The common denominator shows into what parts the inte- 
gral unit is supposed to be divided ; and the numerators show 
tke fmrnker of these parts beionging to each of the fractions 
(Art. 134.) Therefore the uumeralors lakm together vbiot 
the whole number of parte in all the fradiona. 

inus, ^=2j^-|-i^- Ahqy^ j+ij+'f' 

Therefore, |+|=^4-J+J,+J+^=|. 
77 7 77 77 7 

The numerators are added, according to the rules for the 

addition of uitege^s. (Art. G9, Slc.) It is obvious that the 

sum is to be placed over the common denominator. To 

avoid the perplexity which might be occasioned by the signs, 

it will be ^pedient to make those pr^ed to the fractions 

imiibnnly positive. But in doing this, care miist be taken 

not to alter the value. This will be preserved, if all the signs 

in the numerator are changed at the same time with that te- 

fore the fraction. (Art. 144.) 

Ex. 1. Add— and of a pound. Ans. -JL-or — , 

16 16 ^ 16 16 

It is as evident that it, and i^ of a pound, are ^ of a 
pound, as that 2 ounces and 4 ounces, are 6 ounces. 

S. Add ^ and £.. Fi»t reduce them to a common denorni 
6 a 

nator. They will then be^ and Ji , and their mim^?^^;^- 
^ bd bd bd 
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i. Given? Biki'-^I^ii, to find their som, 
d 3A 

d Sk Sdh Sdh Sdh 

4. i and - *Z!?=1+ -t+m ^cg^ ^trf+dm , 

d » <i y ^'j/ 

y -m -my -my -my my 

€L aad j-5= — --jJ — r-^T = ■■ , ?- (-"^ *'•) 

a-|-6 a- 6 aa-|-ao-ad - v6 aa-66 

7. AddZlto— . 8. Add"lito^.. Au8.-6. 
d m^r % 7-3 

149. For many purposes, it is sufficient to add fractions in 
thd same manner as integers are added, by writing them one 
after another with their signs. (Art 69.) 

Thus the sum of?, and - and - ;r--»^ iH =— 

6 y 2m y 2m 

In the same manner, fractions and integers may be added. 

J L d h 

The sum of a and - and 3m and --, is (i4-3m-| — - — 

« 

150. Or the integer may be incorparaled with (he fraction, 
by converting t)ie former into a fraction, and tlieu adding the 
numerators* See ArU 141. 



* :- ^ I ^ am , 6 o m-f-t 

m 



The sum of a and -, is-rH — = — = 

m I'm ra ^ m 



rm. i^^j ^M-rf. Srfm-3rfy+Vfrf 

The sum of 3cl and -~^, is _iX-:J— . 

TO-y* m-y 

Incorporatmg an integer with a fraction, is the same as re- 
dtfcnig a mixed quantity to an improper fraction. For a mixed 
quantity is an integer and a fraction. In arithmetic, these 
are generally placed together, without any sign between 
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them. But in algebra, they are distinct terms. Thvm t} is 
8 and i, which is tiie same as 24*i- 

Ex. L Reduce a-|- J to an improper fraction. Ans. — ^I— 

b o 

8. Reduce 111+ J- -.'l-,. Ans. hm^dm+dh^dd^r 

h-d A-a 

8. Reduce 1+^. Ans. *!±£ 4, Reduce 1 -A 

Ob m 

6. Reduce b+ ,^ . 6. Reduce 8+?4^- ^ 

a — y oa 



SUBTRACTION OF FRACTIONS. 

51. The methods of performing subtraction in algebra, 
depend on the principle, that adding a negative quantity is 
equivalent to subtracting a positive one ; and v. v, (Art. 81.) 
Fov the subtraction of fractions, then, we liave the following 
simple rule. Change the fraction to be subtracted, 

FROM positive TO NEGATIVE, OR THE CONTRARY, AND .THEN 

PROCEED AS IN ADDITION, f Alt. 148.) lu making the re- 
quired change, it will be expedient to aher, in some instances^ 
the signs of the numerator, and in others, the sign before the 
dividing line, (Art. 143,) so as to leave the latter always 
afiinuative. ^ 

Ex. 1. From i subtract *• 

b ^ 

First change -^ the fmction to be subtracted, to H^ 

m m 

Secondly, reduce the two fmctions to a common denomi 

nm — hh. 

nator, making, — and ^ — . 

bm bm 

Thirdly, the sum of the numerators am - 6A, placed OTer 
the common denominator, gives the answer, ^^^ "* * 



bni 



2. From ?±2 subtract 1 Ans. '^'^^-'^ 
r a or 

8. From « subtract lil*. Ans. «y-«^"H-fa»» 
TO y mjr 

6» 
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4. Prom ±t*i subtract ?SLZ?1 Ans. II^Z*?. 
^r^ 8 12 

8. Fromiz^ subtract -1 Ans. *y-^+*«, 
m y my 

6. From I^Xl subtract Izi. 7. From z. subtract Z. 
a m a ' 6 

153. Fractions may also be subtracted, like integers, by 
setting them down, after their signs are changed, without re- 
ducing them to a common denominator. 

From * subtract - *±1 Ans. *+*+£ 
m y my 

In the same manner, an mteger may be subtracted from 
a fraction, or a fraction from an integer. 

From a subtract .^ Ans. a -. . 

m m 

153. Or the integer may be incorpcNrated with the fraction, 
M in Art. 150. 

Ex. 1. From * subtract m. Ans. - - m=*li!Sf. 

y y y 

2. From 4a+ * subtract 3a ■- * Ans. ^f^+^^+^f. 

c a cd 

8. From 1+^ subtract iZ*. Ans.^±!^zii 

d d a 

4. From a+3h - ill subtract 3a - h+^ltt 

2 «S 



MULTIPLICATION OF FRACTIONS. 

154. By the definition of multiplication, multiplying by a 
fraction is taking a part of the multiplicand^ as many times as 
there are like parts of an unit in the multiplier. (Art. 90.) 
Now the denominator of a fraction shows into what parts the 
integral unit is Supposed to be divided ; and the numerator 
shows how many of those parts belong to the given fraction. 
In multiplying by a fraction, therefore, the multiplicand is 
to be divided into such parts, as are denoted by the denom- 
inator ; and then one of these parts is to be repeated, an 
many times, as is requu*ed by the numerator. 



Suppose a is to be multiplied by ^. 

4 

A fourth part of a is ^ 

4 

This taken 8 times k - 4.14. -±= — (Art 148 ) 

4-1-4-^-4- 4 \ ' 

A ^ 

Again, suppose jr- is to be multiplied by t^ 

One fourth of J- is ^. (Art 138.) 

This taken 3 times is te 4-Tr4-TT = Tr> 

40 * 4o 4o 4o 

the product required. 

In a similar manner, any fractional multiplicand may be 
divided into parts, by multiplying the denominator ; and one 
of the parts may be repeated, by multipljring the numerator. 
We have* then the following rule : 

155. To MULTIPLY FRACTIONS, MULTIPLY THE NUMERA* 
TORS TOGETHER, FOR A NEW NUMERATOR, AND THE DEJYOMI- 
NATORS TOGETHER, FOR A NEW DENOMINATOR. 

Ex. 1. Multiply — intO;r— Product -—. 

^^ c 2m 2cm 

2. Multiply ^^ mto — r- Product —^ — 

8. Multiply ^ ' J into j r- Product V / v 

^^ S {a-n) 3x(a-n) 

. -_ . a-\-h , 4— wi •* u* 1 1 3 

4. Mult. 5-7--, into—; — 6. Mult. — ps- intOo- 

156. The method of multiplying is the same, when there 
are more than two fractions to be multiplied together. 

Multiply together r-> j> and — Product ^^. 

For %X^iB,hy the last article -?!i, and this mto !? is 'i!^ 
o a ha y bdy 

8. Multiply ^,*ZX t and _i_. Product 2«** " ^'^'^ 



y c r - 1 cniry - cmy 
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8. Mult. ?+* 1 and JL. 4 Mult, fl, ?Ll?, and | 

157. The multiplication may sometimes be shortened, by 
rejecting equal factors, from the numerators and denomina- 
tors. 

1 . Multiply — into — and -• Product — . 

»• a y ry 

Here o, being in one of the numerators, and in one of the 
denominators, may be omitted. If it be retained, the product 

will be — . But this reduced to lower terms, by Art, 146> 
ary 

JJL 

will become — - as before. 

2. Multiply ^ into ^ and ?*. Product ?*. 

^■^ t» 3a 2d 6 

It is necessary that the factors rejected from the numera- 
tors be exactly equal to those which are rejected from the 
denominators. In the last example, a being in two of the 
numerators, and in only one of the denominators, must be re- 
tained in one of the numerators; 

3. Multiply ^ into ?X Product ??Hr*!?. 

y ah (A 

< Here, though the same letter a is in one of tlie numerators, 
and in one of the denominatoi's, yet as it is not in every term 
of the numerator, it must not be cancelled. 

4. Multiply ?!ld:!! into* and ?L. 

h m 5a 

If any diflSculty is found, in making these contractions, it 
uill be better to perform the multiplication, without omitting 
any of the factors ; and to reduce the product to lower terras - 
afterwards. 

158. When a fraction and an infcgw are mult iplied to- 
gether, the numerator of the fraction is multiplied into the 
integer. The denominator is not altered ; except in cases 
where division of the denominator is substituted for multipli- 
cation of the numerator, according to Art. 139. 



raAcnoKs. ei 



Thus «X=='=. Fora=f ; and«X-=— • 

y y 1 1 y » 

Borx|x^=.5^ And«xi=^. H«k«, " 

159. A FRACTION IS MULTIPLIED INTO A QUANTITY EQUAL 
TO ITS PENOMINATOlt, BT CANCELUNO THE DENOMINATOR. 

TTius^Xft^o. For?.x6=— . But the letter 5, being 
b b 

in botli the numerator and denommator, may be set aside. 
(Art. 145.) 

So Jul X (a - y) sSfiL And Jf!^ X (S+m) = A+S* 
o-y S-f-m 

On the same principle, a fraction is multiplied into any 
factor in its denominator, by cancelling that factor. 

160. From the definition of multiphcation by a fraction, it 
follows that what is commonly called a cmnpmtnd fractum,'* 

is the product of two or more fractions. Thus f. of — is 

4 b 

-Xr* ^^^9 - ^^ i-y is - of - taken three times, that is^ 
4 6 4 6 4 6 

4.-4- But this is the same as % multiplied by r.. 

46 46 46 9 4 

(Art. 154.) 

Hence, reducing a compound fracHan ifUo a nmpU onc^ i$ ikt 
name as multiplying fractUms inio each other. 

Ex 1. Reduce ^ of .— !L.. Ans. ,. ." . 

7 Tf2 764-14 

2. Reduce ^ofiofi+i. Ans. ^+^^ .. 
3 5 2a-m S0a-15ni 

8. Reduce lofiof — L^ Ans. ^ 



7 S 8-ii 168-21^ 



* By a compound rracMon is meant a fraction o/a fraotion, and not a fraction 
whose numerator or denominator is a compound quantity. 
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161. The AXprassion io^ ifr, 1y, ice. are emiYBlent to 

52, 1, ^. For }a Is I of a» which is equal to 'x«= • 
3 5 7 S3 



(Art 168.) So l*=ixi=^ 

5 



DIVISION OF FRACTIONS. 



IS. To DIVIDE ONE FRACTIOIf BT AXOTH.El^ IITVEBT THB 
DIVISOR, Am> TflE5 PROCEED AS IN MULTIPLICATION. (Art. 
165.) 

Ex. 1. Divide ?Lby4 Ans. rX-=?l 

6 a b e be 

To tinderstand the reason of the rule, let it be i^remised^ 
that the prodact of any fraction into the same fraction inverte<l| 
is always a unit. 

Thus f X*-=5i=:l. And^x-^=1. 
ha ab hr^y d 

But a quantity is not altered by multiplying it by a uniu 
Therefore, if a dividend be multiplied, first into the divisor 
inverted, and then into the divisor itself, the last product will 
be equal to the dividend. Now, by the definition, (art. 115,) 
" division is finding a quotient, wKich multiplied into the di- 
visor will produce the dividend." And as the dividend mul- 
tiplied into the divisor inverted is such a quantity, the quo- 
tient is truly found by the rule. 

This explanation will probably be best imderstood, by at- 
tending to the examples. In several which follow, the proof 
of the division will be given, by multiplying the Quotient into 
the divisor. This will present, at one view, the dividend 
multiplied into the inverted divisor, and mto the divisor itself 

2. Divide HLhj^ Ans. "ft X^^^ 

id ^'y 2d Sh 6dh 

Proot ^ X— =— . the dividend. 
6dh y 2d 

3. Divide i!±^ by ^. Ans. f±!?xl=a±^ 

r y r 6d bdr 

Proof. ?H;f^x5^=?±i 

5tti V r 
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4. Divide *^ by ^. Ans. f*X— =— • 
X a X 4hr rx 

Proof. f^x^=^ the dividend. 

TX Q X 

H. Divide ifi by M, An«. i5^xl^=^ 
6. Divide fHl by 2*zi 7. Divide 'zi!* by _!_. 

163. When a fraction is divided by an integer, the denoim^ 
nator of the fraction is moltipUed into the integer. 

Thus the quotient of ^ divided by m, is JL. 

b Dm 

For m=:-; and by the last article, ?^!!!=:?x-=— . 
1 -^ 6 1 6 m bm 

S&-J' ^=rJLxi^— L.- And ?^eteA=]L 
a-i a-6 A afc-AA 4 24 8 

In fractions, multiplication is made to perform the office 
of division ; because division in the usual form often leaves a 
troublesome remainder : but there is no remainder in multi- 
plication. In many casess there are methods of shortening 
the operation^ But these will be suggested by practice, 
without the aid of particular rules. 

164. By the definitioD, (art. 49,) *Hhe reciprocal of a 
quantity, is the quotient arising from dividing a unit by that 
quantity.** 

Therefore the reciprocal of - is l^i=l X--*- That is, 

b b a A 

The re<^ocal of a fraction is the fraction inverted. 

Thus the reciprocal of is ^^y ; the reciprocal of , 

wi-fy b 

i. is zM or 3y ; the reciprocal of r is.4. Hence the recip- 

rocal of a fraction whose numerator is 1, is the denominator 
of tlie fraction. 

1 1 
Thus the reciprocal of — is a ; of ^ is o-l-b, &c. 

a o-f-6 
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65. A fraction someiattes occurs in the numerator or de- 



nominator of another fraction, as ^ It is often convenient, 

b 

in the course of a calculation, to transfer such a fraction, 
from the numerator to tiie denominator of the principal frac- 
tion, or the contrary. That this may he done Without altei* 
ing the value, if the fraction ^ansferred be inoerted^ is evi- 
dent from the following principles : 

First, Dividing by a fraction, is the same as mult^lying hy 
the fraction inverted. (Art. 162.) 

Secondly, Divi^ng uie numerator of a fraction has the 
same effect on the value, as mtdtiplying the denominator; and 
multiplying tlie immerator has the same effect, as dividing 
the deiH>minator. (Art 139.) 

Thu8 in the expression 1? the numerator <tf ^ is multiplied 

into ). But the value will be the same, if, instead of midti- 
plying the numerator, we divide the denominator by |, thai 1% 
multiply the denominator by {. 

Therefore i^«J!. So *=!*. 

X ix im m 

*+y 4x(M-») i*+Jy ?»» *» 

166. Multiplying the numerator^ is in effect multiplying the 
value of the fraction. (Art. 137.) On this principle, a frac- 
tion may be cleared of a fractional oo-efficient which occurs 
in its numerator. 

Thus l?=lx-=??. Andi?=lx2.= l 
b & b 5h . y5y6y 

And i±Hf = L x*±^=te. And E= il. 
m S m 3m 5a 20a 

On the other hand, *!5=ix-=??. 

• 4P § X X 

And« = »x?=ti And_i^=J2_ 
3y 3 y y 5d+5x d-f-x 

167. But multiplying the denominatOTy hy another fraction, 
IE> in effect dividing the value ; (Art. 138.) that is, it is nvulH' 
plying the value by the fraction inverted. The principal frac- 
tion may therefore be cleared of a fractional co-efficient, 
which occurs in its denominator. 
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And ^«?2+»l And ?*=?L* 

On the other hand, 2f r=±. 

And %+*?? =£h*l And ??: 



2m |m y iy 

67^ ft. The numerator or the denominator of a fraction^ 
may be itself a fraction. The expression may be reduced tD 
a more simple form» on the principles which have been applied 
in the preceding cases. 
a 
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SIMPLE EaUATIONa 

Art. 168. The subjects of the preceding sections are iiw 
trodiictoiy to what may be considered the peculiar province 
of algebra, the investigation of the values of unknown quan* 
titles, by means of equalions. 

An equation is a peoposition, exprbssino in alciedeaio 
characters, the equality between one quantity or set 
of quantities and another, or between different ex- 

7 
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ntC08roN8 FOR THE SAME QUANTITY.* Thus X-^a^b^Cj ifl 

an equation, m which the sum of x and a, is equal to the sum 
of b and c. The quantities on the two sides of the sign of 
equality, are sometimes called the members of the equation ; 
the several terms on the left constituting the first member, 
and those on the rights the second member. 

169. The object aimed at, in what is called ihe^resoltUum 
or reduction of an equation, is U>find the value of the unknown 
quantity. In the fii*st statement of the conditions of a problem, 
the known and unknown quantities are frequently thrown 
promiscuously together. To find the value of that which is 
required, it is necessaiy to bring it to stand by itself, while 
all the others are on the opposite side 5f the equation. Bui 
in doing this, care must be taken not to destroy the equation, 
by rendering the two members unequal. Many changes 
may be made in the arrangement of the terms, without af- 
fecting the equality of the sides. 

170. The reduction of an equation consists, then, 
in bringing the unknown quantity by itself, on one 

side, and all THE KNOWN QUANTITIES ON THE OTHER SIDE, 
WITHOUT DESTROYING THE EQUATION. 

To effect this, it is evident that one of the members must 
l>e as much increased or diminished as the other. If a- quan- 
tity be added to one, atid not to the other, the equality will 
be destroyed. But the members will remain equal ; 

If the pame or equal quantities be added to each. Ax. 1. 
If the sume or equal quantities be subtrMtedfrom each. Ax. 2. 
If each be multiplied by the same or equal quantities. Ax. S« 
If each be divided by the same or equal quantities. Ax. 4. 

171. It may be farther observed tliat, in general, if the 
unknown quantity is connected with others by addition, muU 
tiplication, division, ISlc. the reduction is made by a contrary 
process. If a known quantity is added to the unknown, the 
equation is reduced by subtraction. If one is multiplied by 
the other, the reduction is effected by division^ &c. The 
reason of this will be seen, by attending to the several cases 
in the following articles. The knoum quantities may be ex- 
pressed either bylettei-s or figures. The unknown quantity 
is represented by one of the last letters of the alpliabet, gen- 
erally ar, y, or z. (Art. 27.) The principal reductions to 



• See Note D. 
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oe considered in this section, are those which are etTected by 
transposition^ mtdtiplicaHan^ and divisian. These ought to h9 
made perfectly fatniliar, as one or more of them will be ne 
cessary, in the resolution of almost every equation. 

TRANSPOSITION. 

172. In the equation 

«--7=9, 
(he number 7 being connected with the unknown quantity t 
by the sign -, the one is subtracted from the other. To re- 
duce the equation by a contrary process, let 7 be added to 
both sides. It then becomes 

a?- 7+7=9+7. 

The equality of the members is preserved, because one w 
as much increased as the other. (Axiom 1.) But on one 
side, we have - 7 and +7. As these are equal, and have 
contraiy signs, they balance each others and may be cancel- 
led. (Art. 77.) The equation will then be 

aB=9+7. 
Here the value of x is found. It is shown to be equal to 
9+7, that is to 16. The equation is therefore reduced. 
The unknown quantity ie oo one side by itself, and all the 
kno^ni quantities on the other side. 

In the same manner, if «- 6r=a 

Adding 6 to both sides a:- 6+6=a+& 

And cancelling (-6+6) x^a-^-b. 

Here it will be seen that the last equation is the same aa 

the first, except that b is on the opposite side, with a contra* 

ry sign. 

Next suppose y+c=cL 

Here c is added to the unknown quantity y. To reduce the 
equation by a contrary process, let c be subtracted from both 
sides, that is, let - c, be applied to both sides. We then have 

y+c-c=d~c 

The equality of the members is not affected, because one 
b as much diminished as the other. When (^c^c) is can- 
celled, the equation is reduced, and is 

y=:(J-c. 

This is the same as y+c^d, except that c has been trans- 
posed, and has received a contrary sign. We hence obtain 
the &»llowing general rule : 
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17S* When Kffotrv quantities are connected with the 

UNKNOWN quantity BT THE SIGN -f OR -^ THE EQUATION IS 

REBUCfO BY TRANSPOSING the known quantities to 

THE OTHER SIDE» AND PRRriXIN? THE CONTRARY SIGN. 

This is called reducing an "uation by cMlHon or subtraC" 
lUniy because it is, in ei!ect, a ^^iing or subtracting certain 

Quantities, to or from, each of the members. 
Ix. 1. Keduce the equation a^^-Si-^m=^-d 

Transposing4-36, we have x - wi= A - rf ~ 36 

And transposing - m, x^zh-^d- 3fr-|-iit. 

1^4. Wlien several terms on the same side of an equation 
are alike^ they may be united in one, by the rules for reduc- 
tion in addition. (Art. 72 and 74.) 

Ex. 2. Reduce the equation a:+56-4A=76 

Transposing 56 - 4A ap=76 - 564-4A 

Uniting 76 - 56 in one term ap=264-4A. 

175. The unknovm quantity must also be transposed, 
whenever it is on both sides of the equation. It is not mate- 
rial on which side it is foally placed. For if a?=3, it is evi- 
dent that 3=0:. It may be well, however, to bring it on that 
side, where H will have the affirmative sign, when the equa- 
tion is reduced. 

Ex. 3. Reduce the equatiim 2ap-f 2&=A4-iI4-3j? 

By transposition 2A - A - d=zSx - 2x 

And h'-dz^x. 

1 76. When the same term^ with the same sign, is on oppo- 
iUe 8ide$ of the equation, instead of transposing, we may ex- 
pmge it from each. For this is only subtracting the same 
quantity from equal quantities. (Ax. 2.) 

Ex. 4. Reduce the equation r4-3A4*dr^6-f-3A-|-7ci 

Expunging SA x-{-d=:b'\'7d 

And xz=zb+ed. 

177. As aU the terms of an equation may be transposed, 
or supposed to be transposed; and it is immaterial which 
member is written first ; it is evident that the signs ofaUthe 
Utms mcof be changed^ without affecting the equality. 

Thus, if we have x - 6=rf - a 

Then by transposition - d+^= ""* +^ 

Or, inverting the members - ar4-6= - d+a. 

1 78. If all the terms on one side of an equation be trans- 
posed^ each nxember will be equal to 
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Thus, if ar-4-i=rf, then a?4-i-i=0. 

It is frequently convenient to reduce an equation to this 
form, in which the positive and negative terms balance each 
other. In the example just given, X'\-b is balanced by - d. 
For in the first of the two equations, x-^-b is equal to d. ^ 
Ex. 5. Reduce o-fSx -8=6- 4+X'^a, 

6. Reduce v-j-afr - hmz=a-^2y - ab-^hm. 

7. Reduce A-f 804-7ar=8 - eh+6x - d+i. 

8. Reduce bh+2l - 4x+d= 12 - 3a:+rf - 7bh. 

REDUCTION OF EQUATIONS BY MULTIPLICATION, 

179. The \mknown quantity, instead of being connected 
with a known quantity by the sign -X- or -, may be J&nded 

by it, as in the equation *.=i. 

a 

Here the reduction cannot be made, as in the preceding 
instances, by transposition. But if both members be mtdU- 
plied by a, (Art. 170,) the equation will become, 

xz=^ab. 

For a fraction is midHflied into Us denominator, by removing 
the denonunator. This has been proved from tlie properties 
of fractions. (Art. 159.) It is also evident from the sixth 
axiom. 

Thus:r=?f-?f-(±i:*I><f-*i^&c, For m each 
a "• S "■ a+b "■ d+5 

of these instances, x is both multiplied and divided by the 
same quantity ; and this makes- no alteration in the value. 
Hence, 

180. When the unknown quantity is DIVIDED by a 

KNOWN QUANTITY, THE EQUATION IS REDUCED BY MULTI- 
PLYING EACH SIDE BY THIS KNOWN QUANTITY. 

The same transpositions are to be made in this case, as in 
the preceding examples. It must be observed also, that every 
term of the equation is to be multiplied. For the several 
terms in each member constitute a compound multi^jcand, 
which is to be multiplied according to Art, 98. 

Ex. 1. Reduce the equation — f-a=:64-^ 

c 

Multiplying both sides by c 



The product is x-^ac=zbC'{-cd 

And ^ x^zbc^cd * ac. 
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t. Reduce the equation 'lIlZ-f5=20 

Multiplying by 6 ar - 4+30 =r 1 20 

, And ar= 120+4 -30=94. 

S. Reduce the equation -^d^^h 

Multiplying by a+b (Art 100.) x+ad+bd:zzah+bh. 
And ar=a&+6A.ai-6d. 

181. When the unknown quantity is in the denominatar of 
a fraction, the reduction is made in a similar manner, by miQ- 
tiplying the equation by this denominator. 

Ex. 4. Reduce the equation [-7=8 

10-a 

Multiplying by 10 -« 6+70-.7x=80-.8« 

And a?=4. 

182. Though it is not generally necessary , yet it is often 
convenient, to remove the denominator from a fraction con- 
sisting of lenovm quantities only. This may be done, in the 
same manner, as the denominator is removed from a fraction, 
which contains the unknown quantity. 

Take for example -=^- 

a b e 

Multiplying by a »='l*+f* 

b e 

ahh 

Multiplying by 6 4x = orf +^" 

Multiplying by e kx= aed^abk. 

Or we may multiply by the product of aU the denomina- 
tors at once. 

X d h 

In the same equation -=tH — 

a k e 

miT ii* 1 • K L obex abed , eAch 

MuHiplj'iiig by abe = ^ i 

a b e 

Tlien by cancelling from each term, the letter which is 
common to its numerator and denominator, (Art. 145,) we 
have bcx=tacd-^abhy as before. Hence, 

183. An equation m/it be cleared of FRACTIONS by 

MLLTIPLYING EACH SIDE INTO ALL THE DENOMINATORS. 
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Thus the equation ? =--f L ^ * 

^ d g m 

is the same as dgfnx=^abgn^adim - oc^A. 

And the equation f.= — [- — I — 

is the same as 80x= 40+48+ 1 80. 

In clearing an equation of fractions, it will be necessary 
to observe^ that the sign -prefixed to any fraction, denotes 
that the whole value is to be subtracted, (Ait. 142,.) which if 
done by changing the signs of all the tenns in the numerator. 

The equation iZ^=c - ^^"^^'^^ 

X r 

is the same as ar-^ dr=:erx -36ar-|-SAm»4'6fMP. 

REDUCTION OF EQUATIONS BY DIVISION. 

184. When the unknown quantity is MULTIPLIED 

INTO ant known quantity, THE EQUATION IS REDUCED BT 
DIVIDING BOTH SIDES BT THIS KNOWN QUANTITY. (Ax. 4.) 

Ex. 1. Reduce the equation ax-^-b^Sh^zd 

By transposition ax:=z d^Sh - b 

Dividing by a «= ^+3A-fe^ 

a 

n tl 

2. Reduce the equation 2x=Z. - —4-^* 

c h 

Clearing of fracticms 2cAap= ak -* ed-^4bch 
Dividing by fkh :c=?*Z^+^. 

185. If the unknown quantity has co-efficients in several 
terms, the equation must be divided by all these co-efficientS| 
connected by their signs, according tc Art. 121. 

Ex. S. Reduce the equation Sx-bx=a-d 

Tliat is, (Art. 120.) (3-6) Xar=a-d 

Dividing by 3-6 ^'^FT" 

4. Reduce the equation ar-|-x=A-4 

Dividing by o-f-l a:=— Z 
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Ex. 5. Reduce the equation a:-^_=fyi 

h 4 

Clearing of fractions 4Aa7-4a:=aA+dA— 46 
Dividing by 4/i- 4 a,=«M^^. . 

186. If any quantity, either known or unknown, is found 
as a factor in every term^ tlie equation may be divided by it. 
On the other hand, if any quantity is a divisor in every term, 
the equation may be midiiplied by it. In tiiis way, the factor 
or divisor will be removed, so as to render the expression more 
dimple. 

Ex. 6. Reduce the equation ax-fSa&= God-fa 

Di viding by a or-f-Sft = 6d+ ^ 

And x=6d+l-3b. 



7. Reduce the equation 



g+1 ft_A-rf 



Midtiplyiug by x (Art. 159.) ar+l - b=zh - d 

And x=:h~d'{-b^l. 

3. Reduce the equation xx (^+*) "■ ^ - fc=dx (o+t) 

Dividing by o-f-fr (Art. 1 18.)a: - 1 =cl 
And a;=c24.1. 



187. Sometimes the conditions of a problem are at first, 
stated, not in an equation, but by means of a proportion. To 
show liow this may be reduced to an equation, it will be ne- 
cessary to anticipate the subject of a future section, so far as 
to admit the principle that '^ when four quantities are in geo« 
metrical proportion, the product of the two extremes is equal 
to the prixJuct of the two means :*' a principle which is at 
the foundation of the Rule of Three in aritlmietic. Bee 
Ari'.hmctic« 

Thus, if a: b::c : df then ad^bc. 

And if 3 : 4 : : 6 : 8, then 3 x8=4x6. Hence, 

188. A PROPORTio:^ is converted into an equation by 
making the product of the extremes, one side of tub 
equation; and the product of the means, the other side« 
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Ex. 1 . Reduce to an equation ax:b::eh:JL 

The product of the extremes is ctdx 

The product of the nieaus is bch 

The equation is, therefore adx=zbch. 

S. Reduce to an equation o-f-b : c : : & - m : y. 

The equation is ay-^-hytrzck-cm 

189. On the other hand, an equation mat be con* 
verted into a proportion, bt resolving one side of the 

EQUATION INTO TWO FACTORS, FOR THE MIDDLE TERMS OF 
THE PROPORTION : AND THE OTHER SIDE INTO TWO FACTORS, 
VOR THE EXTREMES. « 

- As a quantity may often be resolved into different pairs of 
factors ; (Art. 42,) a variety of proportions may frequently 
be derived from the same equation. 

Ex. 1. Reduce to a proportion abc=deh» 

The side abc maybe resolved into ayhc^ or abxCfOv acxb* 
And deh may be resolved into dx^^ or dexA, or dAx<^- 

Therefore a:d::eh:be And ac:dh::e: b 

And ab: de::h: e And acidiiehib^ &c. 

For in each of these instances, the product of the extremes 
is abcj and the product of the means deh. 

2. Reduce to a proportion ax-^-bx^cd-^ch 

The first member may be resolved into a:X (o+6) 
And the second into cxid- h) 

Therefore :r : c : : d - A : o-j-i And d^-k: x:: a^b : c, &a 

1 90. If for any term or terms in an equation, any other ex- 
pression of tlie same value be substUutedy it i^ majiifest that 
the equality of the sides will not be affected. 

Thus, instead of 1 6, we may write 2 x8» or ^, or 25 - 9, &c. 

4 

For these are only different forms of expression for the same 
quantity. 

191. It will generally be well to have the several steps, in 
the reduction of equations, succeed each other in the follow- 
ing order. 

First, Clear the equation of fractions. (Art. 183.) 
Secondly, Transpose and unite the terms. (Arts. 175, 4, 5.) 
Tliirdly, Divide by the co-eiBcieuts of llie unknown qiuw- 
tity. (Arts. 184, 5.) 
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1 Reduce the equation ---|-6=:--+7 

4 c5 

Clearing of fractions 245:+ 1 92 = 20a?+224 

Transp. and uniting terms 4a?=32 
Dividing by 4 x=zS. 

8. Reduce the equation ?.+A=?- — +cl 

a b c 

Clearing of fractions bcx-^-abx-acx^abed'-abch 

T\' 'A' abcd^dbch 
Dividing X =: ~ ; . 

bc-\-cu)^ac 

3. Reduce 40 - 6a? - 16=: 120 - 14a;. Ans. a:= 12. 

4. Reduce fLl?+^=20-^i2. Ans. x=.lf. 

2 3 2 4 

5. Reduce l+f.=20-?L 6. Reduce Ll£-4=5. 

3^6 4 « 

7. Reduce -r_-2=8. 8. Reduce --~7=1* 

a:+4 * 9+4 

9. Reduce «+i+l=ll. 10. Reduce *+| -i=,I„ 

11. Reduce lli+6j=^^~^. J^ =- V 

12. Reduce 8x4-gf±g=5+"'~^-. ^ *"? 

'l3. Reduce ^JlZ±-2=.l^+.. % —^f 

3 3^ ^ 

14. Reduce 21+?i::iI=5£lL«+?Iz_Tl.'>"' ^7 

^16 8 2 

15. Reduce 3:r-fzi.4=^f+l^-i. ?^ ^7 

4 3 ^* 



16. Reduce !H:S-16±ff+6=?f!±l %-' " 

3 5 2 

17. Reduce lL^-!£±«=5-6.+!£+14 r^r: ^^ 

6 3 S . ^ 

i8. Reduce x-?£z3+4=?2i:f-?fz8+!f!r*. X' ^ 

5 a 7 5 
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19. Reduce ^J+l+l^zl^^^El*: X^^ 

«).Reduce5f±i:lizfL::7:4.^- L 

S 4 



SOLUTION OP PROBLEMS 

192. In the solution of problems^ by means of equations^ 
two things are necessary: First, to translate the statenientof 
the question from common to algebraic language, in such a 
manner as to form an equation : Secondly, to reduce this 
equation to a state in which the unknown quantity will stand 
by itself, and its value be given in known terras, on the op- 
posite side. The manner in which the latter is effected, has 
already been considered. The former will probably occasion 
more perplexity to a beginner ; because the conditions oi 
questions are so various in their nature, that the proper me- 
thod of stating them cannot be easily learned, like the reduc- 
tion of equations, by a system of definite rules. Practice, 
however, will soon remove a great pait of the difficulty. 

19S. It is one of the principal peculiarities of an algebraic 
solution, that the quantUy sought is itself introduced into the 
operation. This enables us to make a statement of the con 
ditions in the same form, as though the proUem were already 
solved. Nothing then remains to be done, but to reduce the 
equation, and to find the aggregate value of the known quan- 
tities. (Art. 53.) As these are equal to the tmATunon quantity 
on the other side of the equation, the value of that also is 
determined, and therefore the problem is solved. 

Problem 1. A man being asked how much he gave for his 
watch, replied ; If you multiply the price by 4, and to the 
product add 70, and from this sum subtract 50, the remain- 
der will be equal to 220 dollars. 

To solve this, we must first translate the conditions of the 
problem, into such algebraic expressions as will form an equa« 
tion. • 

Let the price of the watch be represented by k 
This price is to be mult*d by 4, which mafees 4a: 
To the product, 70 is to be added, making 4a:4-'''^ 
From this, 50 is to be subtracted, making , 4x4-70-50 
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Here we i^*^ J. number of the conditions, expressed in 
algebraic terms ; Lut have as yet no equation. We must ob- 
serve then, that by the last condition of the problem, the pre- 
ceding terms are said to be equal to 220. 

We have, therefore, this equation 4a?4-70- 60=220 

Which reduced gives x=50. 

Here the value of x is found to be 50 dollars, which is the 
price of the watch* 

194. To prove whether we have obtained the true value of 
the letter which represents the unknown quantity, we have 
only to substitute this value, for the letter itself, in the equa- 
tion which couiaiud the firs' statement of the conditions of 
the problem ; and to see whether the sides are equal, after 
the substitution is made. For if the answer thus satisfies the 
conditions proposed, it is the quantity sought. Thus, in the 
preceding example. 

The original equation is 4a:+70 - 60= 220 

Substituting 60 for ar, it becomes 4 X 60+70 - 50= 220 
That is, 220=220. 

Prob. 2. What number is that, to which^ if its half be add*> 
ed, and from the sum 20 be subtracted, the remainder will be ^ 
a fourth of the number itself? 

In stating questions of this Idnd, where fractions are 
concerned, it should be recollected, that ix is the same as 

1; that |a?=-*, &c. (Art. 161.) 
S 5 

In this prv/blem, let x be put f<nr the number required. 

X X 

Then by the conditions proposed^ ^^a * '^^=— 

And reducing the equation a?= 1 6. 

Proo4 16+1?- 20= ^i. 

^2 4 

Prob. 3. A father divides his estate among his three sons, 
Ui such a manner, that. 

The first has $1000 less than half of the whole ; 

The second has 800 less than one third of the whole ; 

The third has 600 less thati one fourth of the whole ; 

Wliat is the value of the estate t 

If the whole estate be represented by or, then the several 

•lures will be ^ - 1000, and ^ - 800, and ^ -600. 

* 3 4 
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And as these constitute the whole estate, they are together 
equal to x. 

We have then this equation 1 - 1000+f - 800+f - 600=«, 

2 3 4 

Which reduced gives «:=: 38800 

pj^f «8800^ jQQQ , 288^ 

195. To avoid an unnecessary introduction of unknown 
quantities into an equation, it may be well to observe, in tliis 
place, that when the 9vm or difference of two quantities is 
given, both of them may be expressed by means of the same 
letter. Foi if one of the two quantities be subtracted from 
their sum, it is evident the remainder will be equal to the 
other. And if the difference of two quantities be subtracted 
from the greater, the remainder will be the less. 

Thus if the sum of two numbers be 20 

And if one of them be represented by x 

The other will ht equal to 20 -;r. 

Prob. 4. Divide 48 into two such parts, that if the less be 
divided by 4, and the greater by 6, the sum of the quotients 
will be 9. 

Here, if a; be put for the smaller part, the greater Will be 
48 -a?. 

By the conditions of the problem -^4-' T =^* 

4 o 

Therefore «=: 1 2, the less. 

And 48 - dp= S6, the greater. 

196. Letters may be emplc^ed to express the known quan- 
tities in an equation, as well as the unknown. A particular 
value is assigned to the numbers, when they arc introduced 
into the calculation : and at the close, the numbers are re- 
stored. (Art. 52.) 

Prob. 5. If to a certain number, 720 be added, and the 
sum be divided by 125 ; the quotient will be equal to 7392 
divided by 462. What is that number? 

Let ap= the number required. 

a=720 d=7392 

6=125 A=:462 

8 
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Then by the conditions of the problem fl!l?=£l 

b h' 

Therefore ^^ bd^ak 

h 
Restoring the numbers,z=: (^^^X'^*^)-('^^Q><462) ^^ggQ^ 

462 

197, When the resolution of an equation brings out a 
negative answer, it shows that the value of the unknown 
quantity is contrary to the quantities which, in the statement 
of the question, are considered positive. See Negative Quan- 
tities. (Art. 54, &c.) 

Prob. 6. A merchant gains or loses, in a bargam, a certain 
sum. In a second bargain, he gains 350 dollars, and, in a 
third, loses 60. In the end he finds he has gained 200 dol* 
lars, by the three together. How much did he gain or lose 
bv the first 1 

In this example, as the profit and loss are opposite in their 
nature, they must be distinguished by contraFy signs. (Art. 
57.) If the profit is marked -f-y ^he loss must be - . 

Let x=z the sum required. 

Then according to the statement x+SSO - 60=200 

And x= - 90 

The negative sign prefixed to the answer, shows that there 
was a b^^in the first bargain ; and therefore that the proper 
sign of X is negative also. But this being determined by the 
answer, the omission of it in the course of the calculation 
can lead to no mistake. 

Prob. 7. A ship sails 4 degrees north, then IS S. then 17 
N. then 19 S. and has finally 11 degrees of south latitude 
What was her latitude at starting ? 

Let x= the latitude sought. 

Then marking the northings +, and the southings - ; 
By the statement x+'i - 13+17 - 19= - 1 1 

And a?=0. 

The answer here shows that the place from which the ship 
started was on the equator, where the latitude is nothing. 

Prob. 8. If a certain number is divided by 12, the quo- 
tient, dividend, and divisor, added together, will amount to 
64. What is the number 1 
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Let «s the number sought 
Then *+a?+12=64 

And »-5?f=48. 

13 

Prob. 9. An estate is divided among four children^ in such 
a manner that 

The first has 200 dollars more than | of the whole, 
The second has 340 dollars more than J of the whole. 
The third has 300 dollars more than i of the whole. 
The fourth has 400 dollars more than i of the whole, 
What is the value of the estate 1 Ans. 4800 dollars. 

Prob. 10. What is that number which is as much less thcui 
500, as a fiAh part of it is greater than 40 1 Ans. 450. 

Prob. 11. There are two numbers whose difference is 40, 
and which are to each other as 6 to 5. What are the num- 
bers ? Ans. 240 and 200. 

Prob. 12. Three persons, j9, J?, and C, draw prizes in a 
lottery. A draws 200 dollars ; B draws as much as jS, to- 
gether with a third of wiiat C draws ; and C draws as much 
as A and B both. Wligt is the amount of the three prizes) 

Ans. 1200 dollars. 

Prob. 13. What number is that, which is to 12 increased 
by three times the number, as 2 to 9 1 Ans. 8. 

Prob. 14. A ship and a boat are descending a river at the 
same time. The ship passes a certain fort, when the boat is 
13 miles below. The ship descends five miles, while the 
boat descends three. At what distance below the fort will 
they be together ] Ans. 32^ miles. 

Prob. 15. What niunber is that, a sixth part of which ex- 
ceeds an eighth part of it by 20 1 Ans. 480. 

Prob. 16. Divide a prize of 2000 dollars into two such 
parts, that one of them shall be to the other, as 9 : 7. 

Ans. The parts are 1125, and 875. 

Prob. 17. What sum of money is that, whose third part, 
fourth part, and fifth part, added together, amount to 94 do) 
lars ? Ans. 1 20 dollars. 
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Prob. 18. Two travellers, A and B, S60 miles apart, travel 
towards each other till they meet. \S!a progress is 10 miles 
an hour, and J^s 8. How far does each travel before they 
meetl Ans. jd goes 200 miles, and B 160. 

Prob. 19. A man spent one third of liis life in England, 
one fourth of it in Scotland, and the remainder of it, whicli 
was 20 years, in the United States. To what age did he 
live 1 Ans. to the age of 48. 

Prob. 20. What number is that \ of which is greater than 
I of it by 961 

Prob. 21. A post is pn the earth, ? in the water and 13 
feet above the water. What is the length of the post % 

Ans. S5 feet. 

Prob. 22. Wliat number is that, to which 10 being added, 
J of the sum )(riU bo 66 1 I C C 

Prob. 23. Of the trees m an orchard, f are apple trees, ^ 
pear trees, and the remainder peach trees, which are 20 
more than \ of the whole. What is the whole number in 
the orchard ? Ans. 800. 

prob. 24. A gentleman bought several gallons of wine for 
94 dollars; and after using 7 gallons himself, sold \ of the 
remainder for 20 dollars. How many gallons had he at first 1 

Ans. 47. 

Prob. 25. A and B have the same income, Ji contracts 
an annual debt amounting to \ of it ; B lives upon } of it ; 
at the end of ten years, B leads to A enough to pay off Ids 
debts, and has 160 dollars to spare. Wliat is the income of 
each 1 Ans. 280 doUaia. 

Prob. 26. A gentleman lived single \ of his whole life ; 
and after having been married 5 years more than \ of his 
life, he had a son who died 4 years before him, and who 
leached only half the age of his father. To what age did 
the father live ? Ans. 84. 

^; Prob. 27. "WTiat number is that, of which if i, i, and f be 
added together the sum will be 73 1 Ans. 84. 

Prob. 28. A person after spending 100 dollars more than j 
of his income, had remaining 35 dollars more than { of it. 
Required his income / Z^ y- 

-' ^ / 
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Prob. 29. In the composition of a quantity of gunpowder 
The nitre was 1 lbs. more than | of the whole, 
TJie sulphur 4^ lbs. less than i of the whole, 
The charcoal 2 lbs. less than ^ of the nitre. 
What was the amount of gunpoAvder 1 Ana. 69 lbs. 

Prob. 30. A cask which held 146 gallons, was filled with 
a mixture of brandy, wine, and water. There were 15 gal- 
lons of wine more than of brandy, and as much water as the 
brandy and wine together. What quantity was there of 
eachi 5 y-^/^-- 7J,- 

Prob. 31. Four persons purchased a farm in company for 
4755 dollars ; of which B paid three times as much as d ; 
C paid as much as w* and B ; and D paid as much as C and 
B. What did each pay ? Ans. 317, 951, 1268, 2219. 

Prob. 33. It is required to divide the number 99 into five 
such parts, that the first may exceed the second by 3, be less 
than the third by 10, greater than the fourth by 9, and less 
than the fifth by 16. 

Let x=z the first part. 
Then or - 3= the second, a: - 9= the fourth, 

ar-|-10= the third, ar+16=r the fifth. 

TherefoFe x+x - S+ar+lO+a: - 9-|-ap4-16=99. 

Anda:=17. 

Prob. 33. A father divided a small sum among four sons. 
. The tliird had 9 shillings more than the fourth ; 
The second had 1 2 shillings more than the third ; 
The first had 18 shillings more than the second ; 
And the whole sum was 6 shillings more than 7 times the 
sum which the youngest received. 
What was the sum divided % Ans. 1 53. 

Prob. 34. A farmer had two flocks of sheep, each contain- 
uig the same number. Having sold from one of these 39, 
and from the other 93, he finds twice as many remaining in 
the one as in the other. How many did each flock originally 
contain? / ^ 

Prob. 35. An express, travelling at "the rate of (BO miles r 
day, had been dispatched 5 days, when a second was sent 
after him, travelling 75 miles a day. In what time will the 
one overtake the other % Ans. 20 days. 

Prob. 36. The age of A is double that of J5, the age of B 
triple that of C, and the sum of all their ages 140. Wliat \» 
the age of each ? ' o* .* 
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Prob. S7. Two pieces of cloth, of the same price by the 
yard, but of difTerent lengths, were bought, the one for five 
pounds, the otiier for 6*^. If 10 be added to tlie length of 
each, the sums will be as 5 to 6. Required the length of each 
piece. .)) j/^ 

Prob. 38. j9 and JB began trade with equal sums of money. 
The first year, ^ gained forty pounds, and B lost 40. The 
second year, Ji lost ^ of what he had at the end of the fiirst,^ 
and B gained 40 pomids less than twice the sum which .4 
had lost. B had then twice as much money as A, What 
sum did each begin with ] Ans. 320 pounds. 

Prob. 39. What numljer is that, which being severally ad- 
ded to 36 and 52, will make the former sum to the latter, as 
Sto4l , / , 1 

Prob. 40. A gentleman bought a chaise, horse, and har- 
ness, for 360 dollars. The horse cost twice as much as the 
harness ; and the chaise cost twice as much as the harness 
and horse together. What was the price of each 1 ; 

Prob. 41. Out of a cask of wine, from which had leaked 
I part, 21 gallons were afterwards drawn ; when the cask was 
found to be half full. How much did it hold 1 

Prob. 42. A man has 6 sons, each of whom is 4 years older 
than his next younger brother ; and the eldest is three times 
as old as the youngest. What is the age of each ? 

Prob. 43. Divide the aumber 49 into two such parts, that 
the greater increased by 6, shall be to the less duninished by 
11, as 9 to 2. < .- i. / ' 

Prob. 44. What two numbers are as 2 to 3 ; to each of * 

which, if 4 be added, the sums will be as 5 to 7 ? 

Prob. 45. A person bought two casks of porter, one of ;> 
which held just 3 times as much as the other ; from each of 
these he drew 4 gallons, and then found that there were 4 
times as many gallons remaining in tiie larorer, as m the other. 
How many gallons were there in each ? gv^li - / ..J 

Prob. 46. Divide the number 68 into two such parts, that 
the dillerence between tlve greater and 84, shall be equal to 
S times the difference between the less and 40. 

Prob. 47. Four places are situated in the order of the let- 
ters Jl. B. C. I). The distance from .4 to i) is 34 miles. 
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>TIie distance from ^to B is ^he distance fn 
2 to 3. And i of tlie distance from Jl to By i\ 
the distance from C to 2>y is three times tlie d 
Bio C. >Vliat are the resijective disianeai|Ll 

Ans From Jl to 2?z=12: from B to C=4^4afn C v ^ 

Prob. 48. Divide the number 36 into 3 scRi parts, that*] 
of the first, ) of the second, and } of the third, shall be equal 
to each other. -' * 

Prob. 49. A merchawt supported himself 3 years, for 60 

pouiiJs a year, and at ihe end of each year, added to that 

/ part ol his se^^e whicn whs i^ot thus expended, a sum equal 

to'one tliird ofWus part. At the end of *he tliird year, his 

original stock wal^j^ubled. What was that stock? 

^' ' % Ans. 740 pounds. 

Frob. 60. A general having lost a battle, found that he 

had only lialf of his army-}-3600 men left fit for actk>n ; | of 

tlie army-f 600 men being wounded ; and the rest, who were 

' } of llie whole, either slain, taken prisoners, or missing. Of 

I Jl^ow many men did liis army consist 1 Ans. 24000. 

^ For the solution of many algebraic problems, an acquamt- 

ance with the calculations of powers and radicod quan(ities is 
required. It will therefore be necessary to attend to these 
before finishing the subject of equations. 



SECTIO^I' VIIL 

mVOLUXibN AND POWERS. 



Art. 198. fVHEN k quantity is multiplied iBfXO iT 
SELF, THE PKODbXT is called a POWER. 

Thus / 2x2=4, the square or second power of 8 

2x2x2=8, the cube or third power. 
8x2x2x2=16, the fourth power, &c. 

So •10x10=1100, the second power of 10, 

lOxlOx 10=1000, the third power. 
10x10x10x10=10000, the fourth power, &c 
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axo=J^ the second power ol a * 

aXaXf!^=(Ma9 the third power 
aXaXaX<>=<3(<MiA> the fourth power, &c 

199. The original quantity itself though not, like the pow- 
ers proceedin^pDm^it, produced by multiplication, is never- 
theless called^per^/ir^t pouter. It is also called the root of 
the other powers, because it is that from which they are all 
derived. 

200. As it is inconvenient, especially in the case of hi£;fa 
powers, to write down all the letters or factors of which the 
powers are composed, an abridged method of notation is ge« 
neraliy adopted. The root is written only on*B ; and then a 
number or letter is placed at the right hand^nd a little ele- 
vated, to signify how many times tt^ iiiiM is employed as aj 
^actor^ to produce the power. Tlnj^Rimber or letter is ctdled 
the index or^ exponent of the powel*. Thus a^ is put for axa 
or aOj because the root a, is twice repeated as a factor, to 
produce the power aa. And a' stands for aaa; for here a 
is repeated three times as a factor. 

The index of the first power is 1 ; but this is conunonly 
omitted. Thus a^ is the same as a, 

201. Exponents must not be confounded with co-ejffidents. 
A co-efficieut shows how often a quantity is^taken as a pari 
of a whole. An exponent shows how often a quantity is 
taken as a factor in a product. 

Thus 4a=a+o-t-a+a. But a*=ax«XflXfl- 

202. The scheme of notation by exponents has the pecu- 
liar advantage of enablii¥g us to express an urJcnoum power. 
For this purpose the index is a letter^ instead of a numerical 
figure. In the solution of a pipblem, a quantity may occur, 
which we know to be some powei 4)f another quantity. But 
it may not be yet ascertained whether it is a square, a cube, 
or some higher power. Thus in the expression a*, the index 
X denotes that a is involved to some power, though it does not 
determine ishat power. So 6* and d" are powers of b and d ; 
and are read the mth power of 6, and the nth power of d 
When the value of the index is found, a number is generally 
substituted for the letter. Thus if jii=S then 6"* =6'; but 
if m = 5, them b" = b\ 

203. The method of expressing powers by exponents m 
also of great advantage in the case of compound quantities. 
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Thus a+i+rf|» or a+b+T or (o-f-i-fdf)?, is (a+h+d)x 
(a+b+d) X (a+b+d) that is, the cube of (o+fr+rf). Bui 
this involved at length would be 

2G4. If we take a series* of powers whcM indices increose 
or decrease by 1, we shall find that the powers themselves 
increase by a common multiplkry or, decrease by a common dU 
visor; and that this multiplier or divisor is tlie original quan« 
tity from which the powers are raised. 

Thus in the series acMoOf aaaoy aaa^ aoy a ; 

Or a' a* a' a* a'; 

the Indices counted from right to left are 1, 3, S, 4, 5; and 
the common difference between them is a unit. If we be- 
gin on the right and multiply by Oy we produce the several 
powers^ in succession, from right to left. 

Thus ax«=o* the second term. And a'Xfl=a*- 
a* Xo=«' the third term. a* Xfl=a*i &c 

If we begin on the left, and diioiJe by a. 
We have a'-f-a=a* And a^^i^z^a^ 

205. But this division may be carried still farther ; and 
we shall then obtain a new set of quantities. 

Thus a-^a=-=l. (Artl28.) l-f.a=JL (Art 163.) 

a a aa 

l^a=h l-^a=J-,&c• 

a aa aaa 

The whole series then 

111 
is aaaaoy ooao, ooo, aa» a» 1, _» — » , &c. 

a aa aaa 

Or a% a\ a\ a% a, 1, -, - , -,, &c. 

a a' a* 

Here the quantities on the rigfd of 1, are the reciprocnli of 
those on the left. (Art. 49.) The former, therefore, may be 
properly called reciprocal powers o( a; while the laticr may 
be termed, for distinction's sake, direct powers of a. It may 
be added, that the powers on the left are also the reciprocafa 
of those on the right. 

* NoTR. — ^The tcmn aeriei is applied to a nHml)er of qtmntities sticceedine 
each other, in some regular order, ii is not confined to any particular law oi 
increase or decrease. 
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For l-tl=lxi=a. (Art. 163.) And l-r-i=a». 

206. The sanier plan of notation is applicable to compound 
quantities. Thus from a+6, we have the series, 

(M-»)',(M-»)-. (-f «. >. ( ij,- -fip- T^fT *" 

207. For the convenience of calculation, another fOTm of 
notation is given to reciprocal powers* 

According to this, — or -- =a~^ And ' — or --=a*"^ 

a or aaa €r 

1 or \ =a-?». JL or i=:a-*, &c. 
aa or aaaa or 

And to make the indilbes 9^ complete series, with 1 for the 

common difference, the term !ior 1, which is considered as 

a 

no power, is written ef. 
The powers both direct and reciprocal* then. 

Instead of 0000^ aaa^ ao, 41, ?L, i, ^, — , , &c. 

a a aa aaa aaaa 

Will be a\ a\ d», a\ a\ a"\a''\ «-», o-*, &c. 

Or * a-H, a^^, o:^, rt+',a», a-', a-», a-^a-^&c. 

And the indices taken by themselves will be, 

+4,+S,+2,+l,0,-l,-2,-.3,-4, &c. 

208. The root of a power may be expressed by more let- 
ters than one. 

Thus oa x<Mi, or aa? is the second power of aa. 

And oaxoaxoa, or cuif is the third power of no, &c. 

Hence a certain power of one quantity, may be a different 
power of another quantity. Thus a* is the second power of 
a\ and the fourth power of o. 

209. All the powers of 1 are the same. For lxl|Or 
1X1 Xl> &c. is still 1. 



See Note & 
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mVOLUTIOI^ 

810. Involution is finding' any power of a quantity, by 
multiplying it into itself. The reason of thf following gene- 
ral rule is manifest, from the nature of powers. 

MULTIPLT THE QUANTITY INTO ITSELF, TILL IT IS TAKEN 
AS A FACTOR, AS MAN7 TIMES AS THERE ARE UNITS IN THE 
INDEX OF THE POWER TO WHICH THE <tVANTIT7 IS TO BE 
RAISED. 

This rule comprehends all the instances which can occur 
in involution. But it will be proper to give an explanation 
of the manner in which it is applied to particular cases. 

211. A single letter is involved, by giving it the index of 
the proposed power ; or by repeating it as many times, as there 
are unite in that index. 

Tl\e 4th power of a^iscf or aaaa. (Art 198.) 

The 6th power of y, is y* or yj/yyyy. 

The nth power of a?, is «" or xxx. . .n times repeated. 

212. The method of involving a quantity which consists 
of several factors^ depends on the principle, that the power of 
the product of several factors is equal to the product of thekr 
powers. 

Thus (ay)«=<i? y*. For by Art. 210 ; (ay)'=ay x<9. 

But ayXoiy=^ayay=aayy=<i^f. 

So (bmxy=lnnxxbn^xJ>^''^=^bbbnmii^ 

And (ody)* = ady x <idy x o^y • • • ^ tiines=: (fi^\ 

In finding the power of a product, therefore, we may either 
involve the whole at once ; or we may involve each of the 
factors separately, and then multiply their several powers in- 
to each other. 

Ex. 1. The 4th power oidky^ is {dhy)\ or rf^A*y\ 

2. The 3d power of 46, is (46)^ or 4^**% or 64*'. 

3. Tlie nth power of 6ad, is (6a<f)% or 6 cTdP*. 

4. The 3d power of 3m x%, is (3mx2y)*, or 27m' x By*. 

213. A compound quantity consisting of terms connected 
by 4- Gind -, is involved by an actual multiplication of ila 
several parts. Thus, 
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(a^hysso+bj the firai power. 
d'+ab 



{ar^by=z^f+iab^^'b\ the second power t>f (a+b.) 
+ (fb+2ab^+V 



(a+6)'=a»+Sa»6+Safc«+6', the third power. 



4- M- 



•SaV+ ab* 



ra+6)«=a*4.4<^6+6a»6«+4aA'+6\ the 4th power, &c. 

2. The square of a -6, is a*-2o6+4'. 
S. The cube of o+l, is a'+Sa'+So+I, 

4. The square of a+6+A, is a»+2a6+2aA4-6«+26&+/i? 

5. Required the cube of a-)-2c(4-3. 

6. Required the 4th power of i-f-S. 

7. Required the 5th power of d?-f-l* 

8. Required the 6th power of 1 -fr. 

214. Tlie squares of binomial and residual quantities occur 
BO frequently in algebraic processes, that it is unportant to 
make them fiuniliar. 

If we muhiply o-f & into itself, and also a -A, 

We have a-\-h And a- A 

a-4-/i a - A 



a*-\-ah 
+ah+K' 

a'+SaA+Al 



o^-oA 
-^oA+A* 

(^«2aA+A'. 



Here it will he seen that, in each case, the first and lost 
terms are Hipmres of a and A; and that the middle term is 
twice tlie product of a into A. Hence the squares of bino« 



r 
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INVOLUTION. W 

HBaal Slid residual quantities, without mtdtlpiyhigeacfa of ihe 
terms separately, may be found, by the following proposition.* 

The square of a binomial, the terms of which ark 
both positive, is equal to the square of the first term 
-{-twice the product of the two terms, -{-the squarb 
of the last term. 

And the square of a residual quantity, is equal to the 
square of the first term, -twice the product of the two terms, 
4- the square of the last verm. 

Ex. 1. The square of 2a4-b, is 4a'-f4afr+^* 

2. The square of A+I, is **+2A+l. 

3. The square of ab+cd, is a'fr*-}-Sa&Ctfl4-c*<P. 

4. The square of 6y4-3, is 36y»-f S«y-f.9. 

5. The square of 3d - A^ is 9<i* - 6d^-JP. 

6. The square of a - 1, is d? - 2a-|-l 

For the method of finding the hi^ier powors of Unomials, 

see one of the succeeding sections. 

£15. For many purposes, it will be sufiScient to express the 
powers of compound quantities by expcnentSf without an actual 
multiplication. 

Tlius the square of a-j-5, is a-|-6|% or (a-|-6)*. Art. 203. 
The nth power of tc-|-8-}-j:, is (6c-|-8-|-4p)". 

.n cases of this kind, the vinculum must be drawn over all 
the terms of which the compound quantity consists. 

216. But if the root consists of several factors^ the vincu- 
lum which is used in expressing the power, may either extend 
over the whole ; or may be applied to each of the factors 
separately, as convenience may require. 

Thus the square of o+ixc+d, is either 

a+bxc+d\ or o+S] xc+d\ 

For, the first of these expressions is the square of the pro- 
duct of the two factors, and the last is the product of theii 
squares. But one of these is equalio the other. (Art. 212.) 

The cube of axb+d, is (aX&+5)^ or a^x(b+dy. 



^Euclid's Blementa, Book II. prop, 4. 

9 
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tl7« When a quantity whose power has been expressed by 
a vinculum a^id an index, is afterwards involved by an actual 
multiplication of the terms, it is wd to be expanded* 

Thus (a4-^)% when expanded, becomes a*4*2a6-|-6*. 
And (a+64-A)», becomes a«+2a6+2aA-f 6*+26A-|-A«. 

18. With respect to the sign which is to be prefixed to 
quantities involved, it is important to observe, that when thb 

ROOT IS POSITIVE, ALL ITS POWERS ARE POSITIVE ALSO ; BUT 
WHEN THE ROOT IS NEGATIVE, THE ODD POWERS ARE NEGA- 
TIVE, WHILE THE EVEN POWERS ARE POSITIVE* 

For the jM-oof of this, see Art. 109. 

The 2d power of - a is+c? 
The Sd power is - a* 

The 4th power is + ^ 
The 5th power is - a*, &c. 

219. Hence any odd power has the same sign as its root* 
but an even power is positive, whether its root is positive or 
negative. 

Thus+ax+a~a* 
And -ax -a=a\ 

220. A QUANTITY WHICH IS ALREADY A POWER, IS INVOLV- 
ED BT MULTIPLYING ITS INDEX, INTO THE INDEX OF THE POW- 
ER TO WHICH IT IS TO BE RAISED. 

1. Tlie 3d power of a», is a* « •=o*. 

For a*=aa: and the cube of oa is aaX(i^XfML=aaacuia:=aF; 
which is the 6lh power of a, but the 3d power of a\ 

For the further illustration of this rule, see Arts. 2SS, 4. 

2. The 4th power of o»i«, is a»^^6*^*=a' « b\ 

5. The 3d power of 4 a% is 64 aV. 

4. The 4th power of 2a»x3a;»d, is 16a*«x81«W. 

6. The 6th power of (a+6)*, is (a+6) * •. 

6. The nth power of a% is a'". 

7. Ihe nth power of («- y)"*, is (ar-y)*". 

8. ?+i»*=o«+2a»6»+6«. (Art. 214.) , 
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tSl. The rule is equally applicable U) powers whose expo- 
nents are negative. 

Ex. 1. The 3d power of (r*y is <r*^=^(r*. 

For cH=-i^ (Art. 207.) And the Sd power of this is 
on 

oa oa on oaooaa a' 
*. The 4th power <rf o^fr-* is rf»fr-", or 21. 

8. The cube of 2ajy-", is 8a:*y-»*. 
4 The square of 6»arS IS 6«ar«. 

5. The nth power of ir *, is «-*•, or — . 

tt2. It must be observed here» as in Art 2I8» that if the 
ngn which is prefixed to the power be -> it must be changed 
to 4-» whenever the index becomes an even number. 

Ex. 1. The square of - a\ is 4-^- T^^^ ^he sauare ol 
- d") is- a'x -^f which, according to the rules for tne signs 
in multiplication, is -f-^** 

2. Butthecttfteof-n^is-n^. Por-a^X-«'X-a^=-<i^* 
S. The square of -a*, is -{-«•*• 
4. The fith power of - a", is 4-^*» 

Here the power will be positive or negative, according as 
the number which n represents is even or odd. 

223. A FRACTION is involved bt involvino both 

THE numerator AND THE DENOMINATOR. 

A II* 

1. The square of ~ is _ . For, by the rule for the multi- 

b 0* 

plication of fractions, (Art. 155.) 

2. The 2d, 3d, and nth powers of 1, are JL>^ and -1. 

• IT a' «r 

3. The cube of !f!^, is ?^*. 

3 J 27^* 

4. The nth power of ?!r,is f^ 

arp a"y^ 
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6. The aquaw of :if^+<, is ^±^. 

6. The cube of Z^, k ~ (Art 221 .) 

224. Examples of binomiob, in which one of the terms is 
a fraction. 

1. Find the square of d?-}-J9 and a; - j, as in art. 214. 
x+i ^-i 

"T'lr^'T"* —5x4-4 

X^~|" X I ' j-» X^ •■ "'"T" ♦* 

8- The square of a +|, is (f+^+^ 

9. The square of x-f-, is x'-^-ix-l-^, 

i. Thesquareofx-A,isx»-?*5+*i. 

m m nr 



225. It has been shown, (Art. 165,) thai a JracMon'al co^ 
effkietU may be transferred from the numerator to the de- 
nominator of a fraction, or from the denominator to thei nu- 
merator. By recurring to the scheme of notation for recip- 
rocal powers, (Alt. 207,) it will be seen that any factor may 
also be transferred, if the sign of Us index be changed. 

• 1 Thus, in the fraction — , we may transfer x from the 

y 

numerator to the denominator. 
Fpr?r'=?Xr-=?xl=^. 

2. In the fraction JL . we may transfer y from the deno- 
minator to the numerator. 
Jfor _ r=_.x-T=^Xy-^= -V- 



SS6. In the same manner, we may transfer a factor wUch 
has a positive index in the numerator, or a negative index in 
the denominator. 

ax^ a 
1. Thus "X"=r^^* ^OT of is the reciprocal of aT*, 

(Arts. 205, 807,) that is, a*= ^p- Therefore, -j-= jpy 
© * ^ a^ ay* 

227. Hence the denominator of any fracti<Hi may be en- 
tirely removed, or the numerator may be reduced to a umt, 
without altering the value of the expression. 

1. Thus -rrrrr-Ti, (» air*. 



ADDITION AND SUBTRACTION OP POWJSRa 

228. It is obvious that powers may be added, like other 
quantities, by uniting them otie after another with their s^ns. 
(Art. 69.) 

Thus the sum of rf and 6*, is a*4-ft*. 

And the sum of o' - ft* and A* -d*, is a* -6^+A* - d*. 

229. The same powers of the same letters are like quantities; 
(Art. 45,) and their co-efficients may be added or subtracted, 
as in Arts. 72 and 74. 

Thus the sum of 2a' and Sa\ is 5a^ 

It is as evident that twice the square of a, and three times 
the square of a, are five times the square of a, eus that twice 
a and three times a, are five times a. 

9* 
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To -s*y 

Add -2ay 


Sir 
, 6i- 


Say 

-7ay 

-4oy 


-Mh* 
6o»A» 


*(«+y)" 

4(a4-y)- 


Stun -6«y 




7(a+y)- 



230. But powers of different letters and different powers ot 
the same letter^ must be added by writing them down with 
tlieir signs. 

The sum of a* and a' is a^'\-a^. 

It is evident that the square oi a, and the cube of a, are 
neither twice the square of a, nor twice the cube of a. 
The sum of a'6" aiMl 3a'6«, is a^i'+So't*. 

231. Subtraction of powers is to be performed in the same 
manner as addition, except that the signs of the subtrahend 
are to be changed according to Art. 82. 

Prom 2tf* -36- 3A«6* a'fc** 5(a-- 

Sub. -6a* 46" 4A«6« a»6" 2 



n 



Diff. 8a* -AV S(a-A)* 



MULTIPLICATION OP POWERS. 

232. Powers may be multiplied, like other quantities, by 
writing the factors one after another, either witli, or without, 
the sign of multiplication between them. (Art. 93.) 

Thus the product of a' mto b\ is a*6% or aaabb. 
Mult. «-« A'6- 3ay dA'x- a'iy 

Into cT a* -2a? 46y* a'fc'jf 

Prod. oTx-^ -6a«a;j/» a^bya^bHi 

The product in the last example, may be abridged, by 
bringing together the letters which are repeated. 

It will then become (fb^\f 

The reason of this will be evident, by recurring to the 
fies of |)owei*s in Art. 207, viz. 

a+*, a+S a+% a+S a^ (r\ cT*, flT^, tr^^ &c. 

Or, which is the same, 

^ ' ' ' a oa' ooa aoaa 



POWERSk f5 

By comparing tlie several terms with each other, it will 
be seen tliat if any two or more of them be multiplied to- 
gether, their product will be a power whose exponent is the 
turn of the exponents of the factors. 

Thus a^xo^=oaXMaz:iaaaaa=aP. 

Here 5, the exponent of the product, is equal to S-f-^* ^ 
sum of the exponents of the fiEtctors. 

So a" Xa*=«**** 

For a% is a taken for a factor as many times as theie are 
units in n ; 

And cT, is a taken for a factor as many times as there are 
units in m ; 

Therefore the product must be a taken for a factor as 
many times as there are units in both m and n. Hence, 

233. Powers of the same root mat be multiplied, 
bt adj>mo their exponents. 

Thus a»xa*=a»**=£^. And a;*Xa?X«=a^+^'=«'. 
Mult. 4(r Sa^ by a»6y (*+*-»)" 

Into 2a" 2a;» b*y €fb^ 6-fA-y 



Prod. Sa*- by (*+*-»)•*"' 

Mult, af+x^+ay+'f into x-y. Ans. **-y*. 
Mult. 4xhi-\'Sxy -^ I into2a;'-«. 
Mult. a?+ap- 6 into iJ^+x+l. 

234. The rule is equally applicable to powers whose expo 
nents are negative. 

1. Thus a-«xo"*=«""'- Tliatis ix— :== ' 



aa aaa aaaaa 

2. y-xr"=y"""" That is lx\=~ 

3. -a-*xo"'= -«"■'• 4- a-»Xa'=a*"*=a*. 
6. a-"Xa-=^""- 6. y-»X»"=y"=l* 

235. If a-f-6 be multiplied into a - &, the product will be 
II?- 6': (Art. 110,) that is 



n 
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The PRO0urr or the som aitd virFSRSifcB of two 

QUANTITIES, IS EQUAL TO THE DIFFERENCE OF THEIR 
SQUARES. 

This is another instance of the facility with which geaer<u 
truths are demonstrated in algelna. Bee Arts. S3 and 77. 

If the sum and difference of the squarts be mulliplfed, 
the product will be equal to the differenco of the 
powers, &c. 

Thus (o-y)x(a+y)=a*-!('. 



DITISION OF POWERS. 

236. Powers may be divided, like other quantities, by re- 
jecting fi*Din the dividend a factor equal to tlie divi&or ; or by 
placing the divisor under the dividend, in the form of a irac* 
tion. 

Thus the quotient of irt« divided by b\ is tf. (Art. 116.) 

Divide 9ay I2i»a^ a'6+Soy rfx(a-M-y/ 
By -3a» 2b' a« (a-A+y)^ 

Quot. -3y* 64-3y* d 



The quotient of a" divided by a®, is -^ But this is equal 

too". For. in theories *" 

a+*, a+\ a+\ a+^ rf, a-^ a-\ a-% a'\ &c. 

if any tenn be divided by another, the index of the quotient 
will be equal to the difference between the index of the divi- 
dend and that of the divisor. 

Thuso'-^(^=^^^=a^. And (f -r-^=-±=a— ". 
IP doa (t 

Hence, 

237. A POWER MAY BE DIVIDED BY ANOTHER POWER OP 
THE SAME ROOT, BY SUBTRACTING THE INDEX OF THE DI- 
VISOR FROM THAT OF THE DIVIDEND. 



POWSR& •? 



Thus t/*-H>*=y"=»^ That id 3B0f =». 
And fir+*.^a=:i^*^=s(r. That is ??=qf. 



Anda».H:*s=«"=a!*=l» Thatis5!!=l. 

Divide y*- *• 8<r+- cT** 12(M-y)* 
By J- »» 4cr a» 8(6+y)» 



Quot y" 2(r 4(*+y)' 

238. The rule is equally applicable to powers whose ezp 
ponents are negatwe. 

The quotient <rf ir* by ar*, is <r*. 

That is 1^1 -1 y/^^ ^ ^ ' 
ooaaa ooa oooim 1 oooaa aa 

8. -ar«-i.a:-^=-a?-^. That is J. -i.i.= -4i=-^ 

8. A«-i.&-»=A»+'=A?. That is A»-fi=:A«xJ=A'. 

4 6a"-i.2tf^=3(3r^. 6. ftrf-s-a=6a*. 

6. 6'^^»=6'-»=6-^. 7. o*-f.a'=a-». 

9. {b+xy^(b+x) = {h+xY-'. 

The multiplicalion and division of powers, by adding ana 
subtracting tlieir indices, should be made very familiar ; as 
they have numerous and unportant applications, in the high* 
er branches of algebra. 

EXAMPLES OP FRACTIONS CONTAININa POWERa 

239. In the section on fractions, the following examples 
were omitted for the sake of avoiding an anticipation of the 
subject of powers. * 

1. Reduce — to lower terms. Ans. .. 

3a» 3 

Pori^=5?^=^. (Art. 145.) 
3a» 3aa 3 ^ 

2. Reduce — to lowefr terms. Ans. — or 2x. 

3ar» X 
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8. Reduce ^<^+*^ to lower terms. Ana ?2±^ 

5a' 5 

4. Reduce Sa^-lggV+eV to lower terms. 

6(ry+4ojf 



.— t 



5. Reduce ~ and — ^ to a common denominator, 
cr a"" 

n? X«""* is a~*, the first numerator. (Art 146.) 
0? X^*"? is o'=l, the second numerator. 
oP X^^* is 0""^ the common denominator. 

a"* 1 

The fractions reduced are thnefore — - and _• 

a"* a"* 

6» Reduce — and --» to a e<»mnon denominator 
6a' tf 

Ans.?^and??^or|^and * (Art. 145.) 
6o' 6a^ 5(f 6<r 



7. Multiply g into g. Ans.^=g. 

8. MulUply f^, into iZ^. 
9 Multiply ^±1-, into ?!j:l1. 

10. MulUply il. into *l!, and i^ 

a-* jr y-* 

11. Divide ^ by ^ Ans. $?= 5. 

12. Divide "^"Z, by £z£l\ 

a" a 

IS. Divide *lZiC2, by ^+*L* 

y it 

14. Divide^, by ^^. 
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SECTION 11 



EVOLimON AND RADiOAI. aUANTmES.* 



Art. 240. If a quantity is multiplied into itself, the pro- 
duct is a power. On the contrary, if a quantity is resolved 
into any number of equal factarsy each of these is a root of 
that quantity. 

Thus fr is the root of bbb; because bbb maybe resolved 
into the three equal factors, 6, and b, and b. 

In subtraction, a quantity is resolved into two pctrts. 

In division, a quantity is resolved into tv>o factors. 

In evolution, a quantity is resolved into eqwd factors. 

241. A ROOT OF A QUANTITY, THEN, IS A FACTOR, WHICH 
MULTIPLIED INTO ITSELF A CERTAIN NUMBER OF TIMES, WILL 
PRODUCE THAT QUANTITY. 

The number of times the root must be taken as a factor, 
to produce the given quantity, is denoted by the name of the 
root. 

Thus 2 is the 4th root of 16; because 2x2x2x2=16, 
where two is taken four times as a factor, to produce 16. 

So cr* is the square root of if ; for a*X^=<3^* (Art. 233.) 

And a* is the cube root oicf) for o'x«'Xa'=«'- 

And a is the 6th root of rf; for ax«X«XoXaX«=«'. 

Powers and roots are correlative terms. If one quantity 

is a power of another, the latter is a root of the former. As 

6' is the cube of fr, 6 is the cube root of b\ 

242. There are two methods in use, for expressing the 
roots of quantities ; one by means of the radical sign /\/, and 
the other by a fractional index. The latter is generally to 
oe preferred ; but the former has its uses on particular occa- 
sions. 



* Newton's Arithmetic, Madaarin, £inenoii, Euler, Sanndenon, aod 
BimpsoD. 
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Wlien a root is expressed by the radical sfgn, the sign is 
placed over the given quantity, in this manner, \/a. 

Thus \/a is the 2d or square root of a. 

\/a is the 3d or cube root. 

\/a is the nth root 

And V^y ^^ ^® **^^ '"^^ ^^ M-y* 

243. The figure placed 0v«r the radical sign, denotes the 
number of factors into which the given quantity is resofved ; 
in other words, the number of times the root must be taken 
a& a factor to produce the given quantity. 

So that \/«xV*=®* 

And V«XV«XV<»=«- 

And V® X V^' • • • ** tiDfies =0. 

The figure for the square, root is coomionly omitted ; ^a 
being put for \/a. Whenever, therefore, the radical sign is 
used without a figme, the square root is to be understood. 

244. When a figure or letter is prefixed to the radical sign, 
without any character between them, the two quantities are 
to be considered as multiplied together. 

Thus 2V^ is 2xV^ ^^^^ ^^9 ^ multiplied into the root of 
0, or, which is the same thing, t\joice the root of a. 

And £\/&, is arx V^9 ^^ ' times the root of h. 

When no coefficient is prefixed to the radical sign, 1 is 
always to be understood ; \/a being the some as 1 V^» ^^^ 
is, once the root of a. 

245. The method of expressing roots by radical signs, has 
no very apparent connection with the other parts of the 
scheme of algebraic notation. But the plan of indicating 
them hy fractwnal indices, is derived directly firom the mode 
of expressing powers by integral indices. To explain this, 
let a* be a given quantity. If the index be divided into any 
number of equal parts, each of these will be the index of a 
root of a*. 

Thtis the square root of a* is a*. For, according to the 
definition, ^Art. 241,) the square root of a* is a factor, which 
multiplied into itself will produce a*. But a*X«'=o*« (Art. 
233.) Therefore, o' is the square root of a*. The index of 
the given quantity a*, is here divided into the two equal 
ports, 3 and 3. Of course, the quantity itself is resolved into 
the two equal factors, a' and a'« 
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Tlie cube root of of is (^. For ii?x«^X«?=^* 

Here the index is divided into three equal parts, and tlif 
quantity itself resolved into three equal factors. 

The square root (rf c^ b 4^ or a. For ax^s^. 

By extending the same plan of notation, fractional indieei 
are obtained* 

Thus, in taking the square root of a^ or a^ the iackx 1 in 
divided into two equal parts, | and } ; and the root is a'* 

On the same principle, 

The cube root of a, is (?z=\/cl 

Hie nth root, is a^^^^/a^ ftc. 

And the nth root of o^-^* is {a^xY ss,\/a^s. 

246. In all these cases, the denominator of the fractional 
index, expresses the number of factors into which the given 
quantity is resolved. 

So that o'x« X« =«• And a^Xa'-.-.tt times =0. 

247. It follows from this plan of notation, that 

a* Xa* ==a*+i. For a^+i =a» or a. 

a*Xa*Xa*=a*"^'"^*=aS &c. 
where the multiplication is performed in the same manner 
as the multiplication of powers, (Ait. 233,) tliat is, by adamg 
the indices. 

248. Every root as well as every power of 1 is 1. (Art. 
209.) For a root is a factor, which multiplied into itself will 
produce the given quantity. But no factor except 1 can pro- 
duce 1, by being multiplied into itself. 

So that 1% 1, V^f V^> ^^' ^^ ^ equal 

249. Jfegatioe indices are used in the notation of roots, as 
well as of powers. See Art. 207. 

Ill 

Thus-x=<H "J^sfiH- ~==a-i 
a^ a^ a" 

10 
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POWERS OF ROOTa 

250. It has been shoiwn in wkai miinner any power or 
root may be expressed by means of an index. Tne index 
of a power is a wliole number. That of a root is a fraetbn 
wliose numerator is 1. There is also another class of quan-> 
ikies vhich may be ooipaulfired, ekber as powers of root% 
or roots of powers. 

Su]^K)6e a^ is multiplied into itself so as to be repeated 
three tunes as a factor. 

The product 0^+^+^ or a* (Art. 247,) is evidently the 

cube of a^, that is, the cube of the square root of a. Thb 
fractional index deaoies, therefore, a power &f a root. The 
denominator expresses the root, and the numerator the power. 
The denominator shows into how many equal fietctors or roots 
the given quantity is resolved ; and the numerator shows how 
many of tliese roots are to be multiplied together. 

Thus or ]a the 4th power of the cube root of a. 

The denominator shows that a is resolved into the three 

factors or roots a , and a , and a . And the numerator shows 
that four of these are to be multiplied together ; which will 

produce the fourth power of a* ; that is^ 

251. As a'is a power of a root, so it is a rooi of a power. 
Let a be raised to the third power 4f. The square root of 

this is a . For the root of c^ is a quantity which multiplied 
into itself will produce (f. 

But according to Art. 247, a*=a*Xa X« > ^^^ thw 
multiplied into itself, (Art. 103,) is 

o* Xa* X«* X«* X«* X«* =«•• 
Therefore or is the square root of the cube of a. 

In the same manner, it may be shown that ^is the mth 
power of the nth root of a; or the nth root of the mth pow» 
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er : that is, a root of a power U eqwU to the seme potoer ef Ac 
•ome roof. For instance, the fourth power of the cube root of 
a, is the same as the cube root of the fourth |x>wer of a. 

252. Roots, as well as powers, of the same letter, may bo 
multiplied by ikUSsyg their exponenU. {Art. 247.) It will bo 
easy to see, thai the same principle may be extended to pow* 
ers of rooti^ when the exponents have a common denomi* 

Thus o*X«*=«*^*=«* 

For the first nurocmtor shows how often o^ is talcon Of afec 
tor to produce a • (Art £50.) 

And the seoond numerator diows how often a^ is taken as 

a factor to produce o . 

The 8U01 of llie numerators therefore, shows how often the 
root must be taken, for the product (Art. lOS.) 

Or thus, a'sro'X* • 

A X J. J. 

And o'^ssa'x^'xo • 
Therefore o*x« =« X»^ Xa Xa X^ =«* 

25S. The vahie of a quantity is not altered, by applying 
to it a fractional index whose numerator and denominatot 
are equal. 

Thus 0=0^= a' =o». For the denominstor shows that 
a is resolved into a certain number of factors ; and the nu- 

merator shows tliat all these factors are included in «•• 

4 J. 4. X 

Tints a'sra'^x^ X« > which is eoual to a. 

^ ± X ± 
And (i«=a"X»"Xa*.—w times. 

On the other hand, when the numerator of a fractional 
index becomes equal to the denominator, the expression may 
be rendered more simple by rejecting the index. 

Instead of a», we may write a. 

254. The index of a power or root may be exchanged, foi 
any other index of the same value. 

Instead of a , we may put a « 
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For ID the latter of these expreflaons, a is supposed to be 
fesolved into Me$ as many factors as in the former ; and the 
numerator shows that twice as many of these factors are to be 
multiplied together. So that the whole value is not altered* 

Thus x'=ra:*=ar, to. that is, the square of the cube root 
is the same, as the fourth power of the sixth root, the sixth 
power of the ninth root, &c. 

So a'sro'rra'srai*. Por the value of each of these in- 
dices is 2. (Art. 135.) 

t55. From the preceding article, it will be easily seen, 
that a fractional uidex may be eaqpressed in dee i m a h, 

. I. Thus arssu*^^ or <^'' ; that ts, the square root is eq&al to 
the 5th power of the tenth root. 

. 2. a^z=za^^^ or tf-^ ; that is, the fourth root is equal to 
the 25th power of the 1 00th root. 

8. a*-cP'^ 5. o*=a>-* 

4. a^=z€?'* 6. a^^tf'* 

1 

In many cases, however, the decimal can be only an ap» 
proxwiatUm to the true index. 

Thus a^szff-* nearly. a*^=rf*-"*''* very nearly. 

In this manner, tlie approximation m^y be carried to any 
degree of exactness which is required. 

Thus a*=a'"**«. a^=;rf"»^% 

These decimal indices form a very important class of num« 
bers, called logarithms. 

It is frequently convenient to vary the notation of powers 
of roots, by making use of a vincuhim, or the radical sign \/. 
In doing this, we must keep in mind, that the power of a 
root is the same as the root of a power; (Art. 251,) and also, 
chat the denommalor of a fractional exponent expresses a 
rooi^ and the namtrfUcr a power. (Art. 250.) 

Instead, therefore, of a , we may write (a*)', or (a*) , or 
\/^ • 



EYOLUTKHf. los 

The first of these three forms denotes the squere of tlie 
oiibe ruot of a; and each of the two b»t, thecube root of the 
square of a. 

So a^=a"» nza \ —J^aT. 

And (fex)^=(6V)i=^76V: 



Anda+y»=o+y'!i=:»^a+y' 



EVOLUTION. 

257. Evolution is the opposite of involution. One is find* 
ing a power of a quantity, by multiplying it into itself. The 
other is finding a rool^ by resolving a quantity into equal fac- 
tors. A quantity is resoFved into any number of equal fac* 
iors, by dividing its mdex into as many tqaal parU ; (Art. 
845.) 

Evolution may be performed, theii| by the following geiu 
eral rule; 

Divide the index of the quantity bt the number 

EXPRESSING the ROOT TO BE FOUND. 

Or, place over the quantity the radical sign belonging to 
the required root. 

1. Thus the cube root of c^ is o^* For fl^X«'X«*=«^. 

Here 6, the index of the given quandty, is divided by S, 
ihe number expressing the cube root. 

2. The cube root of a or a\ is cr or y/a* 

For o^xa*X«^ or V«XV«xV*=«* i^^- ^43, 246.) 

3. The 5lh root of ab^ is (oft) * or iyaJb. 

4. The nth root of «? is a" or J^. 

6. The 7th root of 2i-x, is (2rf- a:)'''or^2d-«. 
6 The 6th root of a - x|, is a- a:^ or "^a - x\. 

7. The cube root of a% is a*. (Art. 163.) 

8. The 4th root of o-» is a"*' 

9. The cube root of o^ is o*. 

m 

10. The nth root of 2", is x«. 

10* 
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S56. Aeoordkig to the'nile just given, the cabe root of the 
•^are root » ibund, by dividing the index } by S» as in ex» 
ample 7th. But instead of dividing by S, we may muU^ 
byi. Porl-5-S=l^=JX+. (Art.l6«.) 

So l-i.n=i.X-* Therefore the mth root of the nth 
jR m n 

root of a 18 equal to a* ". 

.X 



That 18,0^ =a-^*=a^. 



Here the two fractional indices are reduced to one by mul- 
tiplication. 

It 18 sometimes necessary to rererte this process ; to resdve 
an index into two factors. 



.*xi^.t 



Thu8 9*s=«^^'ssd? I That is, the 8th root of « is equal 
to the square root of the 4th root 



± -Ls^X 



Ma 



Xi 



± 



8o a+b\ =za+b\ =a+6| 

It may be necessary to observe, that resolving the index 
into factors, is not the same as resolving the quantity into 
factors. The latter is effected, by dividmg the index into 
parts. 

259. The rule in Art. 257, maybe applied to every case 
in evolution. But wlien the quantity wnose root is to be 
found, is composed of several Jactors, there will frequently 
be an advantage in taking the root of each of the fiictors 
separcUely. 

This is done upon the principle that the root of the product 
of several factors^ is equal to the product ^ l&etf* roots. 

Thus \/^= V^ X V^* P^ ^^^^ member of the equation 
if involved, will give the same power. 

The square of V^ ^^ ah. (Axt. 241.) 

Thesquare of \/«x\/^>i® V^XV^XV* XV^-C-A^'^^-IOS.) 

ButVoxV»=<»- (Art. 241.) AndV^XV^^** 
Therefore the square of V^X\/^=V^X\/<'XV^XV^ 
ssofr, wliich is also the square of j^ab. 

On the same principle, (oft)" zsal'lr. 
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When, therefore, a quantity consists of several feetors, we 
may either extract the root of the whde together ; or we nu^ 
find the root of the factors separately, and then multiply there 
into each other. 

Ex. 1. The cube toot ofay, is either {xyy or xy. 

2. The 6th root of 3y, is XySy or V^XVlf- 

8. The eth root of abh, is (ofcA)* or aV** 

4. The cube root of 86, is (86)* or 26*. 

5. The nth root of a^, is {sfy)" or ay*. 

260. The root or a fractioic is equal to the rooi 

or THE KOMERATOR DITIDED BT THE ROOT OF THE DERO 
IflKATOR. 

1. Thus the square root of !!=5-. For2-x5L=f. 

A XX 

8. So the nth root of 2=f^. ForSCxC-ntimes =5. 

* 6- 6- 6- * 

a aJx /^^ \/ah 

8. The square root of — , is -5l--. 4. 'V Z7=r^* 

261. For determining what sign to prefix to a root, it is 
important to observe, that 

an odd root of ant quantity has the same sign as 
the quantity itself. 

An eten root of an affirmative quantity is am« 

BIGUOUS. 

An even root of a negative quantity is impossible. 

That the Sd, 5th, 7th, or any other odd root of a quantity 
must have tlie same sign as the quantity itself, is evident 
from Art 219. 

262. But an teen root of an f^hrniOwt quantity may be 
either aflSrmative or negative. For, the quantity may be 
produced firom the one, as well asibom the other. (Art. t19.) 

Thus the square robt of cf is -fa or -a. 
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. An even root of an affirmative quantity in, therefore, eaid 
to be (xmbiguouSf and is nmriccd with both -f- &nd **• 

Thus the square root of 36, is tj^/^b. 

The 4th root of ar, is ±a:*. 

The ambiguity does not exist, however, when, from the 
nature of the case, or a pi-evious multiplication, it is known 
whether the power has actually been produced from a posi- 
tive or from a negative quantity. See Art. 299. 

2G3. But no even root of a negative quantity can be found. 
The square root of -a* is neither -|-ci nor -a. 
For 4-ax+«=+fl'. And -ax -a=4-a' also. 

An even root of a negative quantity is, therefore, said to be 
impossible or imaginary. 

There are purposes to be answered, however, by applying 
the radical sign to negative quantities. The expression 

a/ -a is often to be found in algebraic processes. For, al- 
though we are unable to assign it a rank, among either posi- 
tive or negative quantities ; yet we know that when multi- 
plied into itself, its product is - d, because ^ - a is by notation 
a root of -0, that is, a quantity which multiplied into itself 
produce^ -a. 

This may, at first view, geem to be an exception to the 
general rule that the product of two negatives is affirm- 
ative. But it is to be considered, that ^ - a is not itself a 
negative quantity, but the root of a negative quantity. 

The mark of subtraction here, must not be confounded 
with that which is prefixed to the radical sign. The expres- 
sion ^-a is not equivalent to ->>/a. The former is a root 
of -a; but the latter is a root of -j-a: 

For -V^X -^a=y/aa=za. 

The root of - a, however, may be ambiguous. It may be 

either -f- V - «> or -^ - a. 

One of the uses of imaginary expressions is to indicate 
an impossible or absurd supposition in the statement of a 
problem. Suppose it be required to divide the number 14 
into two such parts, that their product shall be 60. If one 
of the parts be x, tlie other will be 14 -:r. And by the sup* 
position, 

arX(I4-a;)=G0, or 14a:-«*=60. 
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This reduced, by the nilesjn the following fwetion, will 

give «=s7V~fl. 

As the value of a; is here found to r-ooiain an imagiaary 
expression, we infer that there is an tnccNisisteiKy in the 
•tatement of the problem: that the number 14 cannol be 
divided into any two parts whose product shall be 60.* 

264. ^ The methods of extracting the roots of eompmmi 

Saantiiies are to be considered in a future section. Bui 
lere is one^ class of these^ the squares of bmomUL and fs» 
ndual quantities, which it will be proper to attend to wt tUs 

Elace. It has been shown (Art. 214,) that the square of a 
inomiat quantity consists of ihret termsy two of which afe 
emnpiete powers, and the other is a double product of the 
roots of these powers. The square of a4-bs for instance, is 
^: (^^+2l•&4.ft^ 

two terms of whkh, oP and b\ are complete powers, and 9ab 
is twice the product of a into 6, that is, the root of oF into the 
loot of i^. 

Whenever, therefore, we meet with a quantity of this de- 
scription, we may know that its square root is a binomial ; 
and this may be founds by taking the root of the two terms 
which are complete powers, and connecting them by the 
sign -f-' The other teim disappears hi the root. Thus, tc 
find the square root of 

take the root of x', and the root of y*, and connect them by 
the sign 4-* The binomial root will then be X'\-y. 

In a residual quantity, the double product has the sign * 
prefixed,- instead of +. The square of o-6, for instance, is 
a* -2a64^. (Art. 214.) And to obtain the root of a quantity 
of this description, we have only to take the roots of the two 
complete powers, and connect them by the sign — • Thus the 
square root of «* -2j:y-)-j/* is x -y. Hence, 

265« To EXTRACT A BINOMIAL OR RESIDUAL SQUARE ROOT, 
TAKE THE ROOTS OF THE TWO TERMS WHICH ARE COMPLETE 
POWERS, AND CONNECT THEM BY THE SIGN WHICH IS PREFIX 
ED TO THE OTHER TERM. 

Ex. 1. To find the root of a?^4-2ar-f 1. 

The two terms which are complete powers are n^and 1 
The mots are x and 1. (Art. 248.) 
The buiomial root is, therefore, x+l* 
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& Hie Bqutfe root of ji^^2«4-l, is ar-l» (Art S14.) 
a. The square root of a^a4-i» is o+J. (Art. 224.) 
4. The aqoare root of o^la-f}, is a^^ 

Ik The squaie reot of i^-f^i+T^ ^ ^2* 
6. The sqtiare root of ir+ — + X ^® ^+T 

» 

2Mh A EOOT WdOSB TAJLUB C AimeT B£ EXACTtY tCtPRBSt* 
«D IK HITlfBB&S, IS CALLED A SURD, 

Thus ^y/2 is a surd, because the square root of 2 cannot be 
ex^essed in numbers, with perfect exactness. 
In decimals, it is 1.41421356 nearly. 

But though we are unable to assign the value of sucli a 
quantity tfAeB takm tdone^ yet by oiultiplyii^ ti iot^ itself or 
by combining it with other quantities, we iob^ produce ex« 
pressions whose value can be determined. Tiiere is, tboret 
fore, a system of rules generally appropriated to surds. Bui 
as all quantities whatever, when under the same radical sign* 
or havmg the same mdex» may be treated in nearly the samo 
manner; it Will be most convenient to consider them toge- 
ther, under the general name of Radkal Q^antiiie8 ; unmr* 
standing by this term, every quantity which is found under 
a radical sign, or which has a fractional index. 

267. Every quantity which is not a surd, is said to be 
rational. But for the purpose of distinguishing between ra- 
dicals and other quantities, the term rational will be applied, 
in this section, to those cmly which do not appear under a 
radical sign, and which have not a fractional mdex. 

RE00CnON OP RADICAL CtUAKTITIES. 

268. Before entering on the consideration of the rules for 
the addition, subtraction, multiplication and division of radi- 
cal quantities, it will be necessary to attend to the nietbodii 
of reducing them from one form to another. 

Firsts to reduce a ralUmal quantity to the form of a radi« 
cal; 

Raise the quantity to a power of the same namb as 

THE given root, AND THEN APPLY THE CORRESPONDINO 
RAPICAL' 8IG|7 OR |NDE^. 
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fix. 1. Reduce a to the form of the nth root 

The nth power of a is a\ (Art. 211.) 

Over this, [dace the radical sign, and it becomes \/4f. 

It is thus reduced 16 the form of a radical quantity, with- 

n 

out any alteration of its value. For \/€i*sza» sso, 

t. Reduce 4 to the fbrm of the cube root. 

Ana. V84 or (64)+ 
Sw Reduce Sa to the form of the 4th root 

Ans. \/Sia}. 

4. Reduce i«6 to the form of the square root 

Ans. {Wb*)\ 

5. Reduce ix<^ - g to the for m of the cube root 

A^s. 'V^27x«-«l . See Art 218. 

6. Reduce a' to the form of the cube root. 
The cube of a* is a*. (Art 220.) 

And the cube root of «• is iya* =a*|*. 

In cases of this kind, where a jMnoer is to be reduced to 
the form of the nth root, it must be raised to the nth power, 
not of the ghen Utter ^ but of the jHnwer of the letter. 

Thus in the example, a* is the cube, not of a, but of a'. 

7. Reduce a'b* to the form of the square root. 

8. Reduce o^ to the fonn of the nth root 

269. Seeandlyy to reduce quantities which have difTerenf 
indices, to others of the same value having a common index ; 

1 . Reduce the indices to a common denominator. 

2. Involve each quantity to the power expressed by the 
numerator of its reduced index. 

S. Take the root denoted by the common denominator. 

Ex. 1. Reduce or and i' to a common index. 

1st. The indices i and i reduced to a common denomina- 
tor, are ft and ft. (Art. 146.) 

2d. The quantities a and h involved to the powers 
ed by the two numerators, are a' and 6*. 
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Sd. The root denoted by the common denominator is A. 

The answer, then, is a*|" and t^]**. 

The two quantities are thus reduced to a common indez^ 
without any alteration in their values. 

For by Art. 254, a^:=za'^, which by Art. 258, =a'j'\ . 

X — X 

And universally a''=z(f'* ^a"*!*". , 

2. Reduce or and bx^ to a common index. 

The indices reduced to a common denominator are | 
and i. 



^ ^^A fh^\^ «.. /.»ii 



The quantities then, are or and (tar) , or a*|% and i*«*p 

X ■ X X 

S. Reduce a* and 6 ". Ans. a^ "|" and 6". 

JL X X — JL 

4. Reduce x" and tf*. Ans. a;^!*" And y"!"*". 

5. Reduce 2^ and 3*. Ajis. 8* and 9^. 

6. Reduce (a-{-6)* and (a?- y)* Ans. a-f"6 I andap-j/ | • 

J. JL XX 

7. Reduce a' and i*. 8. Reduce ar* and 5*. 

270. When it is required to reduce a quantity to a given 
index ; 

Divide the index of the quantity by the given index, place 
the quotient over the quantity, and set the given index ovei 
the whole. 

This is merely resolving the original index into two factors, 
according to Art. 258. 

Ex. 1. Reduce or to the index |. 

By Art. 162, i^i=ixf =f =+. 
This is the index to be placed over a, which then becomes 

a* ; and the given index set over this, makes it a^ , the an 
ewer. 

2. Reduce a' and ar to the common index i. 

2-f. J = 2 X 3 = 6, the first index > 

i -r-i = f X 3 = f , the second iiMlex J 

J. XX 

Therefore (a^) and (a;*)'^ are the quantities required. 
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8. Reduce 4^ and S^, to the common index ^ 

Answer, (4')*and (S«)* 

371. Thirdly^ to remove a part oi a root from under tha 
radical sign ; 

If the quantity can be resolved into two factors, oue of 
which is an exact power of the same name with tlie root ; 

FIIVD THE ROOT OF THIS POWER, AND PREFIX IT TO THE 
OTHER FACTOR, WITH THE RADICAL SIGN BETWEEN THEM. 

This rule is founded on the principle, that the root of the 
product of two factors is equal to the product of their roots. 
(Art. 259.) 

It will generally be best to resolve the radical quantity into 
such factors, that one of them shall be the greatest power 
which will divide the quantity without a remainder. If 
there is no exact power which will divide the quantity, the 
reduction cannot be made. 

Ex. 1. Remove a factor from \/S, 

The greatest square which will divide 8 is 4. 

We may then resolve 8 into the factors 4 and 2. For 4x2=8 
The root of this product is equal to the product of the roots 

of its factors ; that is, \/8=\/4xV2- 

But \/4= 2. Instead of \/4, therefore, we may substitute 
its equal 2. We then have 2 X V^ ^'^ ^V^- 

This is commonly called reducing a radical quantity to its 
most simple terms. But the learner may not perhaps at once 
perceive, that 2\/2 is a more simple expression than \/8. 

2. Reduce \/a^x. Ans. \/fl?X\/^=^X\/^=^*V^- 

3. Reduce a/TS. Ans. a/Qx^^V^XV^-W^ 

4. Reduce i^/€Wc. Ans iyQWxK/c==4i>\/c. 

* /a*b a* /T 

5. Reduce V 3> Ans. ^ V cd' (Art. 260.) 

X 

6. Reduce JI^/aTb. Ans. aJ^b, or (A\ 

7. Reduce (a'-a«6)*. Ans. a(a^b)^. 

8. Reduce (54a'b)^. Ans. Sa^{2b)t 



9. Reduce A^9Sa*x. 10. Reduce \/tf+(^l^. 

11 
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272. By A contrary process, the co-efficient of a radical 
quantity may be introduced under the radical sign. 

1. Thus, aVt=\/«**- 

For a=^rf* or an. (Art. 258.) And ^arXx/'^A/^ 

Here the co-efficient a is first raised to a power of the same 
name as the radical part, and is then introduced as a factor 
under the radical sign. 



2. a{x^by^(a^xx-'hy^{(fx->(fb)\ 

3. 5a6{2fl**)*==(l£Wi')* 

4 «/ ^'^ U /_^^\i 



ADDITION AND SUBTRACTION OP RADICAL 

QUANTITIES. 

273. Radical quantities may be added like rational quan- 
tities, fry vyrUing them one after another with their signs, (Axt 
69.) 

Thus the sum of \/a and \/fr, is \/a-^\/^- 

And the sum of a* - A» and«* -y", is a^ - A*-J-«* - y*. 

But in many cases, several terms may be reduced to one, 
as in Arts. 72 and 74. 

The sum of 2\/a and 3\/ais 2\/a-}-3V«=^\/^' 
. For it is evident that twice the root of a, and three times 
the root of a, are five times the root of a. Hence, 

274. When the quantities to be added have the same radi- 
cal part, under the same radical sign or index ; add the ra- 
tional parts, and to the sum annex tite radical parts.' 

If no rational quantity is prefixed to the iradical sign, 1 is 
always to be understood. (Art 244.) 

To 2^ay 5V« S(a;4-A)^ 56A* a\/fr-& 

Add 



w 


-ZA^a 


7{ie+Ky 


76A* y\rb-h 


S^an 


{a+y)XVb-h 
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. f75. If the raffical parti; are originally difl^ii^ th»ynmf 
Aometimes be made alike, by the reductions an the pracedinf 
articles. 

1. Add V9 to V^- Here the radical parts are not the 
same. But by the reduction in Art. £71^ \/8=2\/Sy and 
V50=5V2. ■ The sum then is 7j)/2. 

2. Add yiefc to A^4b. Ans. 4V64-2V6=6V** 

5. Add Va'jc to yft**. Ans. 0^0:4-6^*= (<*+'*) X V* 

4. Add (S6a«y)* to (25y)*. Ans. (6<»+6)Xj* 

6. AddyldatoSV^o. 

276. But if the radical parts, after reduction, are d^ermi 
or have diflerent expanentSy they cannot be united m the 
same term; and must be added by writing them one after the 
other. 

The sum of 3V^ ^nd 2V^ is S^b+%\/a. 

It is manifest that three times the root of 6, and t\vice the 
root of 0, are neither five times the root of ft, nor five times 
the. root of a, unless b and a are equaL 

The sum of l/a and ^o, is l/a^i^a. 

The square root of a, and the cube root of a, are neither 
twice the square root, nor twice the cube root of a. 

277. Subtraction of radical quantities is to be performed in 
the same manner as addition, except that the signs in the sub- 
trahend are to be clianged according to ArL 82. 



From \/ay 
Sub. SV<9 


4VH-* 


3A* 

8A* 




J. 

-2<r- 


Diff. -2V«y 






a " 



Prom V^O, subtract /\/8. Ans. 5V2 - 2\/2=SV2. (Art 
275.) 

From \/h *y, subtract j^iy *, Ans. (fc - y) X V*?- 

From ;^a?, subtract \/x. 

MULTIPLICATION OF RADICAL QUANTITIES. 
278. Radical quantities may be multiplied» like other 
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^uantHitts^by Initing (be (acU>n one aft«r antotter, either 
with or without the sign of multiplication betweea them.. 
(Art 93.) 

Thus the product <rf V^ ^^ V^' ^ V^XV^« 

The |)roduct of A' into y* is i^y • 

But it is often expedient to bring the factors under the 
some radical sign. This may be done, if they are first re» 
dueed to a common index. 

Thus\/«x^y=V*y* ^^^ ^^® '^^ ^^ ^^® product of 
ee^eral factors is equal to the product of their roots. (Art 

S59.) Hei»;e» 

279. Quantities under the same radical sign or in- 
dex, MAT BE multiplied TOGETHER LIKE RATIONAL QUAN- 
TITIES, THE PRODUCT BCINO PLACED UNDER THE COMMON 
RADICAL SIGN OR INDEX.* 

± X 

Multiply \/x into ^y, that is, x' into y . 

The quantities reduced to the same index, (Art 869.) are 

(«•) , and (y')* and their product is, (a?"y*)'=J^a:'y'. 

Mult ^a+m ^dx tr («+¥)" ^ 

Into ^a~m ^ky xi (*+*)" «" 









V«' - m' 



Prod. V«*-»*' («'*)* y^) 



Multiply A/Sxb into A/2xb. Prod. Vl6a?*ft'=4x6. 

In this manner the product of radical quantities often be- 
comes rational. 

Thus the product of yS into yi 8=^36 =6. 

And the product of (a*y')*^into (a*yy=z(a*y^y=ay. 

280. Roots of the same letter or quantity mat be 
multiplied^ bt adding their fractional exponents. 

The exponents, like all other fractions, must be reduced 
to a common denominator, before they can be united in one 
jerm. (Art 148.) 

* The case of an imaginary root of a negative quantity may be considered 
an ezoeptton. (Art. 26^.) 
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Thi» «i xa*=a^^*»a*^^c=:a*. 

The values <rf the roots are not altered, by reducing their 
indices to a comoion deaominator. (Art. S54.) 

' TherefOTO the first factor ti^^a* 
And the second a,=a 

Bcrta^csdtxa X« . (Art. SSO.) 

Anda*rsa*x«« 

The product therefore is a*xa Xo Xa* Xo =« • 

And in all instances of this Mture, the common denomm* 
ator of the indices denotes a certain root ; and the sum of 
the nuroeratorsy shows how often this is to be repeated as a 
factor to produce the Te(]iiired product. 



A 4. * i _ 

Thus €i-x«*s=«^Xa"'=«"". 



Mult. Sy* a*x«* (^*)* («-^!?)* «""* 
Into y* a^ («+*)* («-»)" »"* 



Prod. 8y^ (a+t)* «""* 

■^••^i^M amaM^iHi^iMiM ^^-^^imm^tmmmm* mmimmmmm»i»»^^m «.*M«arfM.^ 

The product of y' into y^* is y* ""^ssy . 
The product of n" iaio a"" % is a"^ *»ii^£al. 

And/"*x«*"=x""'^^*=a*=i: 

The product of n? into o'ssa^xo^^a* 

C8t . From tlie lap t example it will be seen^ that potnn 
and rods may be multiplieil by a common rule. This is one 
of the many advantages derived from ilie notation by frac« 
tional indices. Any quantities whatever may be reduced to 
the fonn of radicals, (Art. 268,) and may then be subjected 
totlie same modes of opemtion. 

Thu8y«xy*=y*^*=y^. 

And«x«"=» •=«■ . ijn 
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The product will become rational, whenever the miTnera* 
tor of the iiulex can be exactly divided by the deiiomiiiator. 

Thus tf'x^Xa =»=«*• 



And (a+6)*x {a+b) "•*=(4^f 6)*=a;+fc 
And a*x« =» =«. 

282. AVlien radical quantities Tiiiich nre reduced to the 
earne index, have rational co-efficients, tuk bationai* 

FARTS MAY BE MULTIPLIED TOGETHER, AND THEIR PRO- 
DUCT PREFIXED TO THE PRODUCT OF THE RADICAL PARTS,. 

1. Multiply a\/b into c.\/A 

The product of the rational parts is ae. 
The product of the radical paits is\/6el. 
And the whole product is ac^bd, 
Vor u^b 19 axVb. (Art. 244.) Axidc\^di9 eX\/d. 

By Art. 1C2, axV* '"^^ ^X\/dy Is «X\^X«XV^; o' 

by changing the order of the factors^ 

(^XcX^^bx^/dt=zacx^^bd^ac^/bd 

2. Multiply ox* into 6d*. 

When the radical parts ate reduced to a common index, 

the factors become a{s^y and b{d?y. 

The product then is a6(x'(f)* 

But in cases of this nature we iiiay save the trouble of re- 
ducing to a couuMoii indexy by multiplying as in Art. 278. 

Thus aa?^ into M* is aarbd^. 



Mult. 
Into 




ws/f a\^» at"'* xX/i 
bj)/hy bA^x Ay"* y\/^ 


Prod. 


ayib-'-^)^ 


ab^x^zzzobx Sxy 



283. if the rational quantities, instead of being co^effirieniB 
to the radical quantities, are connected with them by the 
signs 4- and - , each term in the multiplier must be multi- 
plied into each in the multiplicand, as iu Art. 100. 
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Multiply a^\^b 
Into c-)-\/J 



» 

Tlie product of o+VV ^'^^^ l+f'Vi/is 

1. Multiply \/a into \/6. Ans. !tyd^b\ ^ 

2. Multiply 5V5 into 3V8- Ans. SOvTo. 

3. Multiply S\/3 into 3^4. Ans. 6^432. 

4. Multiply V^ *»to V^- Ans. fya^b'*(P. 

5. Multiply . /I2* into . /^. Ans. . /S^A/ . 

^ 3c ^26 ^ "7" 

6. Multiply a{a - x)* into (c - d) X (ar)^. 

Ans. (ac-arf)x («'*-«»")• 

DIVISION OF RADICAL (JUiAJVTITIES. 

284. The division of radical quantities may be expressed, 
by writing the divisor under the dividend, in the form of a 
fraction. 

Thus the quotient of iya divided by \/i, is ^. 

And (o+fc)* divided by {b+x)^ is i±t^ 

(6+x)* 

In these instances, the radical sign or index, is sepnrateljf 
applied to the numerator and the denominator. But if the 
divisor and dividend are reduced to the mnie index or radical 
sign* this may be applied to the whole ([uoiient. 

Thus \/a-r-\/*=^=r/-- For tl^^ root of a fraction 

^b ^ b 

is equal to the root of the numerator divided by the root of 
the denominator. (Art. 260.) 



ICO ALGEBRA. 

A gain, J^/ab'-i-Jl^b = J^a. For the product of thiff quotient 
*Dto the divisor is equal to the dividend, that is, 

\/a X \/*== \/^*- Hence^ 
M5. Quantities uni>er the same radical sign oe index 

MAT BE DIVIDED LIKE RATIONAL i^UANTlTlfiS, THE QUOTIENT 
BEING PLACED UNDER THE COMMON RADICAL SION-OR IKDEZ. 

Divide («^')* by y'.. 

These reduced to the same index are (x^*) * and (j*)* : 

•And the qiioUeht is (a:»)*=ar*=x^. 
Divide yCo^ V^^ (a»+ar)"^ (ii'A)* (aV)* 
By V^ \A'i «* («?)* (^)* 



■a*^ 



286. A ROOT IS DIVIDED BT ANOTHER ROOT OT THB 
SAME LETTER OR QUANTITY, BT SUBTRACTING THE INDEX 
OF THE DIVISOR FROM THAT OF THE DIVIDEND. 

Thus a^-j-a^^a^'^ssa^^^asa^ssa*. 

For o^ =a*=a'' x» X» ^^'i •'his divided by a* is 

In the sanie manner, it may be shown that a'^'i^ • as a" *. 

I- (6+y)- 

J. . . A 



Divide (So) ** («)* a^ (b+v)' (»^')* 

(3a)* (««)^ o- (b+yy (fV)* 



QuoU (3n)i o^ (>Y)"^ 



Potters nnd roofj mny be brougltt promiscuously together, 
and divided according to the same rule. See Art. 281. 
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Thus a'4-at=:a*-4=a*. Fora*x»*=»*=«*- 

So y-f-y^=y^i. 

« 
S87. When radical quauitities which are reduced to the 
flame index liave rational co-efficiehts, the rationai 

PARTS MAT BE DIVIDED SEPARATELT, AND THEIR QU0TIRN1 
rREFlXED TO THE QUOTIENT OF THE RADICAL FARTS. 

Thus a£\/6tf-f-a\/6=c\/el. For this quotient inullipUed 
into the divisor is equal to the dividend. 

Divide 24x\/c9 I8dh\^bx iy(a'«*)^ 16VS3 b\^ 
By 6 V« **V« y(^y ®V4 V9 



4«V» *(a»«)- iV« 



Divide ab{x*b)^ by a {x)t 
These reduced to the same index are ab{x*by and a{x*)\ 

Tlie quotient then is b{by=: (5»)* (Art. 272.) 

To save the trouble of reducing to a common index, the 
division may be expressed in the fonn of a fraction. 

The quotient wOl then be ?*(f!*L, 

a{x)* 

1. Divide 2\/be by Sj^oc. Ans. f \/ a*e 

2. Divide 10V108 by 5^4. Ans. 2V27=::6. 
8. Divide IOa/27 by 2V3- Ans. 16. 

4. Divide SyiOS by 2V6- Ans. 12a/2. 

5. Divide (a«6«d»)* by A Ans. (afc)*: 

6. Divide (16a' - 12a»ar)* by 2a. Ans. (4a- Sar)* 

INVOLUTION OF RADICAL QUANTITIES. 
288. Radical quantities, like powers, are involved 

RT multiplying THE INDEX OF THE ROOT INTO THE INDEX 07 
THE REQUIRED PQWfiR« 



1. The square of a*=a*^^=a*. Par a^Xa^^aK 

2. The cube of a*=a^^*=a* For a^xa^X<»*=A 

S» And umversally, the nth power of a''z=a'^^^ =a . 

X ^ X 
For the nth power of d^rra^x**.... » times, and the auia 

•f the indices will then be ». 

4. Hie 5th power of a* y , is a^y. Or, by reducing the 
foolB to a common index, 

(aV)«^^==(aV)*- 

J. X , A A. J|_ 

5* The cube of a"ar, is a"a* or (<fa^)»m, 

± A A. A. 

6. The squoFe of 4rx*y is a'x • 

The cube of a* is a*^^=:a3=fl. 

And the nth power of a", is d^^zo. That is, 

289. A ROOT IS RAISED TO A POWER OF THE SAME 1VAME| 
BT REHOYING THE INDEX OR RADICAL SIGN. 



Thus tne cube of iv/*+*> ^^ 6+«. 

And the nth power of (a-y)", is («~yO 

290. When the radical quantities have ratumal co-efficienU^ 
these must also be involved. 

1. The square of a\/a:, is a*^x'. 
For aV*XaV^=^'\/^** 

X i 

2. The nth power of a"*^"', is a"" «*• 



S. The square of a^x - y, is a' X (^ - y-) 
4. The cube of SaX/y, is 27aY 

291. But if the radical quantities are connected with 
others by the signs + and -, they must be involved by a 
multiplication of the several terms, as in Art. 213. 
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Ex. t. Beqtdred the squares of o+ViT ^^ «-* V!y- 
a+Vy «-VSf 

a+Vy «-Vy 

i^+aVy «"-avy 

flVy+y -«Vy+y 



a*+2avy+y a* - 2aVy+y 

S. Required the cube of «— ^b. 
S. Required the cube of 2d-\-^x» 



29S. It is unnecessary to give a separate rule for the evo* 
hUion of radical quantities, that is, lor finding the root of a 
quantity which is already a root. The operation is t!ie same 
as in other cases of evolution. The fractional index of the 
rascal quantity is to be divided, by the nu:nber expressing 
the root to be found. Or, the radical sign belonging to the 
required root, may be placed over the given quSmtity. (Art 
257.) If there are rational co-efficients, the roots of these 
must also be extracted. 

Thus, the square root of a , is tr • =a". 

The cube root of a(«y)', is a' («y)V 

The nth root of a\/byy is V aiyby. 

293. It may be proper to observe, that dividing the Jrac- 
Honal index of a root is the same in effect, as timlHplymg the 
number which is placed over the radical sign. For this 
number corresponds with the denomkhotor of the fractional 
index ; and a fraction is divided, by multiplying its denomi* 
nator 

Thus lyarzii^. V«~«* 

On the other hand, miiH^hpng the fractional index is 
equivalent to imdxag the number which is placed over the 
raidical sign. 

Thus the square of i^a or a*, is X/a or a* =a». 
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MS. 6. In al^braic calctdaticms, we have someiiiiira 
occasion to seek for a factor, which multiplied into a given 
radical quantity, will render the product ratUmal. In the 
case of a tmgfle radical, such a factor is easily found. For 
if the nth root of any quantity, be midtiplied by the same 
root raised to a power whose index is n - 1, the product will 
be the given quantity. 

X n^ m 

Thus ;^arX V*^* ^^ * X« =» =«• 

X »-i 

And (x+y) X{x+y) " =«+». 

So V^X V^=^ -^^ 5^ax V^= V^'=^' 

And VaX V«'=^ &<^- ^^ (H-*)* X (a+6)'=a+ft. 

And (x+y)*x(«+y)*=*+y- 

S93. c. A factor which will produce a rational product, 
ivhen multiplied into a binomial surd containing only the 
square rooty may be found by applpng the principle, that 
the product of the sum and difference of two quantities, is 
equsd to the difference of their squares. (Art. 235.) The 
binomial itself, after the sign which connects the terms is 
changed from + to-, or £iom~to+, will be the factor 
required. 

Thus (j^a+yb) X (V« - V*) = V«* - A/t'=a - 6, which 
is free fiom radicals. 

So (1+V2) X(l - V?) = l - 2= - 1. 
And (3 - 2V2) X {S+2a/2)=zI. 

When the compound surd consists of more th4m two terms, 
It may be reduced, by successive multiplications, first to a 
binomial surd, and then to a rational quantity. 

Thus (vio - V2 - V3) X (Vio+V^+V^) =5 - 2V^ 
a binomial surd. 

And (5 - 2V6) X (5+2V6) = 1. 
Therefore (yiO- V^ - V^) multiplied into (yl04-V2+ 
V3)x(5+2V6) = 1. 

293. d. It is sometimes desirable to clear from radical signs 
the numerator or denominator of a fraction. Tliis may be 
effected, without altering the value of the fraction, if the 
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mamentoT land d^nomnator be boCh mnteiplM hy a ftwta 
which will render eidier of the^i miioiial» m 4he eaee maf 
require. 

1. If both parts of the fraction ^ be multiplied by Vd» 

it mil become V^XV^^^ in which the mmunOar ^ a 

rational quantity. 

Or if both paitsof the giv^ fraction be multiplied by V^ 

it will become ^fJ?, in which the den&minator is rational. 
«. The fraction -A-=^*X(«+')L^*X(H-»)» 

S. The fraction *^^±f= (y+»)*+^^ y+» 



ii~l 



4. The fraction 4-= " ' =?5^ 



Ji — 1 



1 H — l 



5. The fraction V^ - V2x(8+V2) _8+8V8 

S-V2 (8-v2)(3+V2) 7 

6. The fraction ? = 3(V5+V2) _^^ 

V5-V« (V5-V2)(V«+V«) 

6_ 6x5^ _ 64 — 

7. The fraction i *-|-f~"5^'^***' 

8. The fraction 
8 8x(V 8 - VS - 1 )( -V8) ^ 4 _ 



9. Reduce— toa fraction hftviog a rational denominator, 

10. Reduce ^"V^ to a fraction having a rational denom- 

a+V6 
i^«\c" 

293. e. The arithmetieai operalton of finding the proximate 
value of a fractional surd, may be shortened^ by rendering 
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rffter Ad nuiMmtor or Ike denomfamter radoa^ Theiwl 
of a fraecion is equri to the root of the numerator divided if 
(he root of the denomiiiator. (Art. 260.) 

Thus -" /?=5^. But this may be reduced to ^ 

qyVaxy6^\ (Art. 293. A), 
o 

The square root of? is ^^ orJL, or ^^. 

When the fraction is thrown into this formt, the procesB of 
extracting the root arithmeticldly, will be confinea either !• 
the numerator, or to the denominator. 

Thus the square root of *=^= VjXVj^^^ 

ExemfltB for pracSee. 

1. Find the 4th root of 81a'. ^ 
S. Find the 6th root of (0+6) 



V /'■^f 






'^ / 



S. Find the nth root of ^« - y)* ^ ;X 

(j 

4. Find the cube root of- 125a «*• 

44^ 

5. Find the square root of .. 

* 9«y 

6. Find the 6tli rootof ?!f^, 

243 

7. Find the square root of a?-64«+9i^ 

8. Find the square root of a'-f-iiy-l-^ 

4 

9 Reduce oa^ to the form of the 6th root. 

10. Reduce -Sy to the form of tlie cube root 

11. Reduce a^ and or to a common index. 

12. Reduce 4^ and 5^ to a common index. 

13. Reduce <r and 6* to the common index . 

14. Red ice 2^ and 4* to the common index • 
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15. Banove a factor from \/294. 

16. Remove a fttctor from \/«* - a V. 

17. Had the fum and difference of \/16a\r and ^JSim 

18. Find the earn and difference of i^/ldl and XjSL 

19. Multiply 7V/18 into 5^4. 

20. Multijdy A-f-SyS into S - V^. 

tl. Multiply a{a+V<?)* into fr(a-VO* 

2*. Muiaply 2(0+*)^ into S(«+6)-. 
23. Divide 6js/M by 3V2. 
24 Divide 4^72 by 2^18. 

25. Divide ^1 by V^. 

26. Divide 8^512 by 4^2. 

27. Find the cube of 17V2i. 

28. Find the square of S+V^* 

29. Find the 4th power of i^^S. 

50. Find the cube of V^"" V^* 

51. Find a factor which will make \/y rationaL 

52. Find a factor which will make y/6 - 4^x rationaL 

53 Reduce ^^ to a fraction having a mtional numemtor. 

54 Reduce — y ^ to a fraction having a rational de» 
ncminator. 
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SECTION X. 



REDUCTION OF EQUATIONS BY INTOLUTION 

AND EVOLUTION. 

Art. 294. IN an equation, the letter wWch expresses the 
unknown quantity is sometimes found under a radiaU sign. 
We may have ^t:sLa» 

To clear this of the radical sign, let each member of the 
equation be squared, that is, multiplied into itself. We fihall 
then have 

V'a?XV*=^^' Or, (Art, 289,) a:=a^. 

The equality of the sides is not aflfected by this operation, 
because each is only multiplied into itself, that is, equal quan- 
tities are multiplied into equal quantities. 

The same princifde is applicable to any root whatever.— 
If )y/x=a ; then d?=:a". For by Art. 289, a root is raised to 
a power of the same name, by removing the index or radical 
sign. Hence, 

295. When the unknown quantity is under a RADicAit 

SIGN, THE EQUATION IS REDUCED BT INVOLVING BOTH SIDES, 

to a power of the same name, as the root expressed by the 
radical sign. 

It will generally be expedient to make the necessary trans- 
positions, before involving the quantities ; so that all those 
which are not under the radical sign may stand on one side 
of the equation. 

Ex. h Reduce the equation \/a:-f-4s=9 

Transposing -4-4 /^x^d^4=5. 

Involving both sides x=z5*=25, 

• Reduce the equation a+^/x-^b^zd 

By transposition, \/ap= d+t - a 

By involution, x=z (d^b - a)" 
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& Reduce the equation \/9^l=s4 

Involving both sides^ «+l =5^=64 

And «=63. 

4. Reduce the equation 4+S\/*-^==6+i 
Cteanng of fractions, 84-6V - 4 = 1 9 
And ^x - 4=f. 
Involving both sides, « - 4srf | 

And «=tH-4 

5. Reduce the equation ^oP-f V^ — ' . 

Multiplying by V^*+V*> ii?+V*='4-^ 

And V*=*+^-«^ 

Involving both sides, x= (S+d - a^)^ 

In the first step in this example, multiplying the first mem- 
ber into ^/o'-l'V^' ^^^^ ^^ i"^ itself, is the same as squar- 
ing it, wliich is done by taking away its radical sign. The 
other member being a fraction, is multiplied into a quantity 

Sial to its denominator, by cancelling the denominator* 
rt 159.) There remains a radical sign over or, which 
must be removed by involving both sides of the equation. 

6. Reduce 3+i\/x~i=6. Ans. «=3|if. 

7. Reduce 4^^-=8. Ans. x=20. 

8. Reduce (2jp+3)*-f 4=7. Ans. x=zlt. 

9. Reduce ^\2+xz:z2+j^x. Ans. »=4. 

10. Reduce V^-«=»=V*-4\/<»' Ans. xzsZZ?. 

16 

11. Reduce \/5 xV^+2 = 2+ V^- Ans. «= iL 
13. Reduce izj^^l^ Ans. «=-!.. 
IS. Reduce V^+^=V^+f. Ans. .=4. 

12* 
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I4» Reduce V*+VH-*== ==• •^®* »=♦«• 

2a« 



16. Reduce ar-4"V<»*+^*=-7 -^s. x=a\/i. 



I& Reduce ar+a=\/a'+*v'6'4-a^ Aiis.x= — j- 



17. Reduce \/2+»4-V^= —;==• '^^J^* *=q* 



V2-f 



:r 



18. Reduce \/x - 32= 1 6 - \/x. Ans. :ri::81. 

19. Reduce V4S+rf= 2 Va?+1» Ans. *=16. 

80. Reduce , — . ,■» = . ,---. . g . Ans. «=6. 

REDUCTION OF EQUATIONS BT EVOLUTION. 

296. In many equations, the letter which expresiges the 
Uiiknown quantity is involved to some power. Thus in the 
equation 

we haye the value of the square of a?, hut not of x itself. If 
the square root of both sides be extracted, we shall have 

af=4. 

The equality of the members is not affected by this reduc- 
tion. For if two quantities or sets of quantities are equal, 
their roots are also equal. 

If (ar+a)*TrA4.*, i\ieiiiX'^a:fz\/h^\^. Hence, 

297. WhBN the EXPREAaiON CONTAINING THE UNKNOWN 
QUANTITY IS A POWER, THE EQUATION IS REDUCED BV EX- 

TRACTiNQ THE ROOT OF BOTH SIDES, a root of the samc name 
as the power. 

Ex. 1. Reduce the equation 6+«"-8=7 

By transposition «'=:74-8 - 6=9 

By evolution a:=±V9 =iS* 

The signs -f- &nd - are both placed before \/d» because 
an even root of an affirmative quantity is tmMgimLS. (Art 
261.) 
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S; Reduce the equadon 5a^« 30=^4-34 

Transpoeing, &c. a^'zslS 

By evolutioQiy ar=sil4 

, 3. Reduce the equation, o-f-— r=A-l. 

fr d 

Clearing of fractions, &c. ^^i^, WA-oM 

By evolution, x=+ f **!^1U 

4^ Reduce the equation, a^dsTzzi 10 - oe^ 

Trmspofflng, &c «» = l£zi! 

By evolution, x= / ^Hf ] - 

298. From the preceding articles, it will be easy to see io 
what manner an equation is to be reduced, when the ex- 
pression containing the unknown quantity is a power, and at 
the same time under a radical sign ; that is, wlien it is a root 
of a power. Both involution and evolution will be necessary 
in this case. 

Ex. 1, Reduce the equation !^x^s=4. 

By involutiim af^=4'=e4 

By evolution ar=±V64=±8. 

2. Reduce the equation /y/af* - a= A - d 

By involution af^-a^zh^- 2hd-^d^ 

And a-=A«-2W+cP4.a 

By evolution ar= V*'- ihd+d'+a. 

3. Reduce the equation (ar+a)*==-?lL_ 

Multiplying by («-a)i (Art. 279.) (2»-a«)i=a+6 
By involution a* - o'=sfl?+2a6+6* 

Trans, and uniting tepns s'=2a^-}-2a6-f-b* 

By evolution «= r2a'+2aft+6')*. 
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Problems. 

Prob. !• A gentleman being asked hre age, replied, " If 
you add to it ten years, and extract the square root of Uie 
sum, and from this root subtract 2, the remainder will be 6.** 
What was his age 1 



By the conditions of the problem \/a:-f- 10-2=6 

By transposition, \/J+T0=6+2=8 
By involution, a:-f.l0=s8*=64. 

And ar=64- 10=54. 



Proof (Art. 194.) ^^4+10- 2=6. 

Prob. 2. If to a certain number 22577 be added, and the 
square root of the sum be extracted, and from tliis 16S be 
subtracted, the remainder will be 237. What is the num- 
ber? 

Let x=z the number sought. 6=168 

a=22577 c=23r 

By the conditions proposed \/x-f-^ - fr =c 

By transposition, ^x-^-a^e^h 

By involution, a?-f-<s= (^+^)* 

And «=(c-|-6)*-a 

Restoring the numbers, (Art. 52.) ar= (237+ 163)« - 22577 
That is ar= 1 60000 - 22577= 1 37423. 



Proof VI 37423+22577 - 1 63 = 237. 

299. When an equation is reduced by extracting an even 
root of a quantity, the solution does riot detennine whether 
the answer is positive or negative. (Art. 297.) But what 
is thus left ambiguous by the algebraic process, is frequently 
settled by the statement of the problem. 

Prob. 3. A merchant gains in trade a sum, to which 320 
dollars bears the same proportion as five times this sum does 
to 2500. Wliat is the amount gained 1 

Let a?=the sum required. 
a=320. 
i=2500. 



EQUATIONS. ISt 

By tfae sunKMdtm mis:z9(nh 

Midtt^ymg the eactcemes and mtans &r*ssa6 

And ,.-/«*\i 



=(t) 



Regtoring the numbers, ar= (!?22^^)* =400 

Here the onfswer is not marked as ambigtu)us, beeause by 
the statement of the problem it is gam, and not loss. It 
must therefore be positive. This might be determined, in 
the present instance, even from the algebraic process. 
Whenever the root of x' is ambiguous, it is because we are 
ignorant whether the power has been produced by the mul- 
tiplication of -\-x, or of-o:^ into itself. (Art. 262.) But 
here we have the multiplication actually performed. By 
turning back to th^two first steps, of the equation, we find 
that 5x^ was produced by multiplying 5x into x, that is -)-5x 
into -\-x, 

Prob. 4. The distance to a certain place is such, that if 
96 be subtracted from the square of the number of miles, the 
remainder will be 48. What is the distance 1 

Let x=z the distance required. 
By the supposition x'- 96=48 

Therefore «=V144=12. 

Prob. 5. If three times the square of a certain number be 
divided by four, and if the quotient be diminished by 12, the 
remainder will be 180. What is the number ? 

By the supposition ?ff - 1 2 = 1 80. 



Therefore »= ^256 = 1 6. 

Prob. 6. What number is that, the fourth part of whose 
square being subtracted from 8, leaves a remamder equal tc 
four 1 Ans. 4. 

Prob. 7. What two numbers are those, whose sum is to the 
greater as 10 to 7 ; and whose sum multiplied into the les9 
produces 270 ? 

Let 10a:=: their sum. 

Then 7ap=the greater, and 3a: = the less. 

Therefore x=:3, and the niunbers required are 21 and 9 
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Proh. 8^ What two immbers are thodfe, whose difl^^nce tt 
to the greater as 2 : 9, and the diBerence of whose squares 
is 1281 Ans.l8andl4. 

Prob. 9. It is required to divide the number 18 into two 
such parts, that the squares of those parts may be to each 
other as 25 to 16. 

Let x= the greater part Then 18 - jp=the less. 

By the eondition proposed o^ : (18 - a:)* : : 25 : 16. 

Therefore iea;'=25x (18 -x)». 

By evolution 4r=5x(18-«.) 

And a;=10. 

Prob. 10. It is required to divide the number 14 into two 
such parts, that the quotient of the greater divided by the 
less, may be to the quotient of the less divided by the greater, 
as 16:9. Ans. Tlie parts are 8 and 6. 

Prob. 11. What two numbers are as 5 to 4, the sum of 
whose cubes is 5103 1 

Let 5x and 4a;=:the two numbers. 

Then :r=:3, and the numbers are 15 and 12. 

Prob. 12. Two travellers ^ and B set out to meet each 
dther, A leaving the town C, at tlie same time that B left i>. 
rhey travelled the direct road between C and D; and on 
meethig, it anpeared that A had travelled 18 miles more 
than Bf and tnat A could have gone B^s distance in 15f days, 
but B would have been 28 days in going w9's distance. Re- 
quired the distance between C and D. 

Let :B=:the number of mUes Jl travelled. 
Then ar- 18= the number B travelled. 

^"" i =zJP8 daily progress. 
15t 

— =zB*Q daily progress. 

Therefore a? : a: - 18 :: ?.:il5 : £.. 

15} 28 

This reduced gives ar=72, •^'s distance. 

The whole distance, therefor e« from C to D=126 mQes. 
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tVob. 13* Knd two numbers which are to each other as 8' 
lo 5f and whose product is 360. Ans. 24 and 15. 

Prob. 14. A gentleman bought two pieces of silk, v/bich 
together measured 36 yards. Each of them cost as many 
shillings by the yard, as there were yard^ in the piece, and 
their whole prices were as 4 to 1. What were the lengths 
of the pieces 1 Ans. 24 and 12 yards. 

Prob. 16. Find two numbers which are to each other as 
3 to 2 ; and the difference of whose fourth pjwers is to the 
sum c^ their cubes, as 26 to 7. 

Ans. The numbers are 6 and 4. 

Prob. 16. Several gentlemen made an excursion, each 
taking the same sum of money. Each had as many sei-vants 
attending him as there wer^ gentlemen ; the number of dol* 
lars which each had was double the number of all the ser- 
vants, and the whole sum of money taken out was 3466 doU 



lars. How many gentlemen were there 1. 
;'_ , '".'Trob. 17. A detachment of soldiers from' ( 



A.i\s. 12. 



a regiment bemg 
ordered to march on a particular service, each company (ur- 
Dished four times as many men as there were companies in 
the whole regiment ; but these being found insufficient, each 
company furnished three men more ; when their number was 
found to be increased in the ratio of 17 to 16. How many 
companies were there in the regiment ? Ans. 12. 

AFFECTED QUADRATIC EQUATIONS. 

300. Equations are divided into classes, which are distin- 
guished from each other by the power of the letter that ex- 
presses the unknown quantity. Those which contain only 
the first power of the unknown quantity are called equations 
of one dimenskmj or equations of the first degree. Those in 
which the highest power of the unknown quantity is a square^ 
are called quiidraticy or equations of the seamd degree; 
those in which the highest power is a cufre, eauations of the 
third degree^ &c. 

Thus ^=a-|-&, is an equation of the first degree. 

a^^Cf and x'*-\-€tx=d^ are quadratic equations^ oi 
equations of the second degree. 

x^=^ and 3f-\-aar^-\-bx=zdf are cubk equations, oi 
nations of the third degree. 
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801. EquatJo&B are also divided into pme and t^€tUi 

equations. A pure equation contains only <me power of thd 
unknown quantity. This may be the fii*st, second, third, or 
any other power. An affected equation contains differenl 
powers of the unknown quantity. Thui^ 

( a?=d - 6, is a pure quadratic equation. 
i (K^-^-bx =zdj an affected quadratic equaticm. 

^=6 - c, a pure cubic equation. 

x^-\-a3f'^bx=hf an affected cubic equation. 

A pure equation is also called a sin^ equation. But tins 
term has been appUed in too vague a manner. By some 
writers, it is extended to pure equations of every degree ; by 
others, it is confined to those of the first degree. 

In a pure equation, all the terms which contain the un* 
known quantity may be united in one, (Art. 185,) and the 
equation, however complicated in other respects, may be re- 
duced by the rules which have already been ^ven. But in 
an (Reeled equation, as the unknown quantity is raised to dif' 
fereiU powersy the terms containing these powers cannot be 
united. (Art. 230.) There are particular rules for the reduc- 
tion of quadratic, cubic, and biquadratic equations. Of these, 
only the first vn\i be considered at present. 

302. An AFFEcrcD quadratic equation is onb whicb 

CONTAINS THE UNKNOWN QUANTITY IN ONE TERM, AND THE 
SQUARE OF THAT QUANTITY IN ANOTHER TERM. 

The unknown quantity may be originally in several terms 
of the equation. But all these may be reduced to two, one 
containing the mikuown quantity, and the other its square. 

303. It has already been shown that a pure quadratic is 
solved by extracting the root of both sides of the equa^on. An 
affected quadratic may be solved in the same way, if the 
member wiiich contains the unknown quantity is an exact 
square. Thus the equation 

x^^2ax+a^=b+h. 

may be reduced by evolution. For the first member is the 
«quare of a binomial quantity. (Art. 264.) And its root is 
M-\'a. Tiiorefoi*e, 

X'\-a=\/b'\'hy and by transposing a. 
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/ 9(M/ Bui H » n9l often the €ib9e» thM « mmnbei: ^ an id^' 
fpcted quadratic equation is an exact square^ till an addi* 
tionai term is appliec^ for thejHirpQiie of OMkiog the required^ 
tiductioo. In the equation 

the flSb contaming the unknown quantity is not a complete 
square. Ttie two terms of which it is composed are indeed 
sach as might belong to tlie square of a binomial quantity.! 
(Art. 214.) But one tenn is wanting. We have then to in* 
qiitre» in what way this ma^ be supplied* From having lioe 
terms of the square of a bmomiai given, how shall we find 
the third f 

Of the three terms, two are complete powers, and the 
other is twice the product of the roots of these powers; (Art. 
S14,) or which is the same thing, the product of one ot the 
roots into twice the other. In the expression 

the term iax consists of the factors 2a and x» The latter is 
tlie unknown quantity. The other factor ia may be consid- 
ered the eo^ffieiefU of the unknown quantity ; a co-efficient 
being another name for a factor. (Art. 41.) As x is the 
root of the first term 3^ ; the other factor ia is ticice the root 
of the third term, which is wanted to complete tiie 8(|uare. 
Therefore half 2a is the root of the deficient term, and a^ is 
the term itself. The square com[rfeted is 

where it will be seen that the last term {f is the square of 
half So, and 2a is the co-efficient of x, the root of the first 
term. 

In the same manner, it may be proved, that the last term 
of the square of an;^ binomial quantity, is equal to the square 
of half the co-efficient of the root of tlie first term. From 
this principle is derived the following rule : 

905. To COMPLETE THE SQUARE in an affected quadratic 
equation: take the square of halp the co-efficikvt of 

THE first power OF THE UNKNOWN QUANTITY, AND ADD IT 
Ta BOTH ftlDfiS OF THE EQUATION. 

Before completing the square, the known and unknown 
quantities must be brought on opposite sides of the e(|uation 

A3 
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hf UmapoMotk ; mA the htgliefirt. p6w6r of tfie tmk&oim 
onantitj must have the afBrmative sign, and be cleared €§ 
medoDs, eo-efficients, &e. See Arts. 308, 9, 10, tl. 

Jlfler the square is completed, the equation 19 reduced, hf 
extracting the square root of both sides, and transposing the 
known part of the binomial root. (Art. SOS.) 

The quantity which is added to one side of the eqwition, 
to comjdete the square, must be added to the other side allBo^ 
to preserve the equality of the two members; (Ax. 1.) 

S06. It will be important for the learner to distinguish be* 
tween what is pectuiar in the reduction of quadratic equa- 
tions, and what is common to this and the other kinds which 
have already been considered. The peculiar part, in the 
resolution of affected quadratics, is the completing of ih$ 
square. The other steps are similar to those by which pure 
equations are reduced. 

For the purpose of rendering the completing of the square 
fioniliar, there will be an advantage in beginning with exam*, 
pies in which the equation is already prepared for this step. 

Ex. 1. Reduce the equation i'-{-6a«c=i 

Completing the square,^ af-\-6aX'^9a^:=zQa*-\-b 



ExtecUng both sides (Ait. SOS.) «+a«=^±V^+k 

And ^ 9^-SaU/9(f+b. 

Here the co-efBcient of rr, in the first step, is 6a ; 

The squiuie of half this is So*, which being added to both 
sides completes the square. The equation is then reduced 
by extracting the root of each member, in the same manner 
as in Art. 297, excepting that the square here being that of 
It bbwmialt its root is found by the rule in Art. 265. 

9. Reduce the equation i^ ^ dix=zh 

Completing the square, a^ - 8i«-|-1 6V=z 1 dif+k 

ExtraeUng both aides «-4t=Jvl64«+A. 

And x=4»lV*^*+*- 

In this example, half the co-efficient of x ia 4i^ tlie sqwie^ 
of which 166'' is to be added to both sides of the equalioiL 
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S. Reduce the equolkwi sf+axsib^h 

Completing the square, ap«+aa?+_=-+*+* 

4. Seduce the equation af-^xs^h'-d 
Completing the square, a*-«+4=44-A-i 

And x=J±(4+*-^*- 

Here the co-efficient of ar is 1, the square of half which w ^^ 

5. Reduce the equation «*+Sa?=tcl4-8 
Completing the square, a^+Sz+f =1+^4-5 
And x=-*±(*+d+6)i 

6. Reduce the equation a?-«karr=«6-ci 
Cotnpleting tlie square, a?- rt»4-?L.s=iL.+a6--cd 

And s^p^^+ah^af. 



ax 



f. Reduce the equation g^-^-^zszh 



Completing ihesquaie, a*-}-—-!— !?L sriL^-fc 

By ArU 158^ —zn^xx. The coefficient of x, therefore^ 

h h 

18 1 Half of tliis is iL, (Art. 1G3.) the square of which b 
ib 
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8. Reduce the 4Kiuittton «'-fss7&. 

« 1 1 

Completiilg the square, g*-^^ + ^.«=-7ri+'^** 

b 4b 4«r 

Here the fraction 5::= ^X«. (Art 158.) Herefitte the 

b b 

eo-efficieot of « is i. 

b 

307. In these and similar instances, the root of the third 
term of the completed square is easily found, because this 
root is the same half co-efficient from which the term has 
just been derived. (Art. S04.) Thus in the last exam^ 

half the co-efficient <tf « is A, and this is the root of the 

ib 

third term 2^ 

308. When the first power of the unknown quantity is in 
severid termSf these should be united in one, if they can be 
by the rules^ for reduction in addition. But if there are /tto* 
red co-efficients, these may be considered as constituting, tCK 

Ether, a eompmmd co-efficient or factor, into which the un* 
own quantity is multiplied. 

Thus ax+bx^dx=z{a+b+d)x*' (Art. 120.) The 
square of half this c(Hnpouud co-efficient is to be added to 
both sides of the equation^ 

1. Reduce the equaticHi «*4^s4-2ff-f-ff:=:il 
Uniting terms ^'-j-Gx^d 
Comjdeting the square x* -^-Ssf-^-Q^Q^d 

And «= - SJV9+3. 

2. Reduce the equation x'-^ax-^-bx^ih 
By Art. l£a «*+(«+*) X«=fc 

Therefoiex-+(a+6)X^+(^)" = (^)"+* 



By evolution jF+f!±* =± / (ttt\ V* 



^^ ^="^v/(^) +*• 
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S. Reduce the equation a^-{-cMr-x=:i 
By An. 120 x»+(a-l)x*=* 

Therefore «»+(a - 1) X«+ (^)'= (^) +* 

S09. After becoming fiumiiar with the method of oompIeU 
tug the square, in ailected quadratic equations, it will be 
oroper to attend to the steps which are prepartUery to thie. 
Here, however, little more is necessary, than an application 
cf rules already given. The known and unknown quanti« 
ties must be brought on opposite sides of the equation by 
transposition. And it will generally be expedient to make 
the square of the unknown quantity the first or leading term, 
as in the preceding examples. Tliis indeed is not essentiaL. 
But it will show, to the best advantage, the arrangement of 
the terms in the completed square. 

1. Reduce the equati<»i a^5x^Sb:=sSx''^ 

Transp. and uniting terms 9^-^2x^Sb - a 

Completing the square x*-4-^+ 1 ^J+^fr- a 

And «=-ltv/*+S6-a. 

X Off 

t. Reduce the equation ^ = — -^ - 4 

Clearing of fractions, dbe. ^-{-XOxz^SQ 

Completing the square a;*-|-10a?4.S5=s25-(-56=:81 

And «=-oVSl==-^i9- 

810, If the highest power of the unknown quantity hae 
any co-^cieniy or ^Umsar^ it must, before the square is com* 
pleted, by the rule in Art. 305, be freed from these, by muifi* 
plkaiion or division, as in Arts. 180 and 184. 

1. Reduce the equation s^+%4a ^ 6Aa£l2x - Oaf 

Tranap. and uniting terms, 6rp - \2x^6h'* 24a 
Dividing by 6, a« - 2«=* - 4a 

Completing the square, af - 2x4-1 = 1 +i - 4a 

Extracting and tmnsp. x = 1±^ 1 -f-A -^ 4a! 

13* 
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t. Reduce the eqiiation hr\-tx=d'' -^ 

a 

Chariiig of fiacUons b:^+2ax=zad - oik 

Dividing by 6, :^+!??=?lri* 

6 6 

Therefore ^ . gg« . cg^^ , orf-o* 

Ana .= -!+(^+S^)». 

Sll. If the square of the unknown quantity is in several 
krms^ the equation must be divided by all the co-efficients 
of tliis square^ as in Art. 18& 

1 • Reduce the equation h^-^^da^ - 4«s= 6 - & 

Dividing by b+d, (Art 121.) a?- -jifL=*— * 

Therefore s^^+ ^ /7-i^\ V^y 

64.rf- V \6+d/ ^i+d 

2. Reduce the equation 02^-1-^=^4'^'"'^ 

Transp. and uniting terms ox'-f-^- 2x=& 

Dividing by o+l, ^^JfL^JL 

a-\-l a-|-l 

There is another method of completing the square, which, 
m many cases, particularly those in which the higiiest power 
of the unknown quantity has a co-efficient, is more simple 
in its application, than that given in Art. 305. 

Let ax*-\-bx:=d. 
If the equation be multiplied by 4a, and if 6* be added to 
both sides, K will become 

4aV+4ak$+V:=z4ad+'l:^ ; 
the (irst member of wliicli is a complete power of Hax^k, 
Hence, 

Sll. 6. In a quadratic equation, the square may be com- 
pleted, by multiplying the equation uito 4 times the co-effi- 
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eient of the hifffaest power of the unknown quaniitj and Aid« 
ding to both sides, toe square of the co-efficieni of tlie loweei 
power. 

The advantage of this method is, that it avoids the lntro» 
Auction of fractUmSf in completing the square. 
This will be seen, by solving an equation by both methodft^ 

Let aaF'\-dx^h. 

Completing the square by the rule just given ; 

4(esf+4adx+d^z=: 4di+d' 
Extracting the root 2a«4-d=±V4aA+? 

And x= "^4^>H-J 

Completing the square of the given equation by Arts. S05 



Extracting Out root »4.^=:+. /*+^ 

2a V a 4(^ 



If a=l, the rule will be reduced to this: *< Multiply the 

a nation by 4, and add to both sides the square of the co> 
icient of x." 

Let ^'\-ix'^h 
Completing the square 4a:'-f4ii9-4-<r= 4&4-' 

Extracting the root 2ap+d=±\/4*+' 

And «=Z*i^. 

1. Reduce the equation 3x'4-5ar=:42 

Completing the square Se^r'^+GOx-f- 25^=529 
Tiierefore «=3. 

S. Reduce the equation x*- 15x= -54 

Completing the square 4a? - 60ar+285=r 9 
Theretbre %x^ 1 51S=i 18 or li. 

SIS. In the square of a binomial, the first and last terms 
ore always pamlwe. For each is the square of one of Che 
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lertmi of the royt. (Art. 214.) B\M every sqwire is poftitiira 
f Art 218.) If then «» a^ occurs in an equation, it cannot, witk 
this sign, fonn a part of the 0t|uare of a binomial. But if 
4iU the signs in the equation be changed, the equality of the 
iddes will be preserved, (Art 177,) the term -arwiL become 
positive, and the square may be completed. 

1. Reduce the equation -2'-f2x=:d-ik 
Changing all the signs sf-^ftx^ h-d 
Therefore » = 1 Jy 1 + A - if 

2. Reduce the equation 4£ -«*=:* 1 2 

Ans. «=2±\/l^- 

51 3. In a quadratic equation, the first term a? is the square 
of a single letter. But a binomial quantity may consist oi 
terms^ one or both of wliich are already powers. 

Thits afi-^-a is a binomial, and its square is 

a;ff-|-2aa;'+a', 

where the index of a; in the first term is twice as great aa in 
the second. When the third term is deficient, th^ square 
may be completed in the same manner .as that of any other 
binomial. For Uie middle term is twice the product of the 
roots of the two others. 

So the square <tf «^+^ ^ a^-^-iat^^^-if. 

And the square of «"+a» is af*+2aa'*-4"^** 
Therefore, 

51 4. Ant equation which contains oni.t two mi^ 

rERBNT POWERS OR ROOTS OF THE UNKNOWN QUANTITT, 
THE INDEX or ONE OF WHICH IS TWICE THAT OF THE 
OTHER, MAT BE RESOLVED fN THE SAME MANNER AS A QUA« 
ORATIC EQUATION, BT COMPLETING THE SQUARE. 

It must be observed, however, that in the binomial root, 
the letter expressing the unknown quantity may stiH have 9 
firactional or integral index, so that a farther extraction, ae 
cording to Art. 297, may be necessary. 

1. Reduce the equation a:*-x^=6-a 

Completing the square «* - ^+1 = i+^- • 

Extracting and transposing a^=JiVJ+^_2_£__ 

Extracting again, (Art 297,) «=:+V4i\/(i+* - «) 
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t. Beduee the equation «*''-4&3rs=ft 

Answer «=i^26±V(4*'+ a.) 

S. Reduce the equation «-f4^jr=rA-fi 

Completing tbe square Jc4"4V*+l=*liH"* 

Extracting and transp. ^a?= - SiV^ " '^"h^ 



Involvmg *= { - 2JV* - *H-4)*. 

4. Reduce the equation «'+ftr"ssa-f-& 

Completing the square «*-f-^*+16=a4'^+l^ 

Sztracting and transp. a;' =: - 4t\/^HhM-^ 

Involving «= ( - 4±A/a+b+}6)\ 

SI 5. The sdution of a quadratic equation, whether pure 
or affected, gives two results. For after the equation is re« 
duced, it contains an ambiguous root. In a pure quadradc, 
this root is the tohoU value of the unknown quantity. (Art 
•97.) 

Thus the equation x' =k 64 

Becomes, when reduced »:=i±/^64. 

That is, the value of « is either -{-8 or * 8, for each of 
these is a root of 64. Here both the values of a: are the 
same, except that they have contrary signs. This will be 
the case in every pure quadratic equation, because the whole 
of the second member is under the radical sign. The two 
values of the unknown quantity will be alike, except that 
one will be positive, and the other negative. 

S16. But in tweeted quadratics, a part only of one side of 
the reduced equation is under the radical sign. When this 
part is added to, or subtracted from, that which is without 
the radical sign ; the two results will differ in quantity, and 
will have their signs in some cases alike, and in others im- 
like. 

I . The equation ^+Sx = 20 



Becomes when reduced, x=i - 4j\/164-S0. 

That is «= - 416. 

Here the first value of s is, - 4+6sB^t i one positive, and 
And the second is «-4-6=5-«10> iheoiher negative. 



t 



14S MMOMU. 

S. The equation i^-^&c g^ U 

Becomes when reduced, ar=:4j>\/16 - 15 
That is a?=4±l 

Here the first value of x is 4+1 =+5 > j^^^ .^^ 
And the secxmd is 4-1 =+3 J '^ ^ 

That these two values of x are correctly found, maj be 
proved, by substituting first one and then the other, for « it* 
eel^ in the original equation. (Art 194.) 

TiHi8S«-8x5=25«.40=-16 

And8'-8xS=9-24=-l5. 

317. In the reduction of an affected quadratic equation, 
the value of the unknown quantity is frequently found to be 
jmagmory* 

Thus the equation a^ - 6xzsz * 30 

Becomes, when reduced, ^=41 ^16- 20 

That is, aP=4JV-4. 

Here the root of the negative quantity - 4 can not be as- 
signed, (Art. 263,) and therefore the value of x can not be 
found. There will be the same impossibility, ia every in- 
stance in which the negative part of the quantities under the 
radical sign is greater than the positive part.* 

318. Whenever one of the values of the unknown quan- 
tity, in a quadratic equation, is imaginary, the other is so 
also. For both are equally aflected by the imaginary root. 

Thus in the exlEn^pls above 

The first value of x is 4-j-^- 4, 

And/the second is 4 - \^ - 4 ; each of which 
contains the imaginary quantity V~ '^^ 

31 d. An equation which when reduced contains an ima- 
ginary i<x>t, is often of use, to enable us to determine whether 
a proposcvi question admits of an answer, or involves an ab- 
surdity. 

Suppose it is required to divide 8 into two such parts, that 
the product will be 20. 



^ See Note G. 
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If « is one of the parts, the other will be 8 -«. (Art. \99.) 
By the conditions proposed (8 - x) X ^ = SO 

This becomes, when reduced, ar=4±V"-4. 

Here the imadnary expression ^-4 shows that an au» 
8wer is impossible ; and that there is an absurdity in si^ppo* 
mne that 8 may be divided hito two such parts» that Ibeir 
product shall be 20. 

320. Although a quadratic equation has two solutions^ yet 
both these may not alwa3^8 be applicable lo the subject pro* 
jMsed. Tlie quantity under the radical si^n may be produced 
either iVom a posilive or a negative root. But^both these roote 
may not, in every instance, belong to the problem to be sol- 
ved. See Art. 



Divide the number SO into two such parts, that their pro* 
duct may be equal to 8 times their difference. 

If xss the lesMr pari, then S0-«= the greater. 

By the mppodtion, a;x (SO - a;) =8 x (SO - 2«) 

Tliis reduced, gives^s=2Stl7=40 or 6=: the lesser p«n. 

But as 40 cannot be a part of SO, the problem can have 
but one real solution, making the lesser part 6, and the greater 
part 24. 

« 

Example9 of Q^adroHc Eqwitians. 

1. Reduce S*' - 9« - 4=80. Ans. ap=7, or - 4. 

2. Reduce 4x - ^izf =46. Ans. «=12, or- } 

X 

5. Reduce 4x- ^^^=14. Ans. xssA^ ex -^i. 

x-^l 

4. Reduce 6a - ?^=2«+^flll Ans. «=4, or - 1. 

x-o 2 

6- Reduce ** - 122rif =S. Ans. «=4, or t^ 

X 4r 

6. Reduce ??^-fl=10-f2*. Ana, «=rl2,or6. 

«— 4 2 

7. Reduce f±* - "Llf =lf+Z - 1. Ana. ««tl, or fi. 

3 c-3 9 
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& Redure ^zJ*^=« - 8. Ans. .=1, or - M. 

9. Reduce -^+?=S. Ans. «=2. 

la Reduce Jl.-lll=:«-9. Abb. «=10, 

ap+a 6 



U. Reduce 5+5=5. Am. rssliV* -^ 

a « a 

18. Redace ««+aj?=>. Ans. «= ( - 5-v^^+4) 

18. Reduce ^-?!=-JL Ana. «=Vi- 

S 4 82 

14. Reduce 2«*+3«*= 2. . Ans. «=♦. 

15. Reduce \x - iV*=22i- ^^ *^*^ 

16. Reduce23:*-ar»+96=99. An8.«=»4V6 

17. Reduce <10+a:)i - (10+«)i=e. Ans. x=^6. 

18. ReduceSx^-ZarzrS. Ans. «=!^. 

19. Reduce 2(l+«-a?) - Vl+*-^= -+• 

Ans. «=4+iV41 

^ . 6^ /4?^6^ 

80. Reduce X/3*-a*=x-h. Ans. x=^^ ■ ^^^ . 

21. Reduce '^([Ifi?^!!^ Ans. *=4. 

4+^ap V* 

22. Reduce a:*+x*=756. ^ Ans. «=24S, 

28. Reduce V2^l+W*=-,3===7- Am. «=^4. 

/ " V2x+1 

24. Reduce 2Vip^^^5V8«=-^^- Ans. «=9a. 

25. Reduce «+16-7VSH^=«1<>- W*+l^- An8.«=9 

2C. Retluce V^'+V^'^^V*' 

Dividing by V** a?+«=6. Ans. «:=»• 
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n. Reduce l?Lz£-|iz2=?±i:l5. Ans. x=:«. 

«8. Reduce _l_+_i_=ill. Ans. «=:$. 

89. Reduce (ar-5)*-3(a?-6)*i=40. Ana. «=9. 
SO. Reduce ar-fyir-(.6=:8+8 Vx+6. Ane. ar= 10. 

PROBLEMS PRODUCING ftUADRATIC EaUATIONS. 

Proh. 1. A merchant has a piece of cotton cloth, and a 
piece of silk. The number of yards in both is 110 : and if 
the square of the number of yards of silk be subtracted from 80 
times the number of yards of cotton^ the difference will be 
400. How many yards are there in each piece 1 

Let «= the yards of silk. 

Then 110- jr= the yards of cotton. 

By supposition 400=80x(110-a:)-a!* 
Therefore ar= - 40±Vloooo= - 40+100. ^ 

The first value of ar, is - 40+100=60, the ydrds of silk; 

And 1 10 -a?=110- 60=50, the yards of cotton. 

The second value of «, is - 40- 100= - 140 ; but as this 
is a negative quantity, it is not applicable to goods which a 
man has in his possession. 

Prob. 2. The ages of two brothers are such, that their sum 
is 45 years, and their product 500. What is the age of each 1 

Ans. 25 and 20 years. 

Prob. 3. To find two numbers siKh, that their difference 
shall be 4, and their product 117. 

Let xtm one number, and x^A^ the other. 

By the conditions (^+4) X *^1 1 7. 

This reduced, gives x « - 2±\/Si »ihr- 2j:l 1 . 

One of the numbers therefore is 9, and the other 13. 

Prob. 4. A merchant having sold a piece of cloth which 
cost him 30 dollars, found that if the^price for which he botcf 
it were multiplied by his eam^ the proaudt would be equai lii 
the cube of his gain. Wnat was his gain 1 



Let flr» the gaiD. 
Then S0-4-^= the-pjice for which the cloth was sold 
By the statement . a?^ (S0-]-«} X' 

Therefore «« iWl+^'^i-^ 

The first value of x is |^V «»+^» ^ 
The second value is | - -y- « - 5. J 

As the last answer is negaUvey it is to be rejected as incon- 
sbtent with the nature oi the problem, (Art. 320.) f<Mr gain 
must be considered positive, 

Prob. 5, To find two numbers whose difference shall be 8, 
and tlie diflerence of their cubes 117. 

Let x*= the less number. 
Then or+S « the greater. 

By supposition (a?-4-S)* - «*« 1 1' 

Expanding («+3)» (Art. 217.) 9««+27««n7-^27«90 

And a?« - *±VV» -l±lw 

The two numbers, therefore, are 2 and 5. 

Prob. 6. To find two numbers whose diffeience shall be 
12, and the sum of their squares 1424. 

Ans. The numbers are 20 and 32. 

Prob. 7. Two persons draw prizes in a lottery, the differ- 
ence of which is 120 dollars, and the greater is to the less, 
as the less to 10. What are the prizes t 

Ans. 40 and 160. 

Prob. 8. What two numbers are those whose sum is 6, and 
the sum of their cubes 72 1 Ans. 2 and 4. 

Prob. 9. Divide the nimiber 56 into two such parts, that 
their product shall be 640. 

Putting X for one of the parts, we have, :r»28±12Bs40 or 
16. 

In this case, the two values of the unknown quantity are 
the two parts into which the given number was required to 
be divided. 

Prob. 10. A g^itleman bought a number cS pieces of cloth 
for 675 dollars, which he sold again at 48 dollars by the piece, 
and gained by the bargain as much as one piece cost hinu 
What was the number of pieces ? Atis. 15. 
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Prob. 11. j9 and B started together, far a pTace 160 mflet 
distant. JPb hourly progress was 3 miles more than B^s^ and 
he arrived at his journey's end 8 hours and 20 minutes bef<»e 
S. What was tihe hourly progress of each f 

Ans* 9 and 6 miles. 
Prob. 12. The difference of two numbers is 6 ; and if 47 
be added to twice the square of the less, it will be equal to 
the square of the greater. What are the numbers 1 

Ans. 17 and 11. 

Prob. 13. %d and B distributed 1200 doUeirs each, among 
a certain nimiber of persons. A relieved 40 persons more 
dvan B, and B gave to each individual 5 dollars more than 
Jl. How many were relieved by Jl and B ? 

Ajis. 120 by j2, and 80 by B. 

Prob. 14. Find two numbers whose sum is 10, cmd the smn 
of th^ir squares 58. Ans. 7 and 3. 

Prob. 15. Several gentlemen made a purchase in company 
for 175 dollars. Two of them having withdrawn, the biU 
was paid by the others, each furnishing 10 dollars more than 
would have been his equal share if the bill had been paid by 
the whole company. What was the number in the company 
at first 1 Ans. 7. 

Prob. 16. A merchant bought several yards of linen for 
60 doUai's, out of which he reserved 15 yards, and sold the 
/ remainder for 54 dollars, gaining 10 cents a yard. How 
many yards did he buy, and at what price % 

Ans. 75 yards, at 80 cents a yard. 

Prob. 17. .fl and B set out from two towns, which were 
247 miles distant, and travelled the direct road till they met. 
Jl went 9 miles a day ; and the number of days which they 
travelled before meeting, was greater by 3, than the number 
oi miles which B went in a day. How many miles did each 
travel 1 Ans. A went 117, and J? 130 miles. 

Prob. 18. A gentleman bought two pieces of cloth, the 
finer of which cost 4 shillings a yard more than the other. 
The finer piece coat iBl8 ; but the coarser one, which was 2 
yards longer than the finer, cost only iei6. How many 
yards were there in each piece, and what was the price of a 
yard of each ? 

Ans. There were 18 yards of the finer piece, and 20 of the 
coarser ; and the prices were 20 and 1 6 shillingB. 



/ 
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Prob» 19. A merchant bought 54 gaMom at Madeira wine, 
and a certain quantity of Tenerifie. For the former, he gave 
half as many shillings by the gallon, as there were gaBont 
of Tenerifie, and for the latter, 4 shillings less by the gallon. 
He sold the mixture at 10 shillings by the gallon, and lost 
*28 168. by his bargain. Required the price of the Madeira, 
and the number of gallons of Tenerifie. 

Ans. The Madeira cost 18 shillings a gallon, and there 
were 36 gallons of Tenerifie. 

Prob. 20. If the square of a certain nimiber be taken from 
40, and the square root of this difierence be increased by 10, 
and the sum be multiplied by 2, and the product divided by 
the number itself^ the quotient will be 4. What is the 
number ? Ans. 6. 

Prob. 21. A person being asked his age, replied, If you 
add the square root of it to half of it, and subtract 12, the 
remainder wfll be nothing. What was his age ? 

Ans. 16 years. 

Prob. 22. Two casks of wine were purchased for 58 dol- 
.ars, one of which contained 5 gallons more than the other, 
and the price by the gallon, was 2 dollars less than | of the 
number of gallons in the smaller cask. Required the num- 
ber of gallons in each, and the price by the gallon. 

Ans. The numbers were 12 and 17, and the price by the 
gallon 2 dollars. 

Prob. 23. In a parcel which contains 24 coins of silver and 
copper, each silver coin is worth as many cents as there are 
copper coins, and each copper coin is worth as many cents as 
there are silver coins ; ana the whole are worth 2 dollars and 
16 cents. How many are there of each 1 

Ans. 6 of one, and 18 of the other. 

Prob. 24. A person bought a certain number of oxen for 
80 guineas. If he had received 4 more oxen for the same 
^ monev, he would have paid one guinea less for each. What 
was the number of oxen 1 Ans. 16. 

SUBSTITUTION. 

321. In the reduction of Quadratic Equations, as well as 
in other parts of Algebra, a complicated process may be ren- 
dered much more simple, by introducing a new letter which 
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fliall be made to rejN^Bent several others. This cs tenned 
BfibstUuHofL A letter may be put for a compound quantity 
as well as for a single number. Thus in the equation 

a?- 2ax=i+A/S6 - 64+A, 
we may substitute 6, for f 4-\/86 - 64-|-A. The equation' 
will then become si^'-2ax=zb, and when reduced 

will be x=a±/^a*+b. 

After the operation is cmnpleted, the compound quantit% 
for which a single letter has been substituted, may be restar 
ed. The last equation, by restcuring the value of b^ will be 
come 



Reduce the equation ax-2x-^ d=zbx « ^e* - s 
Transposing, &c. a^^(^a^b - 1) x^^d 

Substituting & for (a- & - 1), a^+hx=d 



A4- /JP 
Therefore «= - ^ V 4+^ 

• 

Restoring the value of A, «= JLl^zi +^^EEzlZ+d 
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SOLUTION OF PROBLEMS WHICH CONTAIN TWO 
OR MORE UNKNOWN QUANTITIES. 

DEMONSTRATION OF THEOREM& 

Art. S22. IN the examples which have been given of the 
resolution of equations, in the preceding sections, each pro- 
blem has contained only one unknown quantity. C.if, id 
some instances, there have b^en two^ they have beeb so re- 
lated to each other, that they have both been expre<'ed bj 
means of the same letter. (Art. 196.) 

I4» 
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Bat caMB frequently ooctur) in whicb. uaerfi unknown 
quantitieB are introduced into the same calculation. And if 
the problem is of such a nature as to admit of a d^ermioate 
answer, there will arise from the conditions, as many equa- 
tions independent of each other, as there are xmknown quan- 
tities. 

Equations are said to be independmty when they express 
differ^it conditions ; and dependent, when they express the 
same conditions under different forms. The former are not 
convertible into each other. But the latter m^y be changed 
from one form to the other, by the methods of reduction 
whidi have been considered. Thus b -a?=j/, and 6=y+av 
are dependent equations, because one is formed from the 
other by merely transposing x. 

S23. In solving a problem^ it it necessary first to find the 
value of one of the unknown quantities, and then of the 
others in succession. To do tms, we must derive from the 
equations which are given, a new equation, from which all 
the jj^iami^ti quantities except one shall be excluded. 

Suppose the following equations are given. 

2. ar-y=3. 

If y be transposed in each, they will become 

1. j:=14-y 
t. «=2-fy. 

Here the first member of each of the equations is a?, and 
the second member of each is equal to x. But according to 
axiom 11th, quantities which are respectively equal to any 
other quantity are equal to each other ; therefore^ 

2+y=14-y. 

Here we have a new equation, which contains <mly the 
unlmown quantity y. Henoe, 

824. Rule I. To exterminate one of two unknown quan- 
tities, and deduce one equation from two ; Finp the value 

OF ONE OF THE UNKNOWN QUANTITIES IN EACH OF THE EQUA- 
TIONS, AND FORM A NEW EQUATION BV MAKING ONE OF THESE 
VALUES EQUAL TO THE OTHER. 

That quantity which is the least involved should be the 
one which is chosen to be exterminated. 



For the ecmvoiuenGe of re&niog to different part9 of a so- 
lution, the several steps will, in future be numbered. When 
an equation is formed from one immediately preceding^ it will 
be imnecessary to specify it. In other cases, the number of 
the equaticm or equations from which a new one is derived, 
will be referred to. 

Prob. 1. To find two numbers such, that 
Their siun shall be 24 ; and 
The greater shall be equal to five tijyieGr the less* 
Let xcstbe greater ; And y=the lefins. 

1. By the first condition, ir+y=24 > 

2. By the second, £=5y ) 

3. Transp. y in the first equation, ar=24 -y 

4. Making the 2d and Sd equal, 5y =24 - y 

d. And y=^4, the less number 

Prob. 2. ITo find one of two quantities, 
Whose sum is equal to A; and 
The difference of whose squares is equal to d. 

Let «= the greater quantity ; And y=: the less, 

1. By the first condition, x-^-yzzzh \ 

2. By the second, «"-y»=d j 

3. Transp. y* in the 2d equation, «*=d+y^^ 

4. By evolution, (Art. 297.) «= ^(l+y* 

5. Trans, y in the first equation, x^h^y 

6. Making the 4th and 5th equal, ^<l+y» = A - y 

7* Therefore v=— i*. 

^ 2A 

Prob. 3. Given a:r4-&yc& > ,« ^^, . h-ad 

And x+7^d i To find y. Ans. y=^. 

325 The rule g^ven above may be generally applied, for 
the extermin(3ttion of unknown quantities. But there are 
cases in which other methods will be found more expeditious. 

Suppose x=zhy > 
And aa?-J-6ap=:y* J 
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As in the first of these equations x is equal to hf^ we raay 
in the second equation substitute this value of x instead of 
X itself. The» second equation will then be converted into 

ahy'\-bky=:y*. 

The equality of the two sides is not affected by this altern- 
ation, because we only change one quantity x for another 
wliich is equal to it. By this means we obtain an equati<») 
which contains only one unknown quantity. Hence, 

326. Ruh II. To exterminate an unknown quantity, find 

THE VALUE OF ONE OF THE UNKNOWN QUANTITIES, IN ONE OF 

THE EQUATIONS ; and then in the other equation SUBSTI- 
TUTE THIS VALUE FOR THE UNKNOWN QUANTITY ITSELF. 

Problem 4. A privateer in chase of a ship 20 miles distant, 
sails 8 miles, while the ship sails 7. How far must the pri- 
vateer sail before bhe overtakes the ship ? 

It is evident that the whole distance which the privateer 
sails during the chase, must be to the distance which the 
ship sails in the same time, as 8 to 7. 

Let x=: the distance which the {Mivateer sails : 

And v=r the distance which the ship sails. 

1. By the supposition, 2r=y-f-20 > 

2. And also, a; : y : : 8 : 7 ) 

8. Art. 188, y=fa? 

4. Substituting t for y» ^ the 1st equation, x=zix'\'20 

5. Therefore, a: =160. 

Prob. 5. The ages of two persons, ^ and J9, are such that 
seven years ago, A was three times as old as B; and seven 
years hence, A will be twice as old as B, What is the age 
of J?? 

Let 0?= the age of A; And y=:the age of B* 

Then « - 7 was the age of j3, 7 years ago ; 
And y - 7 was the age of B, 7 years ago ; 
Also x-1-7 will be the age of .3, 7 years hence ; 
And y^7 will be the age of By 7 years hence. 

1. By the first condition, a;-.7=3x(y-7)=3i/-21 ^ 

2. By the second, 0:4.7=2 x {y4-7) = %+I4 J 

3. Transp. 7 in the 1st equa. a?=3y - 14 

4. Subst. 3y- 14 for a?, in the 2d, 3i/ - 14+7=2y+14 
6. Therefore, y=^h the age of B, 
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Fkpb. 8. There are two numbeis, q£ whieli. 

The greater is to the less as 3 to i ; aad 
Their sum is the 6th part of their product 

What is the less number 1 Ans. 10. 

SS7. There is a third method of exterminating an unknowR 
quantity from an equation, which in many cases, is preferable 
to either of the preceding. 

Suppose that a;4-Sy=a > 
And is-Syz=zbl 

If we add iog^her the first members of these two equa- 
tiotts, and also tne second members, we shall have 

2af=:a+hf 

an equation which contains only the unknown quantity x. 
The other, having equal co-efficients with contrary signs, has 
disappeared. (Art. 77.) The equality of the sides is preserved 
because we have only added equal quantities to equal quan- 
tities. 

Again, suppose Sx-\-y=h > 
And ^'{•■yz^d ) 

If we tubtract the last equation from the first, we shall have 

where y is exterminated, vrithout afiecting the equality of 
the sides. 

Again, suppose a?-2j/=:a ) 

And x+4y=b > 

Multiplying the 1st by 2, 2x - 4y =2a 

Then adding the 2d and Sd, 3ar=:6+2a. Hence, 

S28. Rule III. To exterminate aju unknown quantity, 

MULTIPLY OR DIVIDE the equations, if necessary, 

IN SUCH A MANNER THAT THE TERM WHICH CONTAINS ONE 
or THE UNKNOWN QUANTITIES SHALL BE THE SAME IN BOTH. 

* Then SUBTRACT one equation from the other, 

IF THE BIGNS OF THIS UNKNOWN QUANTITY ARE ALIKE, 
OR ADD THEM TOGETHER, IF THE SIGNS ARE UNLIKE. 

It must be kept in mind that bojLb members of an equa- 
tion are always to be increased or diminished, multiplied oi 
divided alike. (Art. 170.) 
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Prob. 7. The aumben in two ofpotang aninies are «vk^ 
that. 

The sum of both is 21110 ; and 

Twice the number in the greater army, added to ibiem 
times the number in the less, is 52219. 

What is the number in the greater army 1 

Let x=: the greater. And y= the less. 

1. By the first condition, «-fy=21110 ) 

2. By the second, 2ar-f3y=r 52219 ) 
8. Multiplying the 1st by S, 3«4-Syt=63S30 
4. Subtracting the 2d from theSd,a;= 111 11. 

Prob. 8. Given 2«+y=16, and Sar-3y==6, to find the 
ralue of x. 

1. By supposition, 2a?4-y=16 > 

2. And Ss-3y:=:6 5 
8. Multiplying the 1st by 8, 6x+Sysx48 
4. Adding the 2d and 3d, 9x=:54 

6. Dividing by 9, x=:6. 

Prob. 9. Given ar+y=14, and ar-y=2, to find the value 
0f y. Ajqs. 6. 

In the succeeding problems, either of the three rules 
for exterminating unknown quantities will be made use of, as 
will in each case be most convenient 

329. When one of the unknovm quantities is determined, the 
other may be easily obtained, by going back to an equation 
which contains both, and substituting instead of that which 
is already found, its numerical value. 

Prob. 10. The mast of a ship consists of two parts : 

One third of the lower part added to one sixth of the 
upper part, isr equal to 28 ; and. 

Five times the lower part, diminished by six times the 
upper part, is equal to 12. 

What is the height of the mast t 
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Let x=A the lower part ; And yss ihe upper port 

1. By (lie first condition, i^+iy=S8 > 

8. By the second, 5x - 6y= 1* ) 

5. Multiplymg the 1st by 6, 2x4-y^l68 
4. Dividing the 2d by 6, ix-y=i 

6. Adding the 3d and 4th, tx-^ixszllO 

6, Multiplying by 6, Ux-^5x^l020 

If. Uniting terms and dividing by 17, «= 60, the lower part. 

• « 

Then by the Sd step, 2x+y = 1 68 

That is, substituting 60 for x, 120+jf 3= 168 [per part. 

Transposing 120, y=168- 120=:48^ the up. 

Prob. II. To find a fraction such that. 

If a unit be added to the numerator, the firaction will be 
equal to { ; but 

If a unit be added to the denominator, the fi'action will be 
•qual to |. 

Let xss the numerator, Andys the den<miinator« 
1. By the first condition, *+*-x 

By the second. 

S» Therefore s=:4, the numerator. 

4. And y==15, the denominator. 

Prob. IS. What two numbers are those. 

Whose difference is to their sum, as 2 to S » and 
Whose sum is to their product as S to 5 1 

An& 10 and 2. 

Ph>b. IS. To find two numbers sQch, that 

The product of their sum and dUSereDCt shall be 6, and 
The product of the sum c( their squares and the difier 
ence of their squares shall be 65. 

Let x=r the greater number ; And y s the lesa 
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1. By the ifirt condition, (»+y) X (« - y) ==* } 

2. By the second, {«*+»') X («*-»*)= 65 « 

8. Mult, the factors in the 1st, (Art. 235,) af -y'=5 

4. Dividing the 2d by the Sd, (Art. 1 18,) a?+y"= 1* 

5. Adding the Sd and 4th, 2jc*= 18 

6. Therefore «=8, the greater number, 

7. And y=2, the less. 

In the 4th step, the first member of the second equation m 
divided by c*-^, and the second member by 5^ which it 
equal to^-y*. 

Prob. 14. To find two numbers whose diflference is 8, and 
product 240. 

Prob. 15. To find two numbers, 

Whose difference shall be 12, and 
The sum of their squares 1424. 

Let x=:z the greater ; And yzs the less. 

1. By the first conditi(»i, x-y=12 > 

2. By the second, c*-fy^=:1424 ) 

S. Transposing y in the first, «=:y>|>i2 

4. Squaring both sides, £'=:y*-{-24y4.144 

5. Transposing y* in the second, ^=: 1424 - y' 

6. Making the 4th and 5thequal,y'+24y+ 144= 1424 --y* 

7. Therefore y=s - 6iv(676) = - 6±26 

8. And jr=y+12=20-f 12=32. 

EaUATIONS WHICH CONTAIN THREE OR MORE 

UNKNOWN aUANTITIES. 

330. In the examples hitherto given, each has contained 
no more than two unknown quantities. And two indepen- 
dent equations have been sufficient to express the conditions 
of the question. But problems may involve three or more 
unknown quantities ; and may require^ for their solution as 
many independent equations. 



Suppose X- 
And X- 
And x^ 



+y+2r=12 ) 
--2y-22r=10S 
-•y-.«=4 ) 



are given to find, x, y, and e, 

y 
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FlTQBi tliese three eqiiatk»i£^ two odieis may be derhed 
which shall contain only two unknown quantities. One of 
the three in the original equations may be extenninated, in 
the same manner as when there are, at first, only two, by the 
rules in Arts. 3S4, 6, 8. 

In the equations given above, if we transpose y and z, we 
shall have. 

In the first, «=12-y-2: 
In the second, dpr=10- 2y-\'2z 
In the third, « = 4 - y+« 

From these we may deduce two new equations, from which 
X shall be excluded. 

By making the 1st and 2d equal, 1 2 - y - 2r= 10 - 2y4-2;r > 
By making the 2d and Sd equal, 1 - 2y4.2« = 4 - y-f* 5 

Reducing the first of these two, y=32 - 2 
Reducing the second, y=:z^6 

From these two equations one may be derived containing 
only one unknown quantity 

Making one equal to the other, 3z- 2=2r-4-6 
And 2:=:4. Hence, 

SSI. To solve a problem containmg three unknown quan 
titles, and p'oducing three independent equations, 

First, from the three equations deduce two con* 
taining oni^t two unknown quantities. 

Then, from these two deduce one, containing only 

ONE unknown quantity. 

, For making these reductions^ the rules already given are 
suiBcient. (Art. S24, 6, 8.) 

Prob. 16. Let there be given, 

1, The equation x-\-5y-]'Qz=5S J 

2. And x+Sy+Sz=iSO\ To find x, y, and z. 
S. And x-{-y-{-zz=l2 ) 

From these three equaticms to derive two, containing only 
two unknown quantities, 

4. Subtract the 2d from the 1st, %4.3^=2S > 

5. Subtract the Sd from the 2d, 2y4-l^= 18 ) 

From these two, to derive one, 
6. Subtract the 5th from the 4th, 2=5. 
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To find X and y, we have ditly to take tiEieir valiMi tifom 

(he third and fifth eqimtions. (Art. 329.) 

7. Reducuxg the fifth, yzs9^zz=:9-6s::4 

8. Transposing in the third, a;=12"rz-y£=12-6-^4s8 

Prob. 17. To find x, y, and «, torn 

1. The equation a?4-y-f-^=:12 

2. And x+2y+Sz:=z20 
S. And i«+iy+4r=s6 

4. Multiplying the 1st by S, Sx+3y+Sz=i$6 

5. Subtracting the 2d from the 4th9 2ar-f-y=sl6 

6* Subtracting the Sd from the 1st, «-ia;-|-jf-iy=6 

7« Clearing the 6th of fractions, 4a;-f %:=;36 ) 

8. Multiplying Ae 5th by 3, Qx-\-3yz=4S J 

9. Bubtracting the 7th from the 8th, 2d;3sl2. And 0^=6. 

10. Reducing the 7th, y=:?izi?=*izl*=4. 

9 3 

11. Reducing the Ist, 4:=12-d;-y=;=12-6*^43s2. 

In this example all the reductions have been made aooor* 
ding to the third rule for exterminating unknown quantities.-^ 
(Art 328.) But either of the three may be used at pleasure, 

332. A calculation may often be very much abridged, by 
the exercise of judgment in stating the question, in selecting 
the equations from which others are to be deduced, in simdi- 
fjring fractional expressions, in avoiding radical quantities, 
&;c. The skill which is necessary for this purpose, however, 
is to be acquired, not from a efBietn of ndes, but from prac- 
tice, and a habit of attention to the pecutiarities in the eon^ 
ditions of different problems, the variety of ways in which 
the same quantity may be expressed, the numerous forms 
whkh equations may asBume, &c. In many of the examples 
in this and the preceding sections, the processes might have, 
been shortened. But the object has been to illustrate gen- 
eral principles rather than to furnish specimens of expeditious 
solutions. The learner will do well, as he passes along, to 
exercise his skill in abridging the calculations which are 
here given, or substituting others in their stead. 



c 1. a?4*y=^) 

Prob. 18. Given <2. »4*^==^r To find s, y and z. 

An0. «= — 2 — Andy= g — Andz= g — * 

Prob. 19. Three persons ^y B^ and C, purchase a horas 
for 100 dcdlars, but neither is able to pay for the whole* 
The payment would require, 

The whole of •fl's money, together with half of JB*s; or 

The whole of jB's, with one third of Cs ; or 

The whole of (?s, with one fourth of •fl's. 

How much money had each % 



Let xdzJpQ 






z=t(7e 


y=-B*» 






a=100 


By the first condition. 






x+iy-a 


By the second. 






y+iz=:a 


By the third. 






r-f-Jarrro 


Therefore a?=r64. 


y= 


=72, 


z=84. 



333. The learner must exercise his own judgment, as to 
the choice of the quantity to be first exterminated. It will 
generally be best to begin with that wliich is most free firom 
co-efficients, firactions, radical signs, &c. 

Prob. 20. The sum of the distances which three person^ 
Jiy By and C, have travelled, is 62 miles ; 

jPs distance is equal to 4 times Cs, added to twice jB^s ; and 
Twice •fl's added to 3 times J^s, is equal to 17 times (?s. 

What are the respective distances ? 

Ans. .5's, 46 miles ; JB*s, 9 ; Cs 7, 

Prob. 21. To find ar, y, and Zy from 

The equation iar4-8y+4^=62 

And iar+iy+i«=47 

And iar+iy+i«=:S8 

Am. x^iA y— 60. tr=120. 

ray=600) 
Prob. 29. Given \ x^zr300 > To find ar, y, and t. 

('y«=200) 

Ans. T=30, y=20. z=rlO. 



i 



^1 
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3S4. The same method which is employed for the reduc- 
tion of three equations, may be extended to 4, 5, or any num- 
ber of equations, containing as many unknown quantities 

The unknown quantities may be exterminated, one after 
another, and the number of equations may be reduced by 
successive steps from five to four, from four to three, from 
three to ivfo, &e. 

Prob. 23. To find v, or, y, and Zy fr(»n 

1. The equation iy-^z-^-iwzziS \ 

2. And ar4-i/4-««=9 f rWi^ ^«„«,*' -« 
S. And xXy+z=n > ■'^ «l«ftt««w- 



4. And X' 



•w+z— 10 



6. Clear, the 1st of frac. y-f-2^+^-=^^ 

6. Subtract. 2d from 3d, r- tf=3 ^ Three equations 

7. Subtract. 4th from Sd, y - w=2 

8. Adding 5th and 6th, y+Sz^l9 > «,^^ ^«„«*:^„, 

9. Subtr^^t. 7th from 6th, %+z= 1 J '^^ equations. 

10. Addmg 8th and 9th, 4^=20. Or z=5 ) 

11. Transp. in the 8th, y=19 -3z=4 f Quantities 

1 2. Transp. in the 3d, a:=12-y-z=S I required. 
IS. Transp. in the 2d, iir3:9 -dp-y=s2 3 

Sw-|-50=:ar ^ 
ylll20=2? [ '^^ ^^ ^' *' y, and «. 
«+195=3w) 
Answer. tt=100 y=90 

«=160 Z:=zl05. 

Prob. 25. There is a certain number consisting of two 
digits. The left-hand digit is equal to 3 times the right- 
hand digit; and if twelve be subtracted from the number 
itself, the remainder will be equal to the square of the left- 
liand digit. What is the number ? 

Let x=z the left-hand digit, and y= the right hand digit, 

As the load value of figures increases in a ten-fold ratio 
from right to left ; the number required = 10Jt-^-y 

By the conditions of the problem jr=:3y > 

And 10a:+y-12=a^ > 

The required number is, therefore, 93. 
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Prob. 26. If a certain number be divided by the ^odnct 

of its two digits, the quotient will be 2 ; and if 27 be added 
to the numbei^ the digits will be inverted. What is the 
number? Ans. S6. 

Prob. 27. There are two numbers, such, that if the less be 
laken from three times the greater, the remainder will be 36 ; 
and if 4 times the greater be divided by 3 times the less 4-U 
the quotient will be equal to the less. What are the numbers t 

Ans. 13 and 4. 

Prob. 28. There is a certain fraction, such, that if 3 be 
added to the numerates, the value of the fraction will be i ; 
but if 1 be subtracted from the denominator, the value will 
be i. What is the fraction 1 * 4^ 

Prob. 29. A gentleman has two horses, and a saddle which 
is worth ten guineas. If the saddle be put on the first horse, 
the value of both will be double that of the second horse ; but 
if the saddle be put on the second horse, the value of both 
will be less than that of the first horse by 13 guineas. What 
is the value of each horse t 

Ans. 56 and 33 guineas. 

Prob. 30. Divide the number 90 into 4 such parts, that the 
first mcreased by 2, the second dvmkmhed by 2, the third mid- 
fiplkd by 2, and the fourth divided by 2, shall all be equal. 

If Xy y, and r, be three of the parts, the fourth will be 
90 - « - y - 2:. And by the conditions, 

d:-{-2=y-2 

x+iz=i2z 

2z=^2zJLJL:± 
2 

The parts required are 18, 22, 10, and 40. 

Prob. 31. Find three numbers, such that the first with } 
the sura of the second and third shall be 120 ; the second with 
i the difference of the third and first shall be 70 ; and i the 
sum of the three numbers shall be 95. 

Prob. 32. What two numbers are those, whose difference, 
sum and product, are oa the numbers 2, 3, and 5 1 

l^i^ Ans. 10 and 2. 
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Prob SS. A vrntoer b(M at one Iteie, 20 dozen of port 
vine, and SO dozen of sherry ; and for the whole received 
120 guiueas. At another tune, he sold SO dozen of port and 
25 dozen of sherry, at the same prices as before ; and for the 
whole received 1 40 guineas. What was the jNrice of a dozen 
of each sort of wine 1 

Ans. The port was 3 guineas, and the sherry 2 gmneas a 
dozen. 

Prob. S4. A merchant having mixed a certain number of 
gallons of brandy and water, found that, if he had mixed 6 
gallons more of each, he would have put into the mixture 7 
gallons of brandy for ev^ry 6 of water. But if he had mixed 
6 less of each, he would have put in 6 gallons of brandy for 
every 5 of water. How many gallons of each did he mix 1 

Ans. 78 gallons of brandy and 66 of water. 

Prob. 35. What fraction is that, whose numerator being 
doubled, and the denominator increased by 7, the value be- 
comes f ; but the denominator being doubled, and the nume- 
rator increased by 2, the value becomes f 1 Ans. f. 

Prob, 36. A person expends 30 cents in apples ami pears, 
giving a cent for 4 apples and a cent for 5 pears. He after- 
wards parts with half his apples and one third of his pears, 
the cost of which was 13 cents. How many did he buy of 
each t Ans. 72 apples and 60 pears.* 



335. If in the algebraic statement of the conditions of a 
problem, the original equations are more niunerous than the 
unknown quantities ; these equations will either be contra^ 
dietary f or one or more of them will be svperfiuous. 

Thus the equations < i^Zon ( ^^ contradictory. 

For by the first a; =20, while by the second, a: =40. 
But if the latter be altered, so as to give to x the same value 
as the former, it will be useless, in the statement of a 



* For more examples of the solution of problems by Mjuationa, see £uler*B 
Algebra, Part I, Sec. 4 ; Simpson's Algebra, Sec 11 ; SimMon's Exercises ; 
Maclaurin's Algebra, Part I, Chap. 2 and 13 ; Emerson's Algebra, Book II, 
l^c I ; Saunderson's Algebra, Book 11 and 131; Dodaon's MttthematicBl Bi* 
positor/i and Blanti's Algebraical Problems^ 
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problem. For iK>thing can be detennined from the one, 
which cannot be from the other. 

4^ — 10 ( ^^^ ^ superfluous. 

For either of them is sufficient to determine the yalue of x^ 
They are not independent equations. (Art. 322.) One is 
convertible into the other. For if we divide the 1st by 6, it 
will become the same as the second. 

Or if we multiply the second by 6, it will become the same 
as the first. 

SS6. But if the number of independent equations produc- 
ed from the conditicms of a problem, is Use than the number 
of unknown quantities, the subject is not sufficiently limited 
to admit of a definite answer. For each equation can limit 
but one quantity. And to enable us to find this quantity, all 
the others connected with it, must either be previously known, 
or be determined from other equations. If this is not the 
Cj8L9e, th^e will be a variety of ajoiswers which will equally 
satisfy the conditions of the question. If, for instance, in 
the equation 

a?+y=100, 

a? and y are required, there may be fifty difierent answers. 
The values of x and y may be either 99 and 1, or 98 and 2> 
or 97 and 3, &c. For the sum of each of these pairs of 
numbers is equal to 100. But if there is a second equation 
which determines one of these quantities, the other may then 
be found from the equation already given. As a:-f-J/=l^> 
if a: =46, y must be such a number as added to 46 will make 
100, that is, it must be 54. No other number will answer 
this condition. 

337. For the sake of abridging the solution of a jwoblcm, 
however, the number of independent equations actually put 
upon paper is frequently less, than the number of unknown 
quantities. Suppose we are required to divide 100 into two 
such parts, that the greater shall be equal to three times the 
less. If we put x for the greater, the less will be 100 - x. 
(Art. 195.) 

Then by the supposition, «=:300 - Sa?. 

Transposing and dividing, x = 75, the greater. 

And 100 - 75=25, the less. 
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Here, two imknowa quantities are found, although there 
appears to be but one independent equation. The reason of 
this is, that a part of the solution has been omitted, because 
it is so simple, as to be easily supplied by the mind. To 
have a view of the whole, without abridging, let «= the 
greater niunber, and y=z the less. 

1. Then by the supposition, a:+y=100> 

2. And 3y=a? J 
S. Transposing x in the 1st, y =100 - a: 

4. Dividing the 2d by 3, y= Jar 

5. Making the 3d and 4th equal, ^xz=z 100 - x 

6. Multiplying by 3, a?=300-3iF 

7. Transposing and dividing, «=76, the greater. 

8. By the 3d step, y=100~«2=2^ theless. 

By comparing these two solutions with each other, it will 
be seen that the first begins at the 6th step of the latter, all 
the preceding parts being omitted, because they are too sim* 
pie to require the formality of writing down. 

Prob. To find two numbers whoi^ sum is 30, and the dif* 
ference of their squares 120. 

Leta=:30 i=:120 

ar= the less number required. 

Then a^x=. the greater. (Art. 195.) 

And a*- 2(m:+«*= the square of the greater. (Art. 214.) 

From this subtract a^y the square of the less, and we shall 
have a*^2ax=z the difference of their squares. 

Therefore. .=^=»^0=1S. 

2a 2x30 

338. In most cases also, the solution of a problem which 
contains many unknown quantities, maybe abridged, by par- 
ticular artifices in substituting a single letter for severaL 
(Art. 321.) 

* Suppose four numbers, w, a?, y and z, are required, of which 

The sum of the three first is 13 

The sum of the two first and last 17 

The sum of the first and two last 18 

The sum of the three last 21 



♦ Ludlam's Algebra, Art. 161. c 
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Then 1. u-^w+y=ili 

S. tt-|-y-<{-jr=18 
4. 4P+y+ar=21. 

L^t S he Bubetituted for the turn of the four number^ that 
i«, for u^x-^-y-^z. It will be seen that of these four equa- 
tions, 

The first contains all the letters except z^ that is, £f - z=s. 13 
The second contains all except y, that is, i9-y:=17 

The third contains all except Xy that is, S^ ar=18 

The fourth contains all except u, that is jS- ii=SL 

Adding all these equations together, we have 

4S-2r-y-«-u=69 
Or 4S- (2r+y+ff+t*)=69 (Art. 88. c.) 
But iS= (a^+y+af+v) by substitution. 
Therefore, 4S - 5= 69, that is, SS= 69, and S= 2S. 

Then putting 23 for S^ in the four equations in which it 
18 first introduced, we have 

2S-z=131 rz=23 -13=10 

23 .y=17 I Therefore J y=^ " ^^=^ 
2S-ar=18 p'^^^'^^^i a?=23-18=5 

23-11=21 J [tt=23-21=2. 

Contrivances of this sort for facilitating the solution of 
particular problems, must be left to be furnished for the occa- 
sion, by the ingenuity of the learner. They are of a nature 
not to be taught by a system of rules. 

' 339. In the resolution of equations containing several un- 
known quantities, there will often be an advantage in adopt- 
ing the following method of notation. 

The co-efficients of one of the unknown quantities are 
represented, 

In the first equation, by a single letter, as a. 

In the second, by the same letter marked with an accent, as a^ 

In the thirdy by the same letter with a double accent, as a^^,&c. 

The co-efficients of the other unknown quantities, are re- 
presented by other letters marked in a similar manner ; as are 
also the terms which consist of knovm quantities only. 
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Two equations containing the two linknown quantities 2 
and y may be written thus, 

ax-^-by^c 

TVee equations containing Xy y, and z^ thu8| 

ox-\'by'^'Cz^d 

afx+h'y+</zz=zdf 

a''x+b''y+c''zz=:d'\ 

Four equations containing x^ y^ Zy and «» tlius^ 

ax-\'by'{^Z'^du^ e 
afx+b'y+c'z+d'u=:e' 
a''x+b''y+(/'z+d''u=e'' 
a'''x+b'''y+(/''z+d'''uz^e''\ 

The same letter is made the co-efficient of the same un« 
known quantity, in different equations, that the co-efficients 
of the several unknown quantities may be distinguished, in 
any part of the calculation. But the letter is marked with 
different accents^ because it actually stands for different quan* 
titles. 

Thus we may put a=4, a^z^e, o''=10, a'^^=«0, &c. 

To find tlie value of x and y. 

1. In the equation, ax-^-by^zc > 

8. And a'x+b'y^ze'S 

S. Multiplying the 1st by 6',(Art. S28.)ab'x+Wy=:cy 

4. Multiplying the Sd by 6^ bafx+bb'yz^bi/ 

5. Subtracting the 4th from the Sd, ab^x - bafx:szct/ - bef 

6. Dividing by ab'^ba\ (Art. 121.) x^^^JZ^ 

ab^- ba' 

By a similar process, y— ^^^ 

The synmietry of these expressions is well calculated to fix 
them in the memory. The denominators are the same in 
both ; and the numerators are like the denominators, except 
a change of one of the letters in each term. But the par^ 
ticular advantage of this method is, that the expressions here 
obtained may be considered as general ^ohiHont, which give 
the values of the unknown quantities, in other equations, of 
a similar nature. 



TiuM if 104B+6y£=100 > 

And 40a;4-4y=s200 5 
Thea puttiiiga^ilO b=z6 <;:r:100 

a'=40 t'=4 c"=:200 

We hare ,^^p^^^OOx4^&XiO0^^ 

ajy^baf 10x4-6x40 

And q</-co^ _ 10x200- 100x40 .f, 

^ ai/'-baf 10x4-6x40 

The equations to be resolved may, originally, consist of 
more dian three terms. But if they are of the firit degiee^ 
and have only two unknown quantities^ each may be reduced 
to three terms by substitution. 

Thus the equatiim d» * 4«-(»Ay - 6y ssefii-|*8 

Is the same, by Art 120, as (i2-*4)a;4-(&- 6)ys=:fli-f 8. 
And putting a=:c2-4^ &=&*6, c=:iii+6 

It becomes aap4-^=<^«* 

DEMONSTRATION OF THEOREMS. 

340. Equations have been applied^ in this and the preced- 
ing sections, to the solution of problems. They may be em- 
.jdoyed with equal advantage, m the demonstration of theth- 
rem$. The principal difference, in the two cases, is in the 
order in which the step are arranged. The operations them- 
selves are substantially the same. It is essential to a demon- 
stration, that com[rfete certainty be carried through every 
part of the process. (Art. 11.) This is effected, in the re 
auction of equations, by adhering to the general rule, to make 
no alteration which sAiall affect the value of one of the mem- 
bers, without equally increasing or diminishing the other. 
In applying this principle, we are guided by the axioms laid 
down in Art. 63. These axioms are as appUcable to the de- 
monstration of theorems, as to the scdution of prdi>lem8. 

But the order of the steps will generally be different. In 
solving a problem, the object is to find the value of the un- 
known quantity, by disengaging it from all other quantities. 
But, in conducting a demonstration, it is necessary to bring 

* For the appUcation of this plan of notation to the eolation of eqnatioQs 
which contain more than two unknown quantities, see LaCroix*s Algebra, Art. 
85 ; Maclaurin*8 Algebra, Part I. Chap. 12 ; Fenn's Algebra, p. 57 ; and a 
paper of Laplace, in the Memoirs of the Academy of Sciences for 1778» 
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the equation to that particular form wfaidb will expresB, is 

algebraic terms, the proposition to be proved. 

Ex. 1. Theorem. Four times the product of any two 
numbers, is equal to the square of their sum, diminished by 
the square of their difference. 

Let a;= the neater number, 53 their sum, 

yss the kss, dz=: their difference. 

Demonstration. 

I. By the notation a?-|-y=« ? 

i. And a?-y=d J 

5. Adding the two, (Ax. 1.) ix=S'\-d 
4. Subtracting the 9A from the Ist, %==« - d 

6. Mult. 8d and 4th, (Ax. S.) 4«y = (e+d) X (« -^ 
6. That is, (Art. 235.) 4j:y =«« - (f 

The last equation expressed in words is the proposition 
which was to be demonstrated. It will be easily seen that 
it is equally applicable to any two nUJtnbers whatever. For 
the particular values of x and y will make no difference in 
the nature of the proof. 

Thus4x8x6=(8+6)«-(8-6)*=192. 

And4xlOxe=(10+6)«-(10-6)«=240. 

And4xl2xlO=(12+lO)»-(12-10)«=480. 

« 

Theorem 2. The sum of the squares oi any two numbers is 
equal to the square of their difference, added to twice their 
product. 

Let xz=z the greater, dsz their difierence. 

y= the less, p=s their pioduct. 

Demomiration. 

1. By the notation x^y=d} 

2. And xy=p ) 

3. Squaring the first 3^''2xy^j^^d^ 

4. Multiplying the second by 2 2«y=2p 

5. Adding the third and fourth ar^+y' ={P-|-2p. 

Thus 10»+8«==(10-8)»+2xl0x8=164. 

341. General propositions are also discovered^ in an expedi- 
tious manner, by means of equations. The relations of 
quantities may be presented to our view, in a great variety 
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df way9 by ihd several changes f nrCKigh whkh a gbeti equ&i^ 
ti6ii may be made io pass. Each step m the ^procem will 
eontam a distinct propositioii. 

Let s and d be the sum and difTerence of two quantities m 
and y, as before. 

1. Then #=x+y} 

S. And dzsx^y) 

S. Dividing the first by S, l^~|«+}9 

4. Dividing the 2d by 2, i<2=ix-|y 

5. Adding the Sd and 4th, i9+ids=ij;-f }«=:« 

6. Sub. the 4th from the Sd^ i«-i^-iy+fy=y« 
That is, 

HcUfthe differefnce ofheo quantities^ added to half their wm, U 
equal to the greater ; and 

Half their d^erenee eubtractedjirom hdff their mm, %» eqwd t§ 
theleee. 



SECTION XII. 



RATIO AND PROPORTION.* 



Art. 342. THE design of mathematical investigations, le 
to arrive at the knowledge of particular quantities, by com- 
paring them with other quantities, either equal to, or greater 
or Use than those which are the objects of inquiry. The end 



*» Eae1jd*b Elements, Book 5, 7, 8. Eider^ Algebm, Pan I. See. S. fimersoa 
on Proportion. Caitios* Geometry, Book III. Ludlam's Mathematics. Wallifl^ 
Algebra, Chap. 19, 20. Saunderson's Algebra, Book 7. Barrow^s Mathema- 
tical Lectures. Analyst for March, 1814. Port Royal Art of Thinkinf^^, Part 
'V. Ch. It. iQ 
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k ouHt Dommofily aAuyoed by means of a 8«des irf e yiaH > wtf 
and jmpcf^iofw. Whea we make use of equation^ we deter-* 
mine toe quantity sought, by diaooveniig its efiudUy with 
Home other quantity or quantities already known* 

We have frequent occasion, however, to compare the un* 
known quantity with others which are not equal to it, but 
either greater or less. Here a different mode of proceeding 
becomes necessary. We may inquire, either how tnuA one 
of the quantities is greater than tne other ; or how fkoqf times 
the one contains the other. In finding the answer to either 
of these inquiries, we discover what is termed a ratio of the 
two quantities. One is called arithmeHad and the other geo* 
metrioti lutio. It 4iould be ^beervisd, however, that M>th 
these terms have been adopted arbitrarily, merely for dis- 
tinction's sake. Arithmetical ratio, and geometrical ratio are 
both of them applicable to arithmetic, and both to geometry. 

As the whole of the extensive and important subject of pro- 
portion depends upon ratios, it is necessary that these should 
be cleariy and fiiliy understood. 

S43. Arithmetical ratio U the difference behDeen two 
quandties or sets ofqwmtiHes. The quantities themselves are 
caUed the terms of the ratio, that is, the terms between which 
the ratio exists. Thus 2 is the arithmetical ratio of 5 to S. 
This is sometimes expressed, by placing two points between 
the quantities thus, 5 . . 3, which is the same as 6 -3. Indeed 
the term arithmetical ratio, and its notation by points, are 
almost needless. For the one is only a substitute for the word 
difference^ and the other kg tbi itgn -*•. 

344. If both the terms of an arithmetical ratio be mtitiplied 
or divided by the same quantity, the ratio will, in effect, be 
multiplied or divided by that quantity. 

Thus if a'-b=zr 

Then mult, both sides by h, (Ax. S.) ha-hb=J^ 

a b r 
And dividing by fc, (Ax. 4.) r - T=t 

345. If the terms of one arithmetical ratio be added to, or 
subtracted from, the corresponding terms of another, the ratio 
of their sum or difference wfll be eqval to the sum or diffinr- 
ence of the two ratios. 
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* And d- A ( *^® ^^® ^^® ratios, 
Then (o+d) -(*4-A) = (a-6)+ (rf- A). For each =a4-rf-&-Jk 
And (a-d[)-(6-A) = (a-6)-.(<i^fc). Far each =:i»-d^»+k 
Thus the anih. ratio of 11. .4 is 7 / 
And the ari^ ratio of 5..2isS) 
The ratio of the sum of the terms 16. .6 is 10, the sum of 

the ratios. 
The ratio of the difference of th» terms 6. .3 is 4, the differ* 
ence of the mtios. 

846. GEOMETRICAL RATIO is that relation be- 
tween QUANTITIES WHICH IS EXPRESSED BT THE QUO- 
TIENT OP THE ONE DIVIDED BY THE OTHER.* 

Thus the ratio of 8 to 4, is i or 2. For this is the quotient 
of 8 divided by 4. In other words, it shows how often 4 is 
contained in & 

In the same manner, the ratio of any quantity to anoth^ 
may be expressed by dividing the farmer by tt^ latter, or, 
which is the same thing, making the former the muneratcv 
of a fraction, and the latter the aeaominaUw. 

a 
Thus the ratio of a to 5 is r* 

. ^+& 
The ralio of d-J^h to 6+^> '^^ frXc' ' 

547. Greometrical ratio is also expressed by fdacing two 
points, one over the other, between the quantities ocMnpared. 

Thus a : b expresses the ratio of a to 6; and ISi 4 the ratio 
of 13 to 4. The two quantities together are called a eontpUi, 
of which the first term is the anUcederdf and the last, the 
amaequerU. 

548. This notation by pdnts, and the oUier in the form ol 
a fmction, may be exchanged the one for the other, as con- 
venience may require ; observing to make the antecedent of 
the couplet, the niunerator of the fraction, and the consequent 
the denominator. 

b 
Thus 10 : 5 is the same as V ^nd b : i^ the same as ^* 

349. Of these three, the antecedent, the consequent, and 
tlie ratio, any two being given, the other may be found. 
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Let a= the antecedent, c= the coofleqiiei^ rrs the ratia 

a 

By definition r ?=~ ; that is, the ratio is equal to the antece- 
dent dhrided by the consequent. 

Multiplying by e, a:=:cr, that is, the antecedent is equal to 

tne consequent multiplied into the ratio. 

a 
IXviding by r, c=^~, that is, the consequent is equal to the 

antecedent divided by the ratio. 

Cor. 1. If two couplets have their antecedents equal, and 
their consequents equal, their ratios must be equal.^ 

Cor. 2. If, in two couplets, the ratios are equal, and the 
antecedents equal, the consequents are equal ; and if the 
ratios are equal and the consequents equal, the antecedents 
are equal, f 

350. If the two quantities comnpared are equals the ratio is 
a unit, or a ratio of equality. The ^ratio of 3x6 : 18 is a 
unit, for the quotient of any quantity divided by itself is 1. 

If the antecedent of a couplet is greater than the conse- 
quent, the ratio is greater than a unit. For if a dividend is 
^eater than its divisor, the quotient is greater than a unit. 
Thus the ratio of 18 : 6 is 3. (Art 128. cor.) This is called 
h miio of greater ineqmlUy. 

On the other hand, if the antecedent is less than the c(m- 
sequent, the ratio is less than a unit^ and is called a ratio of 
kss insquaUiy. Thus the ratio of 2 : S» is less than a unit» 
because the dividend is less than the divisor. 

351. INVERSE or RECIPROCAL ratio is the ratio 

OF THE RECIPROCALS OF TWO QUAMTfTIBS^ See Art. 49. 

Thus the reciprocal ratio of 6 to 3, is ^ to i, that is i'^. 

a 
The direct ratio of a to i is 7,that is, the antecedent divided 

by the consequent. 

r^ . , ..111116* 

The reciprocal raUo is ^ • jw ^-f- j=-X y =5- 

chat is the consequent b divided by the antecedent a. 



♦ Euclid 7. 6. t EvLC 9. 5. 
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Hence a reciprocal ratio is expressed by mvertmg the fra»* 
Imm which expresses the direct ratio ; or when the natatioii 
k by points, by tnosrHn jf the order of the terms. 

Thus a is to 6, inversely, as 6 to a. 

352. COMPOUND RATIO is the katio of the PRO- 

DUCTS, OF THE CO&BESPOIVniNO TERMS OF TWO OR MORR 
SIMPLE RATIOS.* 

Thus the ratio of 6 : 3, is 2 

And the ratio of 12 : 4, is 3 



The ratio compounded of these is 72 : 12=6. 

Here the compound ratio is obtained by multiplyiiig 
together the two antecedents, and also the two consequents^ 

of the simple ratios. 

So the ratio compounded. 

Of the ratio of a :'h 

And the ratio of ex d 

And the ratio of h:y 

ath 

Is the ratio of ach : (dv^-r^ 

^ bdy 

Compound ratio is not different in its nature from any other 
ratio. The term is used, to denote the origin of the ratio^ in 
particular cases. 

Cor. The compound ratio is equal to the product of the 
simple ratios. 

The ratio of a : 6, is |. 

Tlie ratio of c : d, is ^ 

The ratio of & : y, is ^ 

y 

ach 

And the ratio compounded of these is z^z^ which is the 

My 

produet of the fractions expressing the simple ratios. (Art 
155.) 

S53, If, in a series of ratios, the consequent of each pre- 
ceding couplet, is the antecedent of the following one, the 



♦See Note I. 
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mOw of the fintmit/^teimd to 0^ hst WMtpLenJt^ U tfpud to iktA 
w k ieh i$ campaynded of aU th^inimvenimg ratwt.* 

ThuSf in the series of ratios u : i 

b : t 
e : d 
d:h 

the ratio of a : & is equal to that which is compounded of the 
ratios of a : fr^ of ft : c, of c : d, ctf d : A. For the compound 

ratio by the last article is f_ =? or a : A. (Art. 146.) 

bcdh h 

In the same manner, all the quantities which are both 
antecedents cuid consequents will disappear when the £rac- 
tfanal procluct is reduced to its kywest ienoSf and will leave 
thecwipouiul ratio to beexpffeased by the first antecedent 
and the last consequent. 

S54. A particular class of compound ratios is produced, by 
multiplying a sonple ratio into itselfy or into another eqwid 
ratio. These are termed d^jipUcaiey triflicatey qtuidrupltcat€^ 
&c. according U> the number of multiphcations. 

A ratio compounded of two equal ratios, that is, the square 
of the simple ratio, is called a dtq>licate ratio. 

One coinpounded of lAree, that is, the cube of the simple 
ratio, is calfed tripUeatef &c. 

Ifl a similar manner, the ratio of the iquare roots of two 
quantities, is called a smkdyftUate ratio ; that of the cube 
roots a siAtrij^icate ratio^ &c. 

Thus the simple ratio of a to ft, is a : 6 
The duplicate ratk) of a to i, is a' : 6^ 
The triplicate ratio <^ a to 6^ is i;^ : i' 
The subduplioate ratio of a to i, is j^a : V^ 
The subtriplicate of a to &, is J^a : Jy/b^ &c. 
The terms dvplicatSi triplicate^ &c. ought not to be con- 
founded with doMe, triple, &.c.t 
The ratio of 6 to 2 is 6 : 2=3 

Dofifrfe tUs ratio, that is, tvoiee the ratio, is 12 : 2=6 ) 
TViple the ratio, i. e. three times the ratio, is 18 : 2=9 ) 

^^^^ • 

* This is the p&rticalar case of compound ratio which is treated of in the 
|th book of Evidtd. See tiM •dkiont of SilMOB and f la|r£ur. 

t See Note K. 
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But the diiipUeateT9iiiOfLe.ihe square of the ratioyis 6* : S*ss9 ) 
And the tr^Ucate ralio,ue.the cube of the ratio, is 6' : 2'=::S7 ) 

S55. That quantities may have a ratio to each other, it is 
aeoe q e aj y that tbey should be so^aur of the same natmei ae 
that one can properly be said to be either eqiml to, or gpeater, 
or lean than the other. A foot has a ratio to an inch, for one 
18 twelve times as great as the other. Bat it cannot be said 
that an hour is either shorter €»: longer than a rod ; or tkaA 
an acre is greater or less than a degree. Still if these quan- 
tities are expressed by nunAer$y there may be a ratio between 
the numbers. There is a ratio between the number of min- 
VHes in an hour, and the ntonber of rods in a mile. 

366. Having attended to the nature of ratios, we have next 
to consider in what manner they will be affected, by varying 
one or both of the terms between which the comparison is 
made. It must be kept in mind that, when a direct ratio is 
expressed by a fraction, the antecedent of the couplet is always 
the numeratoTy and the conseqtient the denoininatar. It will 
be easy, then, to derive from the properties of fractions, the 
changes produced in ratios by variations in the quantities 
compared. For the ratio of the two quantities is the same as 
the value of the fractions, each being the quoUarU of the 
numerator divided by the denominator. (Arts 1S5, 346.) 
Now it has been shown, (Art. 137,) that multiplying the 
numerator of a fraction I^ any quimtity, is multiplying the 
value by that qu».ntity ; and that dividmg the numeratcM: ia 
dividing the value. Hence, 

357. Multipk/mg the anteeedeiU o/a tmij^t by any qumtity^ 
ie muUiplying the rafte by that quantity ; cmi dividmg the ante^ 
cedent is dimding the ratio. 

Thus the ratio of 6 : 2 is 3 
And the ratio of S4 : 2 is 12« 

Here the antecedent and the ration in the last couplet, are 
each four times as great as in the first. 

The ratio of a : 6 is * 
And the ratio of tui : ft is !^ 
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Cor. With a giren consequent, the greater the ankeedmdy 
the greater the ratio ; and on the other hand, the greater the 
ratio^ the greater the antecedent.* See Art. 137. eor. 

S58. Mul^Mi^ the consequent of a cofxplei by mvg mMnOdy 
if, fn effeety dividing the ratio by thiU qaantity ; md ^M^ the 
eomequent ia nndiiplying the ratio. For mukif^ying the denom« 
inator of a fraction, is dividing the value ; and dividing tfatt 
llfisnominat<»r is multiplying the value. (Art. 138.) 

Thus the ratio of 12 : 2, is 6 
And the ratio of 12:4, is S» 

Here the consequent in the second couplet, is twice as greats 
and the ratio only half as great, as in the first. 

The ratio of a : 6 is ~ 

b 

And the ratio of a : nb, is ^, 

nb 

Cor. With a given antecedent, the greater the consequent, 
the less the ratio ; and the greater the ratio, the less the con- 
sequent, f See Art. 138. cor. 

359. From the two last articles, it is evident that rnidHph/- 
ing the antecedent of a couplet, by any quantity, will have the 
same effect on the ratio, as dhndk^ the consequent by that 
quantity; and dmding the anteeedenty wiU have the same 
effect as mMpbfing the consequent. See Art. 139. 

Thus the ratio of 8 : 4^ is 2 

Mult, the antecedent by 2, the ratio of 16 : 4, is 4 
Divid. the cixisequent by 2, the ratio of 8:2, is 4. 

Cor. Any factor or divisor may be transferred, fiom the 
antecedent of a couplet to the consequent, or from the conse- 
quent to the antecedent, without altering the ratio. 

It must be observed that, when a leictor is thus transferred 
ftcm one term to the other, it becomes a diviscnr ; and when 
a divisor is transferred, it becomes a factor. 

Thus the ratio of 3x6 : 9=2 > , .. 

Transferring the factor 3, 6 : f =2 J ^*^^' ^^^^ ^^^^^ 



* EttcUd 8 and 10. 5. The first part of the propositions. 
t Eudid 8 and 10, 5. The last part of the propoaitions. 
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The ratio of -^ : 6=— ^6=1j- 

; Transferring y ma : iy =f7ia-f-&yr= tj- 

,. Transferring m, a:— =a^:^=-^ 

S60. It is farther evident, from Arts. 357 and S58, tliat iw 

TBE AUTECEDENT AND CONSEQUENT BE BOTH MULTIPLIED, 
Oa BOTH DIVIDED, BV THE SAME QUANTITY, THE RATIO WILL 

HOT BE ALTERED.* See Art. 140. 

Thus the ratio of 8 : 4=2 ^ 

Mult, both terms by 2^ 16 : 8=2 > the same ratio. 

Divid. both terms by 2, 4:2=2; 

a 
The ratio of a : 6r=r 

__,.,.,, , ^ ma a ^ 

Multiplying both terms by m, ma : mb=z—,T=T > 

a b an a 
Dividing both terms hy w, - : -^ztt^zt 

. Cor. 1. The ratio of two fraetiotu which have a cc«nmon 
denominator, is the same as the ratio of their ntanerators, 

a b 

Thus the ratio of - • r> is the same as that of a : 6. 

II n 

Cor. 2. The ^ect ratio of two fractions which have a 
common numerator, is the same as the reciprocal ratio of 
their derummakMrs. 

a a 11 

Thus the ratio of :- ! -, is the same as --•:-, or »: m. 

fit n m fi 

361. From the last article, it will be easy to determine the 

ratio of any two fractions. If each term be multiplied by 

the two denominators, the ratio will be assigned in integral 

expressions. Thus multiplying the terms of the couplet 

a c abd oca 

r J 2 by W, we have -r- ' -y^ which becomes od : &c, by can 

edling equal quantitka from the numerators and denomi 
nators. 

<liy III j I ■ II ■■ ■ ■!■ I I ■- II r> M I I I ip I I . , I ■- i i iP 
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S6L b. A ratio of gmmer in#fmIUyi comjwunded witk 

another ratio, kiareases it. 

Let the ratio of greater inequality be that of l-(-4» : 1 

And any gi^en ratio, that of a:h 

The ratio compounded of these, (Art. 352,) is o-f-na : b 
Which is ipreater than that of a : o (Art S56* cor.) 
Bat a ratio of leeser wequalityf coropounded with another 
ratio, diminishes iU 

Let the ratio of lesser inequality be that of 1 '-n : 1 

And any given ratio, that of a : 6 

The ratio c(»npound^ of these is a-naib 

Wliich is less than that of a:b, 

362. If to or from the terms of any couplet^ there be addeb or 
SUBTRACTED two Other quantities hemng the same ratio^ the sums 
or remainders vnU also have the same rath.* 

/Let the ratio of a : 6 > 

Be the same as that of c:d) 

Then the ratio of the sum of the antecedents, to the sum 
of the consequents, viz. of a^c to b-^-d^ is also the same. 

o-f-c c a 



That is 



b+d'^d-'b 

Demonstration. 



a e 

1. By supposition, 5^5 

2. Multiplying by 6 and d, adz=ibc 

3. Adding cd to both sides, ad^d=zbc^cd 

4. Dividing by e^ *-fc=: — j— 

a^c c a 

5. Dividing by b+d, ^3^=5= j- 

The ratio of the difference of the antecedents, to the diftlr* 
ence of the ccmsequents, is also the saxoe. 



* Euclid, 5 «nd S« V 
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4 

1* By supporition, as before, f =^ 

2. Multiplying by b and dj adz=zbe 

& SubtractiBg oi ftoca both sideefy ad-^cd^^bc^cd 

4. Dividing by d, a^-^^s ^^f 

d 

6. Dividing by 6 - i lllf xrirsf. 

Thus th» ratioof 15 : 5 is 3 ^ 

And the ratio of 9 : 3 is 3 ) 

Then addfaig «Dd mibtFactiiig the lemM of the two coupkls, 



The ratio of 15+9 : 5+3 is 3 



And the ralie of l5--9:5-Sis 



li 



Here the terms of only two couplets have been added to- 
gether. But the proof may be extended to any number oi 
couplets where the ratios are equal. For, by the addition oi 
the two first, a new couplet is formed, to which, upon the 
same principle, a third may be adUed, a fourth, &c. Hence, 

363. 11^ in several couplets, the ratios are equal, the sum 

or kVL THE AICTBCfiJOSNTS HAM TBE SAME KATIO TO TOE 
•UM OF ALL THE CONiUB^UBIfTf^, WHICH ANY OtfE OF THE 
ANTECEDENTS HAS TO ITS CONSEQUENT.* 

ri2:6=2 

Thus the ratio i ^^ : J^* 

I 6i3=« 

Therefore the ratio of (12+10+8+6) : (6+5+4+3) =2. 

363. ft. A ratio of greo(er t»eipiai% k «Ktniiftt^££c^ by addm 
the same qwmtUy to both the terms. 

Let the given ratio be that of o+ft : a or fx— 

a 

Adding ff to both terms, iti)ecomes a+6+« : «+« or ^ ^^ 

o+or 

■ . — ■ ■ , . ^ - - - - -_— ^ 

^Euclid, laiid.lS^5. 
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Reducing them to a tommtm deneminaior. 
The first becomen a'+ab+ax+b» 

And th€ latter tt^tk^. 

a(a4-«) 

As the latter numeraUnr is manifestly less than the others 
the ratio must be less. (Art. 566. cor.) 

But a ratio of lesser mequaSty is inereaeed^ by adding th« 
same quantity to both terms. 

Let the given ratio be that of a- 6 : a, or ^~ 

Reducing th^n to a coramon deiiominaU>r» 

The first becomes jf-^ab+ax-b^ 

a(a-|-4c) 

And the latter, ' i^^ab+M 

a{a+x) 

As the latter numerator is greater than the other, the roHo 
is greater. 

If the same quantity, instead ol being added, is iubtraehi 
from both terms, it is evident tfie effect upon the ratio nmst 
be reversed. 

Macon^lee* 

1. Which is the greatest, the ratio of 11 : 9, or that of 
44:S5t 

2. Which is the greatest, ti» ratio of a+S : K or that of 
So+T : ia ? 

S. If the antecedent of a couplet be 65, and the ratio IS, 
what is the consequent 1 

4. If Uie consequent of a coujdet be 7, and the ratio 18, 
what is the antecedent 

5. What is the ratio compounded of the ratios of 3 : 7, and 
ia : 5b, and 707+1 : Sy -2 ? 

6. What is the ratio compounded of x4-y : i, and 
4P-y : a-^-bf and o-fi : Af Ans. 4r--|^ : bh. 
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7. U ike ratiofl of Sx+7 iZtc-^S^ and ff^-9 ; ix-J^S be com^ ' 

Cunded, will they produce a ratio of greater inequality, or of 
iser inequality 1 Ans. A ratio of greater inequality. 

8. What is the ratio compounded of a:-f-y ' **» ^^^ *- y • ft» 

and 6 : — - — 1 Ans. A ratio of equality. 

9. Wliat is the ratio compounded of 7 : 5, and the dupli^ 
cate ratio of 4 : 9, and the triplicate ratio of 3 : 2 1 

Ans. 14 : 15. 

10. What is the ratio compounded of 3 : 7, and the tripli- 
cate ratio of ar : y, and the subduplieate ratio of 49 : 9 1 

Ans. X* : y*. 

PROPORTION. 

363. An accurate and familiar acquaintance with the doc- 
trine of ratios, is necessary to a ready understanding of the 
principles of proportion^ one of the most important of aU the 
branches of the mathematics. In considering ratios, we 
compare two quantitUsy for the purpose of finding either their 
difference, or the quotient of the one divided by the other* 
But in proportion, the comparison is between two ratios. 
And this comparison is limited to such ratios as are eqnoL 
We do not inquire how much one ratio is greater or less than 
another, but whether they are the same. Thus the numbers 
12, 6, 8, 4, are said to be proportional, because the ratio of 
12 : 6 is the same as that of 8 : 4. 

364. Proportion, then, t^ an equcdity of ratios. It is ei- 
ther arithmetkal or geometrical. Arithmetical proportion i9 
an equality of arithmetical ratios, and geometrical proportion 
is an equality of geometrical ratios.* Thus the numbers 6, 
4, 10, 8, are in arithmetical proportion, because the difference 
between 6 and 4 is the same as the difference between 10 and 
8. And the numbers 6, 2, 12, 4, are in geometrical propor- 
tion, because the quotient of 6 divided by 2, is the same as 
the quotient of 12 divided by 4. 

365. Care must be taken not to confound proportion with 
foHo. This caution is th^ more necessary, as in common 
dtscoiorae, the two tenoas are used indiscriminately, or rather. 
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' prmxM'tion is Hsed for both. The expetVBM of one man IM 
aaia to bear a greater proportion to his income, tlifui thoge at 
another. But according to the definition which has just been 

flven, one proportion is neitlier greater nor less than anotlier. 
or equalUy dfoes not admit of degrees. One ratio may be 
greater or less than another. The ratio of 12 : 2 is greater, 
than that of 6 : 2, and less than that of 20 : 2. But these dif- 
ferences are not applicable to proportianf when the term is 
used in its technical sense. The loose signification which is 
90 frequently attached to this word, may be proper enough in 
fmmilUtr language : for it is sanctioned by a general usage. 
But for scientific purposes, the distinction between proportion 
and ratio should be clearly drawn, and cautiously observed. 

366. The equality between two ratios, as has been stated, 
IS called proportion. The word is sometimes applied also to 
the series of terms among which this equality of ratios exists. 
Thus the two couplets 15:5 and 6 : 2 are, when taken to- 
gether, called a proportion. 

367. Proportion may be expressed, either by the common 
ogn of equality, or by four points between the two couplets. 

Th J ® " ^~^ •• 2, or 8 •• 6 : : 4 •• 2 > are arithmetical 

^® ^ a •• 6=c--rf, ore- i: : c ••d J proportions. 
. , ( 12 : 6=8 : 4, or 12 : 6 : : 8 : 4 > are geometrical 
I a : b=d :h,ov a: b::d:hy proportions. 

• 

The latter is read, ' the ratio of a to 6 equals the ratio of d 
to A;' or more concisely, *a is to fr, as (f to X.* 

368. The first and last terms are called the extremes^ and 
the otlier two the means. Homologous terms are either the 
two antecedents or the two consequents. Analogous terms 
are the antecedent and consequent of the same couplet. 

369. As the ratios are equal, it is manifestly immaterial 
wliich of the two couplets is placed first. 

If o • 6 : : c : d, then c : rf : : a : i. For if ?=f then %=% 

b d d b 

870. The number of terms must be, at least, four. For 
the equality is lietween the ratios of two coupleta; and each 
couplet nuisi have an antecedent and a consequent. There 
may be a proportion, however, among three quaniUies* For 
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one of (Tie qaantities may be repeatedy so as to form two 
terms. In this case the quantity repeated is called the mid' 
Me temif or a mean proportional between the two other quan« 
titles, especially if the proportion is geometrical. 

Thus the numbers 8, 4, 2, are proportional. That is, 8 : 
4 : * 4 : 2. Here 4 is both the consequent in the first couplet, 
and the antecedent in the last. It is therefore a mean pro- 
portional between 8 and 2. 

The last term is called a tJdrd proportiorM to the two other 
quantities. Thus 2 is a third proportional to 8 and 4. 

871. Inverse or reciprocal proportion is an equality between 
a direct ratio, and a reciprocal ratio. 

Thus 4 : 2 : : i : i ; tiiat is, 4 is to 2, reciprocally^ as 3 to 6. 
Sometimes also, the order of the terms in one of the couplets, 
is inverted, without writing them in the form of a fraction* 
—(Art. 351.) 

' Thus 4 : 2 : : 3 : 6 inversely. In this case, the first term 
is to the second^ as the fourth to the third ; that is, the first 
divided by the second, is equal to the fourth divided by the 
thiixl. 

372. When there is a series of quantities, such that the 
ratios of the first to the second, of the second to the third, of 
the thiixl to the fourth, &c. are aU equal; the quantities are 
said to l)e in continued proport'uon. The consequent of each 
preceding ratio is, then, the antecedent of the following 
one. — Continued proportion is also called progression^ as will 
be seeu in a following section. 

Th-js the numbers 10, 8^ 6, 4, 2, are in continued ori/Ame- 
tical proportion. For 10 - 8=8 - 6=6 - 4=4 - 2. 

The numbers 64, 32, 16, 8, 4, are in continued geometriad 
pro|K)rtion. For 64 ; 32 : : 32 : 16 : : 16 : 8 : : 8 : 4. 

If a, 6, Cf dj hy &c. are in continued geometrical propor- 
tion ; then a:b::b:c::c:d::d:hy &c. 

One case of continued proportion is that of three propor- 
tional ([uantities. (Art. 370.) 

373. As an arUhmetical proportion is, generally, nothing 
more than a very simple ec]uation, it is scarcely necessary to 
give the subject a separate consideration. 

The proportion a . . 6 : : e . . d 

Is the same as the equation a - &=c - cL 



188 ALGEBRA. 

It will be properi however, to observe tbat^ if fintr quanti- 
tiea are in arithjnetical proportion, th£ swm, of the extremet it 
egniaZ to the sum of the means. 

Thus if a. .b::h. .my then a4-«»=i+i 

For by supposition, a - 6 = A - m 

And transposing - b and - m, a^m = b-{'h 

Bointheproportion,12..10::11..9»wehavel24-9==10+lU 

Again if three quantities are in arithmetical proportion, the 
sum of the extremes is equal to double the meaa. 

If a.. 6::fr..c, then, a~6=(--c 

And transposing - b and - c, a-{-c= 26. 

GEOMETRICAL PROPORTION. 

S74. But if four quantities are in geometrical proportion, 
tJie PRODUCT of the extremes is equal to the product of the 
means, 

lfa:bi:c;df adz=zbc 



For by supposition, (Art& S46, 364.) 



ft""3 

abd cbd 



Multiplying by bd^ (Ax. 8.) _ 

, b d 

Reducing the fractions, ad=^ bt 

Thus 12:8:: 15: 10, therefore 12x10=8x15. 

Cor. Any factor may be transferred from one mean to the 
other, or from one extreme to the other, without affecting the 
proportion. If a : m6 : : ar : y, then axbiimx:y. For the 
product of the means is, in both cases the same. And if 
naib II xiyy then a : fr : : dr : f^. 

375. On the other hand, if the product of two quantities 
is equal to the product of two others, the four quantities will 
form a proportion, when they are so arranged, that those on 
one side of the equation shall constitute the means, and those 
<»i the other side, the extremes. 

If my=:ith, then m : n : : A : y, that is, _=2 

For by dividing my=^nh by ny, we have 23f=r_ 

ny ny 

And reducing the fractions, 5?=r^ 

» y 
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Cor. The same must he true of anyjaelan whiek fbmi the 
Iwo Bides of an equation. 

If (a+6)Xc=(rf-m)xy> then 0+6 : d-mziyie. 

S76. If three quantities are proportional, the product of th# 
extremes is equal to the sqtuire of the mean. For this mean 
proportional is, at the same time, the consequent of the first 
eouplet, and the antecedent of the last. (Art. 370.) It is 
therefore to be multiplied kUo itself^ that is, it is to be iquarttL 

If a : t : : 6 : c, then mult, extremes and means, ae=zV. 

Henee^B.nuanproporHonal between two quantities may be 

found, by extractmg the square root of their product, 

« 

If a : s:: x: Cy then s^^acy and ar=\/^- (-^^^ 297.) 

877. It follows, from Art. S74, that in a proportion, eilhei 
extreme is equal to the product of the means, ai^ded by the 
other extreme ; and either of the means is equal to the [h*o- 
duct of the extremes, divided by the other mean. 



1. If a ; 6::c : i^then 


ad=ihe 


2. Dividing by d. 




S. Dividing the first by c^ 


C 


4. Dividing it by 6, 




6. Dividing it by a, 


i-^ 



that is, the 
a 

fourth term is equal to the product of the second and third 

dmded by the first: 

On this principle is founded the nile of simple proportion 
in arithmetic, commonly called the Rule of Three, Three 
numbers are given to find a fourth, which is obtained by 
multiplying together the second and third, and dividing by 
the first. 

378. The propositions respecting the products of the 
means, and of the extremes, furnish a very simple and con- 
venient criterion for determining whether any four quantities 
are proportional. We have only to multiply the means 
together, and also the extremes. If the products are equal, 
the quantities are proportional. If the proauets are not equal, 
the quantities are not proportional. |,^ 
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' .^T9. In molheniatkal mTestigatioos, wb^i the relations 
of several quantities are given, they are firequeatly stated in. 
the form of a proportion. But it is commonly necessary that 
this first proportion should pass through a number of trans* 
formations before it brings out distinctly the unknovm quan- 
tity^ or the proposition which we wish to demonstrata^ II* 
may undergo any change which will not affect the equality 
of the ratios ; or which will leave the product of the means 
eiqual to the product of the extremes. 

It is evident, in the first place, that any alteration, in ^e 
arrangement^ which will not affect the equality of these two 
products, wUl not destroy the proportion. 'Hifis, if aihizctd^ 
the order of these four quantities may be varied, in any way' 
which will leave ad^bc. Hence, 

S80. If four quantities are proportional, the order of 

THf: AfEANS, OR QF THE EXTREMES, OR OF THE TERMS OF 
BOTH COUPLETS^ MAT BE INVERTED WITHOUT DESTROYING 
THE FROPORTIOIV. 

If a:b::c : d) .. ^ 

And 12 : 8 : : 6 ; 4 5 ^^^' 

1. Inverting the means,* 

a: c::b : d} .i . . ( The first is to the third, 
12 : 6 : : 8 : 4 5 ' ( As the second to the fotaik. 

In other words, the ratio of the emiecedents is equal to the 
ratio of the conseqtKnts. 

This inversion of the means is firequently referred to by 
geometers, under the name of •AUemaHon.'f 

S. Inoerth^tke eaOremet, 

d : b::c : a ) ., . . ( The fourth is tothe second, 
4 : 8: : 6 : la $ ^^^^ ^'IAb the thkd to the first. 

S. tnoerting the terms of each catiplety 

6 : a : : d : c > . J . C The seccfnd is to the firsts 
8 : 12 : : 4 : 6 5 "^'^ *^ ^ As the fourth to the third. 

Tliis is technically called Inversion. 
Each of these may also be varied, by changing the order 
of the two couplets. (Art, S69.) 

Cor. The order of the whole proportion may be inverted. 

If a: biicid, then d : c::b : a. 



*See Note M« . tfi«cU^l^« ^ 



In each of these cases, it wffl be at <«ic€ seen that,' by 
taking the products of the means, and of the extremes, we 
have ad^be^ and 12x4=8x6. ^ 

If the terms of only one of the couplets are inverted, the 
proportion becomes ridproeml, (Art 37 L ) 

If a:b::e: df then a is to &, reciprocally, SLsdhod. 

881 • A difference of arrangement is not the orUy alteration 
which we have occasion to produce, in the terms of a pro- 
portion. It is frequently necessary to multiply, divide, involve, 
&c* In all cases, the art of conducting the investigation 
consists in so ordering the several changes, as to maintain a 
constant equality, between the ratio of the two first temiE, 
and that of the two last. As in resolving an equation, we 
must see that the sides remain equal ; so in varying a pro- 
pcMrtioUy the equality of. the ratios must be preserved. And 
this is effected either by keeping the ratios the same^ while 
the terms are altered ; or by increasing or diminishing one of 
the ratios as much as the othef. Most of the succeeding proofs- 
are intended to bring this principle distinctly into view, and 
to make it familiar. Some of the propositions might be de- 
monstrated, in a more simple manner, perhaps, by multiplying 
the extremes and means. But this would not give so clear 
a view of the haiure of the several changes in the proportions. 

It has been shown that, if both the terms of a couplet be 
midtiplied or divided by the same quantity, the ratio will re- 
main the same ; (Art. 360.) that multiplpng the antecedevd 
is, in effect, multiplying the ratio, and dividing the antece- 
dent, is dividing the ratio ; (Art. 357.) and farther, that mul- 
tiplying the consequent^ is, in effect, dividing the ratio, and 
dividing the consequent is multiplying the ratio. (Art, 368.) 
As the ratios in a proportion are equal, if they are both 
multiplied, or both divided, by the same quantity, they wiU 
still be equal. (Ax, 3.) One will be increased or diminic^ed 
as much as the other. Hence, 

382. If four quantities are proportional, two analogous 

OR TWO HOMOJUOOOUS TERMS MAY BE MULTIPLIED OR DI- 
VIDED BY THE SAME QUANTITY, WITHOUT DESTROYING THE 
PROPORTION, 

If analogous terms be multiplied or divided, ihe ratios will 
not be altered. (Art. 360.) If Iwmologous terms be multi- 

Shed or divided, both ratios will be equally increased ot 
iminished. (Arts. 367, 8.) 
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If at btie: d, then, 

1 . Multiplying Ihe two first terma, 
S. Multiplying the two last terms, 
S. Multiplying the two antecedents,* 

4. Multqdying the two consequents^ 

5. Dividing the two first terms, 

6. Dividing the two lost terms, 

7« Dividing the two antecedents, 

8. Dividing the two consequents, 

m m 

Cor. 1. JiU the terms may be multiplied or divided by the 
same quantity,! 

ma:mb::me: mi, £:_::£:_. 

nt m m 91 

Cor. 2. In any of the cases in this article, multinlication 
of the consequent may be substituted for division of tne ante- 
cedent in the same couplet, and division of the consequent, 
for multiplication of the antecedent (Art. 359, cor.) 

rma:fr: :mc:d1 | fa : -.::me: dl (ma:b:;c: Si 
^]fL:b::t:d\^]a:fnb::l:d\]±:b:'.c: 



ma : mb 


: ic 


:d 


a : b::mc: 


md 


ma: b:: 


mc 


:d 


a:mb:: 


e : 


md 


a.b, 
m ' m 


\:e 


:d 


a: b:: 


c 
m 


. d 
n 


t'.b: 
m 

b 

A * • • 


n 
«: 


:d 
d 
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383. It is often necessary not only to alter the terms of a 
proportion, and to vary the arrangement, but to cmnpare (me 
proportion vntk another. From this comparison will frequently 
arine a tmo proportion, which may be requisite in solving a 
problem, or in carrying forward a demonstration. One of 
the most important cases is tliat in which two of the terms 
in one of the proportions compared, are the $anu with two in 
tlie other. The similar terms may be made to disappear, 
and a new proportion may be formed of the four remaining 
terms. For, 
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384. Ir TWO RATIOS ARIS RESFBCTtVEIir £<it7At TO A THIRD^ 
tHCT ARE EQUAL tO EACH OTHER.* 

This is nothing more than the 1 1th axiom applied to ratios. 

1. I[a-*':wi-»hhena:6::c:(i,ora:c::6:cl. (Art.S80.) 
And c:a: :m:n) ^ ^ ' 

Cor. Ifa:6j:m:»)\i^ j^^.^^ 

For if the ratio of minis greater than that of € : it, it is 
manifest that the ratio of a : 6, which is equal to that of m : n^ 
is also greater than that of c : d, 

385. In these instances, the terms which are alike in the 
two proportions are the two first and the two last. But thifli 
arrangement is not essentiaL The order of the terms may 
be changed, in various ways, without affecting the equality 
of the ratios. 

1. The similar terms may be the two antecedents^ or the 
two consequentSy in each proportion. Thus, 

If m : a : : » : 6 > . i C By alternation, mmiiaih 
Andm : c : : n : c2 ) \ Ai^d minixei d 

Therefore a : 6 : : c : d, or a : c : : 6 : c{, by the last article. 

2. The antecedents in one of the proportions, may be the 
same as the consequents in the other. 

If m : a : : n : 6 > ^^^ C By inver. and altem. aihximxn 
And cimiid\n] (By alternation, cidwmin 

Therefore a : 6, &c. as before. 

3. Two homologous terms, in one of the proportions, may 
be the same, as two analogous terms in the other. 

If «•"»:•*•»? then y By alternation, aihiimm 
And c: d:\mxnS I And eidzimin 

Therefore, a : fr, &c. 

All these are instances of an equaHty^ between the ratios in 
one proportion, and those in another. In geometry, tke 
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ptopomiUm to trhieh they belongs is usually cited by the 
words " ex aequo^* or " ex aequalV^* The second case in 
this article is that which in its form, most obviously answers 
to the explanation in Euplid. But they are all upon the 
same principle, and are frequently referred to, without dis- 
crimination. 

386. Any number of proportions may be compared, in the 
same manner, if the two first or the two last terms in each 
preceding proportion, are the same with the two first or the 
two last in the following one.* 

Thus if a:b::c: dl 

And c:d::A:M., . 

And A:/::m:nf *''«°'' = *' = * = y- 

And m:n::x:yj 
That is, the two first terms of the first proportion have the 
same ratio, as the two last terms of the last proportion. For 
it is manifest that the ratio of all the couplets is the same. 

And if the terms do not stand in the same order as here, 
yet if they can be reduced to this form, the same principle is 
applicable. 

Thusif a: c: .'fcrrfl fa:b::c:d 

And c :h::d:l [.u u i* .> \ c:d;:h:l 

And m: xiifiiyj imtn::x:y 

Therefore a : 6 : : a? : y, as before. 

In all the examples in this, and the preceding ailicles, the 
two terms in one proportion which have equals in another, 
are neither the two meansy nor the two extremes^ but one of 
the means, and one of the extremes ; and the resulting pro- 
portion is uniformly direct, 

387. But if the two means, or the two extremes, in <Mie 
proportion, be the same with the means, or the extremes, in 
another, the four remaining terms will be reciprocally prvpor" 
tumal. 

If «:»»-:»-5Kliena:c::i:l, ora:c::(l:6. 
And t' : m : : n : a 5 b d 

And ^Znm \ ^^^^' ^"^^ Therefore ab^ei, and o : c : ; d . ft. 

« Euclid 23. 5. 
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In this examfde, the two means in one propoclion« are I8ce 
those in tlie other. But the principle will be ihe same, if the 
§xtrtme$ are alike, or if the extremes in one proportion are 
like the means in the other. 






The proposition in geometry which applies to this case, is 
usually cited by the words ^* ex aequo perturbcUe,^^^ 

388. Another way in which the terms of a proportion may 
be varied, is by additian or sublractum. 

If to or from two analogous or two homologous 
terms of a proportion, two other quantities having 
the same ratio be added or subtracted, the proportion 

WILL BE PRESERVED.f 

» 

For a ratio is not altered, by adding to it, or subtracting 
from it, the tcnns of another equal ratio. (Art. 362.) 

If a:b:: c :d 
And a:b::m:n 

Then by adding to, or subtracting from a and 6, the terms 
at the equal ratio m : n, we have, 

a-^m: 6-4-n: : c: J, and a-m:fr--n: :c:cl. 

And by adding and subtracting m and n, to and from c and 
d we have, 

a : 6 : : c-^-m : (f+f^ ^^^ a : ( : : c - m : d -n. 
Here the addition and subtraction are to and from anato* 

GU8 terms. But by alternation, (Art. 380,) these terms will 
come homologous^ and we shall have, 

o-4-m : c : : b-{-n : d, and a^-miciib-nzd. 

Cor. 1. This addition may, evidently, be extended to amf 
number of equal ratios. | 

re:d 

Thusifori: J *:i 
Then a : 6 : : t-^h+m+x : J4>^-ii-|-jf. 

«fiiiclid83,& t£uctid8,&. t£uclidt,6b Cor. 



n 
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For by alternation a : c : : 6 : d > there- ( a-{'m : c+ti ::b:i 
And m:n::6:d) fore ( or a-\-m:b::c-\-n:d. 

389. From the last article it is evident that if, in any pro« 
portion, the terms be added to, or subtracted from each otker, 
that is, 

If two analogous or homologous terns be added to, 

OR subtracted from the two others, the PROPORTlOlf 
WILL be preserved. 

Thus, i{a:b::c:dj and 12 : 4 : : 6 : 3, then, 

1. Jldding the two last terms, to the two first. 



12+6: 4+2:: 12: 4 
12+6: 4+2:: 6:2 
12+6: 12:: 4+ 2:4 
124-6: 6::4+ 2:2. 



o+c : 6+i{ :ia: b 

and a-\-c : 6+c{ : :c:d 

or a+c : a : : 6+rf : 6 

' and a-^c : c : : 6+^ • d 

2. Jidding the two antecedenif, to the two consequents, 

a+b:b::c+d:d 12+4: 4:: 6+2: 2 

0+6 : a : : c+d : c, &c. 12+4 : J2 : : 6+2 : 6, &« 

Tliis is called Composiiion.'\ 

S. iSffito*ac(jiig the two first terms, from the two lask 

c-a: a: : d-^b:b 
c-a: c : :(2-fr : J, &c. 

4 Stfbtractmg the two Icwf terms from the two first. 

a-'C: b-d: ;a: 6$ 
a-cib-d: : c: dy &c, 

5. Subtracting the comejuento from the antecedents. 

a-b : b: :c-d: d 

a: a-biic : C'-df &c. 

The alteration expressed by the kst of these forms is called 
Ctmoerswn. 

6. Subtracting the antecedents from the consequents. 

b-a: a::d'-c: c 
b : b-^aiid: d-^c^ &e> 



• Euclid 84, 5. 
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Tho^ 18, ibe.sum of Ibe two 4irsl tena% is lo thfii 4iffeiw 
^nce^ OS the sum of the two Iftst^ to their difTerence. 

Cor. If any compound quantitiesi arranged as in the prece* 
ding examples, are prqxn-tioRal, ^e simple qimntities of which 
they are e^npotmded are prafiortioaal ateo. 

Thus, if o-ffr : b:: c-f-d : d, then u:b::c:A 

\E9ii8 is called Dwkion.* 

S90. If the CORRESPONDmO TERMS Gff TWO OR tfORB 
miJfKS OF PROPORTIONAL Q0ANTITIES BB MULTIPLIED 
TOOETSERi THE PRODITCT WILL BE PJI0P«RTI|^lfA{.. 

This is compounding ratios, (Art 352,) or compoundinff 
proportions. It should be distinguished from what is calied 
oon^»mtwny which is an addition of the teaat^a of a ratio. (Art 

If a:b::e:dl 1S:4::$:2> 

And hiliimii^i 10:d::8:43 

Then ah:U::cm:dn ISO : tO: : 48 : 8. 

For from the nati»re of proportion, the two ratios in the 
first rank ore equal, and also the ratios in the second rank. 
And multiplying the corresjponding teims is multiplying the 
ratioSi (Art. 357. cor.) that is, multiplying equak by equala ; 

4 Ax. 3. ) so that the ratios will still be equal, and therefore 
lie four products miist be proportional. 

The same proof is applicable to any number of pfopoili<»HL 

a : bite I d 
h:l::m:n 
piqizxiy 
Then «Af> : blq :.: cmx : ii^* 

From this it is evident, that if 4he terms of a proportion be 
multiplied, each into itself ^ that is, if they be raised to ang 
potoer, they will still be proportional. 

If a:b::o: d S:4::6 : 1£ 

aibtieid 2:4::6:12 



"1 



Then a' : 6« : :c» : d« 4 : 16::S6 : 144 



*^ 



IQ * EiKdid 17. 5. See Note H. 
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t*r<»ortioiials w31 also be ob^iMdi by rt Mnhg ilm pnv 
cesS) tnat is, by extracting the roets of the terms. 

If a: b::c I df then ^u : ^h : : ^c : ^d.- 

For taking the product of extr. and means, ad=-fe 

And extracting both sides^ ^adz^j^be 

That is, (Arts. Sdll, S75.) J^/a: j\/jk::^c: V<L 

IIeaei»» 

891. If several quantities are proportional, thsir likb 

l>OWV«S OR UKJB ROOTS ARR PROPORTlOlfAL.* 

If a: b lie: d 

rhen <r : *^: : c* : i<% and ?^a : X/b : : ^c : j^d. 

fli^ » « » 

And ^cT : V^"* • a/^ ' \^^» ^^^ ^^ ^" • ^ • • <^ • ^» 

892. If the terms in one rank of prpporticmals be dmded 
by the corresponding terms in another rank, the quotients 
will be proportional. 

This is sometimes called the retokition of ratios. 



If a:b::eii} 
And & : / : : m : n ) 


12 : 6 : : 18 : 9 ) 
6:2:: 9:3) 


Thenf:?::!:^ 


12.6.. 18.9 


hi m H 


6 2 9 S 



. This is merely reversing the process in Art. 390, and may 
be demonstrated in a sinular manner. 

This should be distinguished from what geometers call 
dwirion, which is a eubtracHou of the terms of a ratia (Art. 
389. cor.) 

When proportions are compounded by multiplication, it 
will often be the case, that the same puXo/r will be found ki 
two analogous or two homologous terms. 

Thus M a\b\\t\d 



And mxawnx c 



■■■'A 



QsniokwcAXcd. 

Here a is in the two first terms, and c in the two last Di- 
viding by these, (Art. 382,) the proportion becomes 



m : fr : : n : d Hence, 



* It must not be inferred from this, thai quantities have the saiM tttfi» 
tlieir like powen or like roots. See Aru 354. 
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^ ifidiiig propoifCfonS) efuol jfbef or9 or ikn$on 

m two analogovu or homologous terms, may be rgmtd. 

d I8:4::»:S 

I 4:»::3:6 

A S:20;:6:15 



Ca:b::e: 

U }b:h::d: 

ih:m::l: 



Thena:m::c:n 1^:2P::9:15 

This rule may be applied to the cases, to which the terras 
** ex aeqwT and ** ex aemto periurbate^ refer. See Arts. 385 aad 
887. Om of the methods may serve to verify the other. 

S94. The changes which may be made in proportions^ 
without disturbing the equality of the ratios, are so nume- 
rous, that they would become burdensome to the memory, if 
they were not reducible to a few general principles. They 
are mostly produced, 

1. By inverting the order of the terms, Art. 380. 

t. By nmb^^yk^ or ikfidmg by the mmu qwuUkjfy Art 882. 

3. By comparing proportions which have Vke terme. Art 384^ 

5, 6, 7. 

4. By adding or eubtracHng the terms of equal ratios, Art 

388,9. 

5. By multiplying or dioiding one proportion by another. Art 

390, 2, 3. 

6. By involving or extracting the roots of the terms. Art 391. 

395. When four quantities are proportional, if the first be 
greater than the second^ the third will be greater than the 
fourth ; if equal, equal : if less, less. 

For, the ratios of the two couplets being the same, if one is 
a ratio of equalityy the other is also, and therefore the ante- 
cedent in each is equal to its consequent ; (Art. 350^) if one 
IS a ratio of greater inequality^ the other is also, and therefore 
the antecedent in each is greater than its consequent ; and 
if one is a ratio of leeeer rneqiuiUtyy the other is also, and 
therefore the antecedent in each is less than its consequent 

Let a : 6 : : c : d ; then if < a>&, ey4 
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will be greater than th» Jowrih; if equals equal; if lesa^ less.* 

For by aileranliott, a: &::€ : ilbecomeea : ciih :d^witk* 
•ut any akecalion ef the quantities. Therefiue, if' obk:^ 
esdy &c. as before. 

Cor. 9. Ifarfii::e:fi>.i. ^ . .alx 

For, by equality of ratios* (Art SM. f.) ^m* cempoiiiiMEDg 
ratios, (Arts. S90, 99S.) 

a : & : : c : il. Therefore, if asft, c=d, &c. as before. 

For, by compounditig' ratios, (Arts. 390, SSS^) 
. a I hue I d. Therefore, if a=:fr, c=(^ &c. 

395. 6. If four quitntities are proportional, their redja- e coli 
are proportional ; andT.v* 

If a : i : : c : <!, then 1 : 1 : : i : 1. 

abed 

For in each of these proportions^ we have^ by reductim^ 
ud^hc 



CONTINUED PROPORTION. 

S96« When quantities are in continued proportioOfe aU the ^ 
ratios are egtiaL (Art. 372.) If 

aihixh icixci dzid: €y 

the ratio of a : fc is the sanie^ as that of & : c, of c : d^ or of 
d : e. The ratio oi the ftsi of these quantities to the {cut, is 
equal to the product of all the intervening ratios ; (Art. 353,) 
:hat is, the ratio of a : e is equal to 

a 6 c ^ d 

b c d i 

But as the intervening ratios are ail equa^ instead of muM^ 
plying them into each other, we may multiply any one of 
them into itself; observing to make the number of factors 
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.equal to the number of intervening ratios. Thus tile ran<^ 
of a : c^ in the examjAe just given, is equal to 

When several quantities are in continued proportion, the 
fiumher oi coupletis, and of course the number of ratios, is 
one ksi than the number of quautkm. Thus the five pro* 
jiortional quantities a, i, {^ cI, «, form four couplets containing 
four ratios ; and the ratio of a : e is equal to the ratio <^ 
a^ : b\ that is, the ratio of the fourth power of the first quan- 
tity, to the fourth power of the second. H^nce, 

397. If three quantities are proportional, the first U to the 
Mrdy as the square of the firsts to the square of the second; or 
as the square of the second, to the square of the third. In 
other words, the first has to the third, a dupUcate ratio of the 
first to the second. And conversely, if the first of tlie three 
quantities is to the third, as the square of the first *to the 
square of the second, the three quantities are proportional. 

If a : 6 : : ft : c, then a: e::a* : b\ Universally, 

S98. If several quantities are in continued proportion, the 
ratio of the first to the last is equal to one of the nitervening 
ratios raised to a power whose index is one less than the num- 
ber of quantities. 

If there are four proportionals a, i, c^ d, then a : d::(f : b* 
If there are fwe a^b, Cy d, e ; a : e: : a* : b\ &e. 

399. If several quantities are in continued proportion, they 
will be prmxNTtional wh^i the order ci the whole is hwerted. 
This has already been proved with respect to four proportional 
quantities. (Art. 380. cor.) It may be extended to any num- 
ber of quantities. 

Between the numbers, 64, 32, 16, 8, 4, 

The ratios are 2^ 2, S, 2, 

Between the same inverted 4, 8, 16, 32, 64, 

The ratios are {, J, \y ^ 

So if the order of any proportional quantities be inverted, 
the ratios hi one series will be the reciprocals of those in the 
other. For by the inversion, each antecedent hecomes a con- 
sequent, and V. «. and the ratio of a eoneeqcMnt to its antece- 
dent is the reciprocal of the ratio of the antecedent to tins 
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consequent. (Art. 351.) That tfae reei|ir0Ciils of equal qfiaii>» 
titiea are themselves septal, is evident from Ax. 4. 

400. Harmonical or Mxjsical Proportion may be con- 
sidered as a species of geometrical proportion. It consists in 
an equality of geometrical ratios ; but one or more of the 
terms is the d^fgrence between two quantities. 

TTiree or four quantities are said to be in hanMndedl propor^ 
Ifofi) when the first is to tiie last^ as the difference between 
the two firsty to the difference between the two UuL 

If the three quantities a, ft, and Cy e^te in harmonical pro* 
pcNTtion, then a : c : : a-fr : 6 -c. 

If the /our quantities a, b^ c, andd, are in harmonical profw 
portion, then a: diia-^b le-^d. 

Thus the three numbers 12, 8, 6> are in harmonical pro^ 
portion. 

And- the four numbers 20. 16, 12, 10, are in harmonical 
proportion* 

401. If, of four quantities in harmonical proportion, any 
three be given, the other may be foimd. For from the pro- 
portion, 

a : rf:: a-b : c-d, 

by taking the product of the extremes and the mean%W0 
have ac-ad=ad-6d. 

And tills equation may be reduced* so as to give the value . 
of either of the four letters. 

Thus by trani^ouing - ad, and dividing by a, 

2ad^bd 
c= . 

a 

ExcmpUsy in which the nrinciples of proportion are applied to the 

solutwn of problems. 

1. Divide tlie munber 49 into two such parts, that the 
greater increased by 6, may be to tlie less diminished by 1 1 ; 
as 9 to 2. 

Let x:=z the greater, and 49 -x= the less. 
By the conditions proposed, x-^-S : 38 - a? : : 9 : 2 

Adding terms, (ArU 389, 2.) «+6 : 44 : : 9 : U 

Dividing tlie conseqwnis, (Art. 382, 8.) x+6 ; 4 : : 9 : 1 
Multiplying the eiruemes and means, m^sziS. And drasSOl 
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. 2. What mimber ig that, to which if 1, 5, and 13, be seve- 
rally added, the first sum shall be to the second, as the sec- 
end to the third "^ 

Let x^ the number required. 

By the conditions, a:-f-l • *+5 • ^ *+^ • 3?+" 

Subtracting terms, (Art. 389, 6.) x+\ : 4 : : x-\-5 : 8 
Therefore 8x4.8= 4ir+20, And «=r8. 

S. Find two nuntb^is, the greater of which shall be Ic the 
less^ as thdr sum to 42 ; and as thenr di&rence to 6 

Let X and y= the numbers. 

Byjthe conditions, x :y:: x-f y ' 42 

And X :y::x-y : 6 

By equality of ratios, a?-f*y : 42 : : a: -y : 6 

Inverting the means, rr-f-y : :r- jr : : 42 : 6 

Adding and subtracting tenBs,(Art. 389^ 7,) 2«r : 2y : : 48 : 36 
Dividing terras, (Art. 382,) « : y : : 4 : 3 

Therefore 9r=:4v. And x=-? 

^ 3 

Prom the second proportion, 6x=y X (a? - y) 

Substituting -1 for x, yr=24. And x=:32, 

4. Divide the nimiber 18 into two such parts, tliat the 
squares of those parts may be in the ratio of 25 to 16. 

Let x=; the greater part, and 18 * x= the less. 

By the conditions, ^ : (18- x)*: : 25 : 16 

Extracting, (Art. 391,) -g : 18-x: : 5 : 4 

Adding terms, x : 18 : : 5 : 9 

Dividing terms, x: 2 : : 5 : 1 

Therefore, x=10. 

5. Divide the number 14 into two such parts, that the quo* 
tient of the greater divkled by the less, shall be to the quotient 
of the less divided by the greater, as 16 to 9. 

Let x= the greater part, and 14 -x= the less* 
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By tlw conditions, ^ : — "*— : : 16 : 9 

Multiplying termf, a? : (14 - ar)* : : 16 : 9 

Extracting, « : 14*-s : : 4 : 3 

Adding terms, « : 14 : : 4 : 7 

Dividing termsi x\ 2 : : 4 : 1 
There6)re, a?=8. 

6. If the number SO be divided into two parts, which 
are to each other in the in^UoaU ratio of S to 1 , what niun^ 
ber is a mean proportional between those parts 1 

Let x=: the greater part, and 20- «= the less. 

By the conditions, « : 20 - x : : S' : 1* : : 9 : 6 

Adding terms, « : 20 : : 9 : 10 

Therefore, »= 18. And 20 - «= 2 

A mean propor. between 18 and 2 (Art. 376.)s^2xl8s:6. 

7. There are two numbers whose product is 24, and the 
difference of their cubes, is to the cube of their difference, as 
19 to 1. What are the numbers 1 . 

Let X and y be equal to the two numbers. 

1. By supposition, a;yr=24 > 

2. And «*-»• : (a:-y)« : : 19 : I 5 

8. Or, (Art. 217,) af-^x^ : x'-Sa^+Sa^/'-y': : 19 : 1 

4. Therefore, (Art. 389, 5,) Saf^^Sx^ : (a?-y)* : : 18 ; 1 

5. Dividing by x-y (Art. 382, 6,) 3a;y : {x-yY: : 18 : 1 

6. Or, as 3a:y=3x24=72, 72 : (a?-y)' : : 18 : 1 

7. Multiplying extremes and means, (ap-y)'=4 

8. Extracting, a;-y= 2) 

9. By tiie first condition, we have xy=24 ) 

Reducing these two equations, we have a?=6, and y=s4 



8. It is required to prove tliat a: xi: ^2a^y : a^ 
on supposition that (<*+')' t (a - J?)* : : a?+y : :t- y.* 
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L ExpaDcBng» (f-^tax-i-a* : a*- 2«+a5* : : ar4»y ' « -y 

2. Adding and subtracting tQrms» Sa'-^Sx* : i^tx : : 2« : Sy 

3. Dmding temn, 1^4-4^ : fk»: : ar : y 

4. Tranrf. the factor x, (Art. 374. cor.) a*+a? :2a:tsf:y 
fi. Inverting the meaD% «*+»' : «* : : 2a : f 
6. Subtracting termsi a" : 2" : : 2a -- y : y 

^ 7. Extracting, aix:: ^2a-y : VV 

9. It is required to prove that dx:^ctf^ if g is to y in the 
'jiplicate ratio of a : 6, and a : 6 : : \/c-^x : : %/d^y. 

1. Involving terms, 1 a" : 6" : : c+a? : d+y 

2. By the first supposition^ o^ : i' : : ar : y 

9. By equality of ratios, c+x : rf+y : : ar : y 

4. Inverting the means, c-^-x :x: : d^y : y 

5. Subtracting terms, c: x: :d:y 

6. Therefore, dx=:cy, 

10. There are two numbers whose product is 135, and the 
difference of their squares, is to the square of their difference, 
as 4 to 1. What are the numbers? Ans. 15 and 9. 

11. What two nimibere are those, whose difference, sum, 
and product, are as the numbers 2, 3, and 5, respectively 1 

Ans. 10 and 2. 

12. Divide the number 24 into two such parts, that their 
product sliall be to the sum of their squares, as 3 to 10. 

Ans. 18 and 6. 

13. In a mixture of rum and orandy, the difference be- 
tween the quantities of each, is to the quantity of brandy, as 
100 is to the number of gallons of rum ; and the same dif 
ference is to tlie quantity of rum, as 4 to the number of 
gallons of brandy. How many gallons are there of each 1 

Ans. 25 of rum, and 5 of brandy. 

14. There are two numbers which are to each other as 3 
to 2. If 6 be added to the greater and subtracted from the 
less, the sum and remainder will be to each other, as 3 to 1. 
What are the numbers ? Ans. 24 and 1 6. 

15. There are two numbers whose product is 320 ; and the 
difference of their cubes, is to the cube of their difference, as 
61 to 1. What are the numbers] Ans. 20 and 16. 
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16. There are two numbers, which are to each other, in 
the duplicate ratio of 4 to 3 ; and 34 is a mean proporti<»ial 
betweea them. What are the numbers 1 Ans. 38 and 18. 

40S. A list of the articles in tliis section which contain the 
pr(qpositi<»i8 in the 5th book of Euclid.* 

384, cor. 
395, cor. 1 
360. 
380. 

389, cor. 
.89, 2. 
389, 4. 
395, cor. S. 
395, cor. 3 
386. 
387. 
388. cor, 2. 



Pn)p. I. 


Art.S63. 




XIII. 


II. 


388. 




XIV. 


III. 


382. 




XV. 


IV. 


382, cor. 1. 




XVI. 


V. 


362. 




XVII. 


VI. 


362. 




XVIII. 


VII. 


S4d, cor. 1. 




XIX. 


VIII. 


357, cor. 358, 


cor. 


XX. 


IX. 


349, cor. 2. 
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X. 


357, cor. 358, 


cor. 


XXII. 


XI. 


384. 




XXIII. 


XII 


363. 
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SECTION XIII. 



f ARIATION OR GENERAL PROPORTION.f 

A XT. 403. THE quantities which constitute the terms of 
t. ^ loportion are, frequently, so related to each other, that, if 
oue of them be either increased or diminished, another de- 
peudmg un it will also be increased or diminished, in such a 
manner, that the proportion will still be preserved. If the 
value of 50 yards of cloth is 100 dollars, and the quantity 
be reduced to 40 yards ; the value will, of course, be reduced 
to 80 dollars ; if the quantity be reduced to 30 yards* the 
value will be reduced to 60 dollars, &c. 



* See note O. 

t Newton's Princip. Book I. Sec I. Lenrnia 10, schoL Emerson ob Pro* 
portion, Wood's Algebra, Ludkm's Matlr . Saunderson's Algebra, Art. S99 
Parkinson's Mechanics, p. 24. 



9d« yd, doL del. 
That is, 50 : 40 : : 100 : 80 
50 : 30 : : 100 : 60 
50 : 20 : : 100 : 40, &c. 

As the consequent of the firgt couplet is varied, the conse- 
quent of the Mecand is VQxied, in such a manner, that the pro^* 
{lortion is constantly preserved. 

If the two antecedents are A and B ; and if a represents a 
quantity of the same Idnd with •/S, but either greater or less ; 
and 6, a quantity of the satne kind with B, but as many tin^s 
greater or less, as a is greater or less than A ; then 

A:a::B:b; 

that is, if td by varying bec(»nes a^ then B becomes 6. This 
is expressed more concisely, by saying that Jl vaarks as B^ or 
A is as B. Thus the wages of a laboring man vary as the 
Hmt of his service. We say that the interest of money which 
is loaned for a given time, is proportioned to the principal. 
But a proportion contains four terms. Here are only two, 
the interest and the principal. This then is an abridged 
statement^ in which two terms are mentioned instead of four 
The proportion in fOTm would be : 

As any given principal, is to any other principal ; 

So is the interest of the former, to the interest of the latter. 

404. In many mathematical and {dbJlosophical investiga- 
tions, we have occasion to determine the general relations 
of certain classes of quantities to each other, without limiting 
the inquiry to any particular values of those quantities. In 
such cases, it is frequently sufficient to mention only two of 
the terms df a proportion. It must be kept in mind, how- 
ever, that four are always implkd. When it it said, for in- 
stance, that the weight of water is proportioned to its bulk, 
we are to understand. 

That one gallon, is to any number of gallons ; 

As the wdghl of one gallon, is to the weight of the given 
number of gallons. 

405. The character O) is used to express the proportion of 
variable quantities. 

Thus Jl cfi B signifies that Jl varies as By that is, that 

A:a:: B :b. 

TL. expression A cuB may be called a general proporHon^ 
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406. One quantity is said to vaiy MrecUy as another, when 
the one increases as the other increasesi or ia diminished as 
the other is diminished, so that 

•d c/> J?, that is, ./f : a : : B:b. 

The interest on a loan is increased or diminished, in pro- 
portion to the principal. If the principal Is doubled, the in* 
terest is doid>ied ; if the principal is treUed, the interest it 
Irebied, kc. 

407. Oae quantity is said lo vary inversely or rec^^roeaUji 
as another, when the one is proportioiied to the reciprocal 
of the other ; that is, when the om is diminished, as the othei 
is iacreased, so that 

Aa>^- that is, .5 : a • : _ : 1, er .9 : a : : 6 : J?. 

In this case, if A is greater than a, J9 is less than b. (Art. 
895.) The time required for a man to raise a given-sum, hy 
his labor, is inversely as his wages, l^e higher his wages, 
the less the time. 

408. One quantity is said to vary as tmo othenjinKSy, when 
the one is increased or diminished, as the pr<oduciof tne othei 
two, so that 

^ CO JSC, that ieA:a::BC:bc. 

The interest of money varies as the product <tf the princi- 
pal and time. If the time be doubled, and the pnncipal 
doubled, the interest will be four tunes as great. 

409. One qiiantity is said to vary directly as a seamd, and 
inversely as a ihirdy when the first is always proportioned to 
the second divided by the third, so that 

j} CO — , that is«<9 : a : : .^ : — 
C C c 

410. To understand the methods by which the statements 
of the relations of variable quantities are changed from one 
form to another, little more is necessary, than to make an 
appliccuion of the principles of common proportion ; bearing 
constantly in mind, that a general proportion is onlv an 
abridged expression, in which two terms are mentioned in- 
stead of four. When the deficient tenns are supplied, tho 
reason of the several operations will, in most cases, be appa- 
rent 
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411. It is evident, in the first place, that the fn'ier of the 
HrtM in a general proportion may be mterted. (Art 36l^.) 

If «d : a : : J? : 6y ttiat is, if Ac£>B ; 

Then -B :&::•<}: 0, that is, 5c/) A 

412. If one or both of the terms in a general proportion^ 
oe multiplied or dimded by a constant quantity, the proportion 
will be preserved. 

For multiplying or dividing one or both of the terms is tlie 
same, as multiplying or dividing cnalogow terms in the pro* 
portion expressed at lengtli. (Art. 382. and cor. 1.) 

If Jl: a::B :by that is,"if Jlcj>S^ 

Then nui : ma : : J7 : 6, that is, nuS (n J?, 
And vhS :ma:: mB : mfr, that is, mJl in mJBy &c. 

. 413. If both the terms be multiplied or divided even by 
a pariable quantity, the proportion will be preserved. Foi 
this is equivalent to multiplying the two antecedents by one 
qaantity, and the two consequents by another. (Art. 382.) 

If A: a:: B : hy that is, if JIcdB; 

Then JUA : ma : : J\IB ; mb, that is Jlf^ en MB, &c. 

(ka. 1. If one quantity varies as another, the quotient of 
the one divitled by the other is constant. In other words, if 
the numerator of a fraction varies as the denominator, the 
vaihte remains the same. 

If A : a::B :hy tha^ is, if .^ en i?, 

Then ^ : ?: :^ : ^ : : 1 : 1. (Art. 1S8.) 
B b B o ^ ' 

Here the third and fourth terms are equal, because each is 
equal to 1. Of com-sc the two first terms are equal ; (Art. 
395.) so that if S be increased or diminished as many times 
OS J?, the ^puoii&nX will be invariably the same. 

Cor. 2. If the ff>iwA of two quantities is oomtaxd\ one 
varies reciprocatty as the other. 

IfjiJ?:a6::l:l,then:^:^::i :l,orj8:a; i I 

B b B b' B b 

Cor. 3. Anjr factor in one term of a general proportion 
may be transferred^ so as to become a divisor in the other , 
and V. V. 

If A uiBC, then dividing by J?, :^ </> C. (Art. 1 18 ) 

B 
19 



/w« (/» -L, then mult, by C, .flC cd ' (Art 159.) 

414. If two quantities vsuy respectively as a third, then 
0Q€ of the two varies as the other. (Art S84.) 

If ^'^''B:b}....,.<Jla>B 
And C:e::B:h$^^^^^ IVa^B; 
Then •i: a: : C : c^ that is dfl c/> C. 

415. If two quantities vary respectively as a third, thdr 
turn or diffareneevnil vary in the same manner. (Art 888.) 

If A:a::B :b} ... . .^iAfJiB 

Then jI+C : o-f c : : J : ft, that is, A+C co B, 
And •fl- C : a -c : : J5 : 6, that is, j9 - C c/) J?. 

Cor. The addition here may be extended to of^fHimber of 
quantities an varying alike. (Art 388. cor. 1.) 

UAd^Bt and Cc#>B, ftiidI>u9^,aiidjBo»B, then 

{A-\'C^D+E) <j> B. 

415. h. If the •ftiare of the 9um ei two qttantities, vanes 
JIB the 9fuar€ of tkeir d^ermte; then the fum of 'tt^ aqvatra 
varies as their product. 

If (wa+B)' c^(^ - BY; then w?-f jB» cd JtS. 
For by the supposition, 

{A+By : (^ - J?)« : : (a+i)* : (a - by. 

ExpaiKiing, ad^g, alid subtracting terms. (Arta^ 217, 
and 389, 7.) 

jB.fl»+2J5» : 4AB:: M-^W : Aab. 
Or, (Art 382.) 
^+J3« zABi: i^+i^ : ok, that fe, jf+S" a»d9£. 

416. The terms of one general proportion may be multi- 
plied or divided by the correiqKmd^g terms of another.^- 
(Art. 390.) 

And C: c:: D: di ^ ( Cu^D; 

Then JIC : ae:: BD: bd that is, ACcji BD. 

Cor. If two quantities vary respectively as a third, the jiro 
duct of the two will vary as the gqwtre of the other. 



l^^n^SltlienjJCoDB*. 
And CcfiBy 
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417. If atqr qtMtKtitjr wwry as aaolb^) $AjpmHr or iMl of 
the fonner will vary, as a like power or root of the latter* 
(Art. 3§1.) 

If JiiaiiBibf that is, if dfl CO J?, 

Then •*•: cr::iJ":i» that is, J3lrci>B'^ 

AvA d^: or : : jS^ : i^, that is, df* cd £^ 

418. In impounding general proportions, equal /ocfort or 
dimsarsy in the two terms, may be rejected. (Art S9S.) 

If A:a::B:b) CAcnB 

And JB : 6 : : C : c > that is, if \Bo>C 
And C\c:\D:dS ( Co>B 



Tlien A: ax :D \ d^ that is, AcpD. 

Cor. If one quantity varies as a second, the second, as a 
third, the third, as a fourth, &c. then the first varies as the 
last. 

If Jt en Bc»Ca>D,then Ji<»I>. 
If wSooBooi, then «/9cid—; that is, if the first varies di» 

rectly as the second, and the second varies rteiprseany as the 
third ; the first varies recipcocally as the thinL 

419. If any quantity vary as the product of two others, 
and if one of the latt^ be considered constant^ the first will 
vary as the other. 

If FT CD LBy and if J5 be constant, then WcpL. 

Here it must be observed that there are two omdiHons ; 
First, tluit IF varies as the product of tlie two other quantities ^ 
Secondly, that one of these quantities B is coMok^. 

Then, by the eondilions^ W:w: : LB ; IB; B being the 
dame in both terms. 

Di vid. by the constant quantity B, W: w::L:ly that is IT co Ii. 
And if L be considered constant, W(jiB. 

Thus the weight of a board, of uniform thickness and deiw 
sity, varies as its length and breadth. If the b^tih is given, 
the weight varies as the breadth. And if the brwkh is given, 
the weight varies as the length* 
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Cor. The ssme pri&Gl|de msy be exteiidied to any naiid[>eY 
ef quantities. The weight of a stick of timber, of given 
density, depends or the length, breadth, and thickness. If 
the length is given, the weight varies as the breadth and 
t hickness. If the length and breadth are given, the \^eight 
varies as the thickness, &c. 

If JTOB LET; 

Then making L constant, JToo BT; 

And making L and B constant, fFct> T; 

420. On the other hand, if one quantity depends on two 
others ; so that when the second is given, the nrst varies as 
the third, and when the third is given, the first varies as the 
second ; then the first varies as the product of the other two. 

If the weight of a board varies as the length, when the 
breadth is given, and as the breadth when the length is giv- 
en : then if the length and breadth both vary, the weight va* 
ries as their product. 

^1 aZ"^ b "^^^ ? •' ''''''T''^ ^ then Wcf>BL. 
And Wcnfij when L is cwistcnt^ j " •* ^ *' 

In demoiuttrating this, we have to consider, (100 variable tro* 
Itus of W; one, when L only varies, and the other, w^hen L 
and B both vary* 

Let w'= the first of thrae variaUe values, 

And w = the other ; 

So that W will be changed to w\ by the varying of L , 

And v/ will be farther changed to w, by the varying of B, 

Then by the supposition, JViv/ :: L:lf when B is ccmstant. 
And %o^ :w: : B:by when B varies. 



Mult, correspond, terms, Wto' : wu/ : : BL : W. (Art S90.) 
Divid, by «K <Art. S82.) W:w::BL: bl, i. e. Wts^BLu 

The proof may be extended to any number of quantities. 

The weight of a piece of timber, depends on its length, 
breadth, thickness and density. If any three of thene are 
given, tlie weightvaries as the other. 

This case must not be confounded with that in Art. 416, 
cor. In that, B is supposed to vary as A and as C, cA the 
same time. In this, B varies as A^ only when C is constant, 
and as C, oifly when A is constant. It cannot therefore varv 
as A and as C separately, at the same time. 
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Art. 4S0. 6. if one quantity varies as another, the former is 
equal to the product of the latter into some cwMtani qaantitf « 

If Jl: B:: a: b; then, whatever be the value of a» its ratio 
lo b must be constant, viz. that of A: B, Let this ratio be 
that of m: 1. 

Then Jt:B: :a:b::m:l. Therefore wflsiiij?; And a=:mb 

Hence, if the ratio between the two quantities be found 
for any given value, it will be known for any other period of 
their increase or decrease* If the interest of 100 doUars be 
to the principal as 1 : 20 ; the interest of 1000 or 10,000 will 
have the same ratio to the principal. 

421. Many writers, in expressing a general proportion, do 
not use the term vary^ or the character which has here been 
put for it. Instead ofAcrB^ they say simply that AuobB. 
See Enfield's Philosophy. It may be proper to observe, al- 
so, that the word gioafi is frequently used to distinguish con- 
statu quantities, from those which are variable ; as well as 
to distinguish knoim quantities from those wbich are un- 
known. (Art. 17.) 



SECTION XIV. 

ARITHMETICAL AND GEOMETRICAL PROGRESSICN. 

Art. 423. QUANTITIES which decrease by a commou 
difference, as the numbers 10, .8, 6, 4, 2, are in contmued 
arithmetical proportion. (Art. 372.) Such a series is also 
called a progressionf which is only another name for continued 
proportion. 

It is evident that the proportion will not be destroyed, if 

the order of the quantities be imerted. Thus ^ numben 

2, 4, 6, 8, 10, are in arithmetical proportion. 

19* 
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- Quonttfief, then, ore m arUhmeikal progression^ tohm tAey 
ihcreoie or decrease by a ccnmwn difference. 

When they isicrease^ they form what is called an uKendu^ 
«erieS| as 3, 5, 7, 9, 11, &c. 

When they decrease^ they form a descending series, as 11, 
9, 7, 6, &c» 

. The natural numbers, 1, 2, 3, 4, 5« 6, &c. are in arithmet- 
ical progression ascending. 

m 

4Sti, From the definition it is evident that, in an ascendmg 
lenes, each succeeding term is ibund, by eMmg the commofi 
difference to the preceding term* 

If the first term is 3, and the common difference 2 ; 

The series is 3, 6, 7, 9, 11, 13, &c. 

If the first term is a, and the common difierence d ; 

Then a^d is the second term, a-^-^d-^d^ci-^Sdy the fourth, 
a+d+d=a+2d the 3d, a+Sd+d=:a+4d the 5th, &c. 

lit 4 5 

And the series is a, a+d, o-f-^cl, aH-3d, a^idi &c. 

If the first term and the common difierence are the same^ 
die series becomes more simple. Thus if a is the first term, 
and the common difference, and n the number of terms. 

Then a^a=:2aiB the second term, 
2a^-a=$a the third, &c. 

And the series is a, 2a, So^ 4a, .... . na. 

424. In a descending series, each succeeding term is found, 
by subtracting the common difference firom the preceding term. 

If a is the first term, and d the common difference, the 

19 8 4 5 

series is a, a - £2, a - 2df, a - 3 J, a - 4(1, &c. 

Or the common difference in this case may be considered 
as - (2, a negative quantity, by the addition of which to any 
preceding term, we obtain the ft>llowing term. 

In this manner, we ma^ obtain any term, by continued 
addition or subtraction. But in a long series, this process 
would become tedious. There is a method much more ex- 
peditious. By attending to the series 

1 « 3 4 B 

o, a+d^ a+2df a^Sd^ a+4d, &c. 
it will be seen, that the number of times d is added to a is oim 
less than the number of the term. 
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The second term is ci^d^ i. e. a added to once d; 
The tidrd is a+Sd, a added to tvoice d; 

The fourth is a+Sd^ a added to thrice d, Slc. 

So if the series be continued. 

The 50th term will be a+49d 

The 100th term a+99d 

If the series be descending^ the 100th term will be a — 99iL 



Jn the hst term, the number of times d is added to a, .'a 
one less than the number of all the terms. If then 

a=the first term, 2r=:the last, n=the number of terms, we 
■hall have, in all cases, 2r=ra4-(n-l) X<2; that is, 

425. In an arithmetical progression, the last term is equal 
to thefirstf-^- the product of the common difference mto the number 
of terms less one. 

Any other term may be found in the same way. For the 
series may be made to stop at any term, and that may he 
considered, for the time, as the last. 

Thus the wth termr=a-f-(«i -1) Xd. 

If the first term and the common difiference are the same^ 

r=a4'(n-l)a=a-|-na-(i, that is, z=:na. 

In an ascen£ng series^ the first term is, evidently, the least, 
and the last, the greatest. But in a descending series, the 
first term is the greatest, and the last, the least. 

426. The equation r= o-f- (n-l)d not only shows the value 
of the last term, but, by a few simple reductions, will enable 
us to find other parts of the series. It contains four different 
quantities, 

a, the first term, n, the number of terms, and 

z, the last term, d^ the common difference. 

If any three of these be given, the other may be found. 

L By the equation already found, 

z=a4-(»-l)d=</w last term. 

2. Transposing {n-l)d, (Art. 173.) 

Z'-'(n-l)d=a:=the first temL 

3. Transposing a in the 1st, and dividing by n*l, 

— Y=a=rt€ common difference. 
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4. Transp. a in the let, dividing by d, and transp. --1, 

By the third equation, may be found any number of an{&- 
metical meat^^ between two given numbers. F<^ the whole 
number of terms consists of the two extremeSi and all the 
intermediate terms. If then m=: the number of means, m^- 
2=n, the whole niunber of 'terms. Substituting m+2 for n, 
in the third equation, we have 

z—a 
I | g=ct| the common difference. 

Prob. 1. If the first term of an increasing progression is 7, 
the common difference 3, and the number of terms 9^ whal is 
the last termt Ans. 2r=<H-(»-l)<^-7+(9-l)X3=d51. 

And the series is 7, 10, IS, 16, 19, 22, 25, 28, 31. 

Prob. 2. If the last term of an increasing progression is 60, 
the number of terms 12, and the common difference 5^ what 
is the first term? Ans. a^;«-(ii--l)d=6a-.(12-l)x5=5. 

Prob. 3. Find 6 arithmetical means, between 1 and 43. 

Ans. The ^nmion difference is 6. 

And the series, 1, 7, 13, 19, 26, 31, 37, 43. 

427. There is one other inquiry to be made concerning a 
series in arithmetical progression. It is often necessary to 
find the etan of all the terms. This is called the summtUion oi 
the series. The most obvious mode of obtaining the amount 
of the terms, is to add them together. But the nature of 
progression will furnish us with a method more expeditious. 

It is manifest that the sum of the tei*ms will be the same, 
in whatever order they are written. The sum of the ascend- 
ing series, 3, 5, 7, 9, II, is the same, as that of the descend- 
ing series, 11, 9, 7, 5, 3. The sum of both the series is, 
therefore, tunce as great, as the sum of the tenns in one of 
them. There is an easy method of finding this double mvny 
and of course, the sum itself which is the object of inquiry. 
Let a given series be written, both in the direct, and in the in- 
verted order, and then add the corresponding terms together 
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Take, for instance, the series 3, 5, 7, 9, 11 

And the same inverted 11, 9, 7, 5, 3. 

The sums of the terms will be 14, 14, 14, 14, 14. 

Take also the series a, a-^d, a-|-2i, a-f-3i2, a-|-4d, 
And the same inver. a^id, a-|-3d, o-j-^^ ^^9 a- 



The sums will be 2a-|-4d,2a+4<l,2ii+4d,2a+4rf,2a-f 4d 
Here we discover the important property, that, 

428. In an arithmetical progression, the sum of the ex- 
tremes IS EQ0AL TO THE SUM OF ANT OTHER TWO TERMS 

EQUALLY DISTANT FROM THE EXTREMES. 

In the series of numbers above, the sum of the first and 
the last term, of the first but one and the last but one, &c. is 
14. And in the other series, the sum of each pair of corres- 
ponding terms is 2a-|-4d. 

To iuid the sum of aU the terms in the double series, we 
have only to observe, that it is equal to the sum of the ex- 
tremes repeated as many times as there are terms. ^ 

The sum of 14, 14, 14, 14, 14=14x3. 

And the sum of the terms in the other double series is 
(2a+4d) X.5. 

But this is twice the sum of the terms in the single series. 
If then we put , 

ai=:the first term, n=the number of terms, 

z=the last, t=the sum of the terms, 

we shall have this equation, 

tsr-g— X«. That is, 

429. In an arithmetical progression, the sum of all the 

TERMS IS EQUAL TO HALF THE SUM OF THE EXTREMES MUL- 
TIPLIED INTO THE NUMBER OF TERMS. 

Prob. What is the sum of the natural series of numbers 
1, 2, 3, 4, 5, &c. up to 10001 

a+z I4-IOOO 
Ans. «=-^ X«= -^ X 1000=600500. 

If in the preceding equation, we substitute for z^ its value 
as given in Art. 426, we have 

2a+(n-l)cl 
1. 9= — '-^ — ^Xn. 
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In tliisy there cure ftmr different quantities, the firti term of 
the series, the cmvma^ difference^ the mxmber of terms, and 
the sum of the terms; any three of which being given, the 
fourth may be foundL For, by reducing the equation, we 
have, 

2. a=s-: g- ' the jir^t term. 

S. o=s ^m ^ > tiie cmomm^ dtfferenot, 

4. ,^V(2a-'^)'+8'^«-2a+'?, tbe auiaber of tmns. 

Ex. 1. If the iirst term of an increasing arithmetical series 
is 3, the conmion difference 2, and the nuniber of terms 20 ; 
what is the sum of the series 1 Ans. 440. 

2. If 100 stones be placed in a straight line, at the dis- 
tance of a yard from each other ; how far must ji person tra- 
vel, to bring them one by one to a box placed at the distance 
of a yard from the first stone 1 Ans. 5 miles and 1300 yards. 

3. Wliat is the sum of 150 terms of the series 

12 4 6 7 

g» g> 1, ^ g' 2, g» &C.1 Ans. 3775. 

4. If the sum of an arithmetical series is 1455, the least 
term 5, and the number of terms 30 ; what is the common 
difference! Ans. 3. 

5. If the sum of an arithmetical series is 567, the first 
term 7, and the common difference 2 ; what is the number 
of terms] Ans. 21. * 

6. What is the sum of 32 terms of the series 

1, IJ, 2, 2J, 3, &c.? Ans. 280. 

7. A gentleman bought 47 books, and gave 10 cents for 
the first, 30 cents for the second, 50 cents for the third, &c. 
What did he give for the whole 1 Ans. 220 dollars, 90 cents 

8. A person put into a charity box, a cent the first day of 
the year, two cents the second day, three cents the third day, 
&c. to the end of the year. What was the whole sum for 
365 days 1 Ans. 667 dollars, 95 cents. 
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430. In the series of odd numbers 1, S, 5, 7, 9; Ac. con- 
tinued to any given extent, the last term is always one less 
than twice the number of terms. 

For 2r=a-^(n- !)<{. (Art. 425.) But in the pioposed 
series fl=l, and rf=i2. * 

The equation, then, becomes z:ssl>|-(n-l) X^=2n - 1. 

431. In the series of odd numbers, 1, S, 5, 7, 9, &c. *hB 
mm of the terms i$ ahoays equal to the square of the number of 
terms. , 

For «=4 (a-l-z)n. (Art. 429.) 

But here a=:l, and by the last article, 2r=2fi-l. 
The equation, then, becomes «=ii (l+2n-l)»=n*. 

Thus 14.3=4 ) 

•3-1-5=9 > the square of the number of terms. 
.6-f-7=16) 

432. If there be two ranks of quantities in arithmetical 
progression, the sums or differences will also be in aritlrnietical 
progression. 

For by the addition or subtraction of the corresponding 
terms, the ratios are added or subtracted. (Art. 345.) And 
by the nature of progression, all the ratios in the series are 
equal. Therefore equal ratios being added to, or subtracted 
from, equal ratios, tne new ratios thence arising will also be 
equal. 

To and from 3, 6, 9, 12, 15, 18, 21 
Add and sub. 2, 4, 6, 8, 10, 12, 14 



1 

1+3. 




Sums 5, 10, 15, 20, 25, 30, 35 

Diff. 1, 2, 3, 4, 5, 6, 7 

433. If all the terms of an arithmetical progression be mul 
iiplied or divided by the same quantity, the products or quo 
tients will be in arithmetical progression. 

For by the multiplication or division of the terms, the roHos 
are multiplied or divided; (Art. 344,) that is, equal quantities 
are multiplied or divided by the given quantity. They wiU 
therefore remain equal. 

I f the series 3, 5, 7, 9, 1 1 , &c. be multiplied by 4 ; 

The prods, will be 12, 20, 28, 36, 44, &c. and if this be div. by 2^ 
The quots. will be 6, 1 0, 1 4, 1 8, 22, &c. 



I 
L 
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Problems of varioiis kinds, in arithmetical pn^^saion, may 

be solved, by stating the conditions algebraically, and then 
reducing the equations. 

Prob. 1. Find four numbers in arithmetical progression, 
whose sum shall be 56, and the sum of their squares 364. 

If orrrthe second of the ibur numbers, 

And y= their common diflerence: 

The series will be ar-y, ar, «+y> ^+^y- 

By the conditions, {x - y) +*+ (H-y )+ (*+%) = 56 ) 

And (^x-yy+a^+{x+yy+{x+2yy^S64 5 

That is 4a?+2y=56 > 

And 4a:*4-4«y+6y«=: 864 J 

Reducing these equations, we have a: =12, and y=4. 

The numbers required, therefore, are 8, 12, 16, and 20. 

Prob, 2. The sum of three numbers in arithmetical pro- 
gression is 9, and the sum of their cubes is 153. What are 
the numbers? Ans. 1, 3, and 5. 

Prob. 3. The sum of three numbers in arithmetical pro- 
gression is 15; and the sum of the squares of the two ex- 
tremes is 58. What are the numbers! 

Prob. 4. There are four numbers in arithmetical progres- 
sion : the sum of the squares of the two first is 34 ; and the 
sum of the squares of the two last is 130. What are the 
numbers? Ans. 3, 5, 7, and 9. 

Prob. 5. A certain number consists of three digits, which 
are in arithmetical progression ; and the number divided by 
the sum of its digits is equal to 26; but if 198 be added to 
it, the digits will be inverted. What is the number? 

Let the digits be equal to a:- y, or, and x-\-yf respectively. 
Then the number =100(a?-y)+10a:4-(a:+y) = llla:-.99y. 

lllar-.99y 
By the conditions, g^ — =26 

And Illa?-99y4-198=100(a?4-y)-f.l0ar+(a?-y) 
Therefore a?=3, y= 1, and the number is 234. 

Prob. 6. The sum of the squares of the extremes of four 
numbers in arithmetical progression is 200 ; and the sum of 
the squares of the means is 136. What are the numbers 1 



GEOMETRICAL PROGRESSION. Stl 

Prob. 7. There are four numbers in arilltmetieal progres- 
sion, whose sum is 28, and their oontinual produci 585. 
What are the numbers 1 



GEOMCmUCAL PROGRESSION. 

434. As arithmetical {MrqKMrtion continiied is arithmetical 
progression, so geometrical prop<»rtion contiAued is geometri- 
calprogression. 

The numbers 64, S2, 16, 8, 4, are in continued geometri- 
cal proportion. (Art. 372.) 

In tins series, if each preceiSng term be divided by the 
common ratio, the quotient will be the following term. 

V=32, and V=16, and V=8, and 1=4. 

If the order of the series be fnoerted^ the proportion will 
still be preserved ; (Art. 399,) and the common divisor will 
become a multiplier. In the series 

4,8,16,32,64, &G.4x^=8,and8x2=16,aiidl6x^=32,&c, 

435. Quantities then are in gbometrical progression, 

WHEN THET INCREASE BT ▲ COMMON MULTIPLIER, OR DE- 
CREASE BT A COMMON DIVISOR. 

The common multiplier or divisor is called the ratio. Vor 
most purposes, however, it will be more simde to consider 
the ratio as always a fmMpUir, either integral or fractional. 

In the series 64, 32, 16, 8, 4, the ratio is either 2 a divisor, 
or } a multiplier. 

To investigate the properties of geometrical progression, 

we may take nearly the same course, as in arithmetical pro- 

, gression, observing to substitute continual muUipliaOion and 

divisiony instead of addition and subtraction. It is evident, 

in the first place, that, 

436. In an ascending geometrical series, each succeeding 
^rm is found, by mulHplying the ratio into the preceding term« 

If the first term is a, and the ratio r. 

Then ax*'=«'> the second term, or*x»'=a»^j the fourth, 
arXr=ar*, the third, ar»X>'=ar*, the fifth, &c. 

And the series is a, or, or*, «r*, oH, ai/^^ &c, 

437. If the first term and the ratio are the tome, the pro- 
gression is simply a series of powers. 
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if the fini tend aad the ratio «ie each equal to r. 
Then rx**— r*, the seocmd tenn, r*X«'=*^> the fourth, 
r» Xr =r», the third, r* xr=f*, the fifth. 

And the series is r, r^, r*, r*, i*, r*, &c. 

438. In a ieseendmg series, eiri^ saceeeding term is found 
by ^viding the preceding term by the ratio^ or multiplying 
1^ ffip fractional ralio. 

If i^e first term is «^, and the ratio r, 

or* 
the second term is ~, or ar^Xi^f 

And the series is at*^ or", ar^^ mf^^ ca^^ ar^ a, &c. 
If the first term is a, and the ratio r, 

a a a 

The series is a,->-^>-^ &c. or a, ar'^^ ar'^f &c. 



I 
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By attending to the series a, ar^ m*, ar*, or*, or*, &c. it will 
be seen that, in each term, the exponent of die power of the 
ratio, is one lees, than the number of the term. 

If then assthe fiivt term, rsthe mtio, 

«=cue last, iisthe number of terms ; 

we have the equation zz=iai^\ that is, 

439. In geometrical progression, the last term is equal to the 
product of the firsts into that power of the rath whose index is one 
less than the number of terms. 

When the least tenn and the ratio are the same, the equa- 
tion becomes z=rr^*=r^. See Art. 437. 

440. Of the four quantities a, z, r, and n, any three being 
given, the other may be found.* ' ' 

1. By the last article, 

2r=af^*=the hist term. 

2. IMviding by f^\ 

z 
-;;;;zi=a=the first term. 

8, Dividing the 1st by a, and extracting the root, 

'z \»-i =scr2=the raiio. 



(I)' 



* See NoU P. 
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By the last eqtiation may be found aiqr iiunsb^ of g'eome- 
frkcdmeanSf between two given numbers. If fii=3 the nam* 
ber of means, m4-2=n> the whole number of terma. Substi- 
tuting m-f-2 for n, in the equation, we have 



( 



— l«+i =r, the ratio. 
a I 



When the ratio is found, the means are obtomed by con 
tinued multiplication. 

Vxdb. 1. Find two geometrical means between 4 and 256 
Ans. The ratio is 4, and the series is 4, 16, 64, 256. 

Prob. 2. Find three geometrical means between h and 9 

Ans. 7, 1, and 3. 

441. The ne:^t thing to be attended to, is the rule for find 
lag the «(im of all the terms^ 

If any term, in a geometrical series, be multiplied by the 
ratio, the product will be the succeeding term. (Art. 436.) 
Of course, if each of the terms be multiplied by the ratio^ a 
new series will be produced, in which ail the terms except 
the last will be the same, as all except the first in the other 
series. To make tliis plain, let the new series be written 
under the other, in such a manner, that each term shall be 
removed one step to the right of that from which it is pro- 
duced in the line above. * 

Take, for instance, the series 2, 4, 8, 16, 32 

Multiplying each term by the ratio, we have 4, 8, 16, 32, 64 

Here it will be seen at once, that the four last tenns in the 
upper line are the same, as the four first in the lower line. 
The only terms which are not in bothy are the first of the one 
series, and the last of the other. So that when we subtract 
the one series, from the other, all the terms except these two 
will disappear, by balancing each other. 

If the given series is a, ar^ at^y ar^^ .... oi^""'. 
Then mult by r, we have ar^ or*, ar^, .... at^'^\ ar". 

Now let «= the sum of the terms. 
Then s^ia-^ar-^-ar^-^ar^f . . . .-f-af^"**. 

And mulU by r, r«=s ar-f-ar'+«r% . . • .4-^^~*+«''* 

Subt'gth« fiirt equation from the second, rs-s= or" -a 

And dividing by (r-1,) (Art. 181.) #='?lzf. 

r "*■ 1 
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In this equation^ ar* is the last term in the new senes, and 
is theref<M*e the product of the ratio into the last term in the 
given serieg^ 

Therefore j=:?l£Z-?, that i& 

442. The sum of a series in geometrical progression is 
found, by multiplying the last term into the ratio, subtract- 
ing the first term, and dividing the remainder by the ratio 
less one. 

Prob. 1. If in a series of numbers in geometrical pro- 
gression, the first term is 6, the last term 14|is, and the ratio 
S, what is the sum of all the terms f 

Ana. ,=1Z5=?2<11«|Z«=2184. 

Prob. 2. If the first term of a decreasing geometrical se- 
ries is i, the ratio 4, and the number of terms 5 ; what is the 
sum of the series 1 

The last term=af*-'s=tx(i)*=iTi. 

' V > — 1 121 
And the sum of the terms =s^^.T^ 2 =121. 

1-1 162 

Prob. 3. What is the sum of the series, 1, 3, 9, 27^ &c. to 
12 terms] Ans. 265720. 

Prob. 4. What is the sum of ten terms of the series 1, f, 

>, .V, &c. Ans. 12^f . 

69049 

443. QuanHties m geometrical progresnon are propcrtianal 
to Uidr differences. 

Let the series be a, or, ar'f ar^^ ar*^ &c* 

By the nature of geometrical progression, 

a: ariiar : ai^ i:at^ : ar^iiof^ : ar^^ &c. 

In each couplet let the antecedent be subtracted from the 
consequent, according to Art. 389, 6. 

Then a : ariiar'-a : ar^-^arwciai^-ar : ai^-^-aa^y &c. 

That is, the first term is to the second, as the difference 
between the first and second, to the difiSbrence between the 
second and third ; and as the difiference between the second 
and third, to the difierence b^tw^n the third and fourth, &c 
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Cor. If quantities are in geometrical progression, their dif- 
ferences are also in geometrical progression. 

Thus the numbers 3, 9, 27, 81, 243, &c. 
And their differences 6, 18, 54, 162, &c. are in geo 
metrical progression. 

444. Several quantities are said to be in harmonkal progres* 
swHy when, of any three which are contiguous in the series, 
the first is to the last, as the difference between the two first, 
to the difference between the two last. See Art, 400, 

Thus the numbers 60, 30, §0, 16, 12, 10, are in harraoni- 
cal progression. 

For 60 : 20 ::60-30: 30-20, And 20: 12:: 20- 16: 15-12 
And 30: 15 :: 30-20: 20-15, And 16 : 10:: 15-12 : 12-10 

Problems in geometrical progression, may be solved, as in 
©ther parts of algebra, by the reduction of equations. 

Prob. 1. Find three numbers in geometrical progression, 
such that their sum shall be 14, and the sum of their 
squares 84. 

, Let the three numbers be a?, y, and z. 

By the conditions, x :y : :y : z^ or a?z=y' 

And ar+y4-2r=14 

And a*+j^4.«»=84 

Reducing these equations, we find the numbers required 
to be 2, 4 and 8. 

Prob. 2. There are three numbers in geometrical progres- 
sion whose product is 64, and the sum of their cubes is 584. 
What are the numbers 1 

If a: be the first term, and y the common ratio ; the series 
will be or, xy^ xy*. 

By the conditions, a?X«yX^> or a:y=64, > 

And x^'+xY+vY = 684. J 

These equations reduced give x=:i2, and i/=:2. 
The numbers required, therefore are, 2, 4 and 8. 

Prob. 3. There are three numbers in geometrical progres- 
sion : The sum of the first and last is 62, and the square of 
the mean is 100. What are the numbers ? Ans. 2, 10,and 60. 

20» 
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Prob. 4. Of four numbers in geometrical progression, the 
sum of the two first is 15, and the sum of the two last is 60. 
What are the numbers 1 

Let the series be x^ xy^ o^, xy^ ; and the mmibers will be 
found to \^ 5, 10, 20, and 40. . ' 

Prob. 5. A gentleman divided 210 dollars among three 
servants, in such a manner, that their portions were in geo- 
metrical progression ; and the first had 90 dollars more than 
(he last. How much had each 1 

Prob. 6. There are three numbers in geometrical progres- 
sion, the greatest of which exceeds the least by 15 ; and the 
difference of the squares of the greatest and the least, is to 
the sum of the squares of all the three numbers as 5 to 7. 
What are the numbers % Ans. 5, 10, and 20. 

Prob. 7. There are four numbers in geometrical progres- 
sion, the second of which is less than the fourth by 24 ; and 
the sum of the extremes is to the sum of the means, as 7 to 3. 
What are the numbers 1 Ans. 1, 3, 9, 27. 



SECTION XV. 



INFmiTES AND INFINITESIMALS.* 



Art. 445. THE word infydU is used in different senses. 
The ambiguity of the term has been the occasion of much 
pejrplexity. It has even led to the absurd supposition thai 
propositions directly contradictory to each other, may be 
mathematically demonstrated. These apparent contr^idic- 
tions are owing to the fiou^t, that what is proved of infinity 

* Locke's Essays^ Book 2, Chan. 1 7 Berkeley's Analyst. Preface to Man. 
lauiin's Fluxions.. NewUm's rhnci> Saundersen's Algebra, Art. 38d. 
Mansfield's Essays. Emerson's Algebra, Prob. 73. BuiRer. 
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when understood in one particular manner, is often* thought 
to be true also, when the term has a very dififerent significa- 
tion. The two meanings are insensibly shifted, the one for 
the other, so that the proposition which is really demonstra- 
ted, is exchanged for another which is false and absurd. To 
prevent mistakes of this nature, it is important that the dif- 
ferent meanings be carefully distinguished from each other, 

446. Infinite, in the highest, and perhaps the most proper 
sense of the word, is that wkkh h so greaty that nothmg can be 
added to if, or supposed to be added. 

in this sense, it is frequently used in speaking of moral and 
metaphysical subjects. Thus, by infinite wisdom is nfieant 
that which will not admit of the least addition. Infinite power 
is that which cannot possibly be increased, even in supposi- 
tion. This meaning of infinity is not applicable to the ma- 
thematics. That which is the subject of the mathematics is 
quantitif; (Art. 1.) such quantity as may be conceived of by the 
human mind, But no idea can be formed of a quantity so 
great that nothing can be supposed to be added to it. In this 
sense, an ir^ite number is inconceivable. We may increase 
a number by continual addition, till we obtain one that shall 
exceed any limits which we please to assign. By this, how- 
ever, we do not arrive at a number to which nothing can be 
added ; but only at one that is beyond any limits which we 
have hitherto set Farther additions may be made to it with 
the same ease, as those by which it has already been in- 
creased so far. It is therefore not infinite, in the sense in 
which the term has now been explained. It is absurd to 
speak of the greatest possible number. No number can be 
imagined so great as not to admit of being made greater. 
We must therefore look for another meaning of infinity, be- 
fore we can apply it, with propriety, to the mathematics. 

447. A MATHEMATICAL QUANTITY IS SAID TO BE INFINITE, 
WHEN IT IS SUPPOSED TO BE INCREASED BEYOND ANY DETEIU 
MINATE LIMITS. 

By determinate limits are meant such as can be distinctly 
stated.* In this sense, the natural series of numbers, 1, 2, 3, 4, 
5, &c. may be said to be infinite. For, if any number be men- 
tioned ever so great, another may be supposed still greater. 

The two significations of the word infinite are liable to be 
confounded, because they are in several points of view the 

m ■ ■ I ■! ■■ I I ... ■ ■ I ■ 

4* See Note U, 
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same. The higher meaning includes the lower. That which 
IS so great as to admit of no addition, must be beyond any 
determinate limits. But the lower does not necessarily imply 
the higher. Though number is capable of being increased 
beyond any specified Hmits ; it will not follow, that a number 
can be found to which no farther additions can be made. 
The two infinites agree in this, that according to each, the 
things spoken of are great beyond calculation. But they 
differ widely in another respect. To the one, nothing can be 
added. To the other, additions can be made at pleasure. 

448. In the mathematical sense of the term, there is no 
absurdity in supposing one mjimte greater than another. 

We may conceive the numbers 2 2 2 2 2 2 2, &c. 

4 4 4 4 4 4 4, &c. 

to be each extended so far as to reach round the globe, or to 
the most distant vidible star, or beyond any greater boundary 
which cah be mentioned. But if the two series be equally 
extended, the amount of the one will be twice as great as the 
other, though both be infinite. 

So if the series a-f- «'+ ^4- ^^4- ^> ^^* 
and 9a+9a»+9a"4-9a*+9«'> Ac- 

he extended together beyond any specified limits, one will be 
nme times as great as the other. But it would be absurd to 
suppose one quantity greater than another, if the latter were 
already so gieat that nothing could be added to it. 

449. An infinite number of terms must not be mistaken for 
an infinite quantity. The terms may be extended beyond 
any given limits, when the amount of the whole is a finite 
quantity, and even a small one. If we take half of a unit ; 
then half of the remainder ; half of the remaining half, &c 
we shall have the series 

in winch each succeeding term is Imlf of the preceding one. 
Let the progressicHi be continued ever so far, the sum of all 
the terms can never exceed a unit. For, by the supposition, 
there is still a remainder equal to the last term. And this 
remainder must be added, before the amount of the whole 
can be eqiml to a unit. 

So a +I+I+1T+A+TV &c. can never exceed 8. 



MATHEMATICAL INFINITr. 2^9 

450. When a quantity is dim inishsd till it be€omb9 

Less than ant DKTERMINATK- Q0ANTITT» it 18 CALLED AM 

INFINITESIMAL. 

Thus, in a series of fractions xV* m^ ivVb* tv«9V« &<^- & 
unil is first divided into ten parts, then into a hundred, a 
thousand, &c. One of these parts in each succeeding term 
ts ten times less than in the preceding. If then the progres* 
«ion be continued, a portion of a unit may be obtained less 
than any specified quantity. This is an infinitesimal, and iu 
mathematical language, is said to be v^nitely small. By this, 
however, we are not to understand that it cannot be made 
less. The same process that has reduced it below any limit 
which we have yet specified, may be continued, so as to di- 
minidi it still more. And however far the progression may 
be carried, we shall never arrive at a point where we must 
neeessarily stop. 

451. In the sense now explained, mathematical quantity 
may be said to be mfimtely dwisible ; that is, it may be sup- 
posed to be so divided, that the forti shall be less than any 
determinate quantity, and the number of parts greater than 
anv given number. 

In the series ,-S, ttid roW miow &c. a unit is divided 
into a greater and greater number of parts, till they become 
infinitesimals, and the number of them infinite, that is, such 
a number as exceeds any given number. But this does not 
prove that we can ever arrive at a division in which the parts 
shall be the least possible or the mmAer of parts the greatest 
possible. 

452. One infinitesimal may be less thaa another. 
The series, ^, -tSttj tAv» rtiwf ^c- ? 

may be earned on together, till the last term in each becomes 
infinitely small ; and yet one of these terms will be only halj 
as great as the other. For the denominators being the same, 
the firactions will be as their uumeratorB, (Art. S60, cor. 2,) 
that is, as 6 : 3, or 2 : 1. 

Two quantities may also be divided, each into an infinite 
number of parts, using the term infinite in the mathematical 
sense, and yet the parts of on^ be mcnre numerous than those 
of the other. 

The series A, rrvi ttWi TTrrrrj &c. ) 
•^" ht rrri timri nr4Tf> ^^* J 
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tniky both be ii^Snitely extended ; and yet a unit in the laal 
series, ie divided into four times as many parts as in the first. 
But if, by an infinite number of parts were meant such a 
4iumber as could not be increesed, it would be absurd to sup- 
pose the divisions of any quantity to be still more numerous.* 

45S. For all pracHcai purposes, aa infinitesimal may \m 
considered as absolutely nothing. As it is less than any de* 
terminate quantity, it is lost even in numerical calculationsw 
In algebraic processes, a term is often rejected as of no value, 
because it is infinitely smalL 

It is firequently expedient to admit into a eakuUtiott, a 
small error, or what is suspected to be an emw. It may be 
difiicult either to avoid the objectionable part, or lo {ispertain 
its exact value, or even to determine, without a loag aitil 
tedious process, whether it is really an error or not But if ii 
can be shown to be infinitely small, it is of no account in 
practice, and may be retained or rejected at pleasure. 

It is impossible to find a decimal which shall be exactly 
equal to the vulgar finction }. Dividing the numerator by 
the denmninator, we obtain in the first place ^. This is 
nearly equal to f. But ^ is nearer, ^^, still nearer, &c. 

The error, in the fifst instance, is (S* 

For ft+A=A+a^=Ji=J. 

In the same manner it may be shown^ that 

the difierence between \ * ^^^ H' ^ ^* . 

I i and .333, is ^^^ &c. 

If the decimal be supposed to be extended beyond any as- 
signable limit, the difference still remaining will be infinitely 
small. As this error is less than any given quantity, it is of 
no account, and may be considered iu calculation as nothing* 

454. From the preceding example it will be seen, that a 
quantity may be continually coming nearer to another, and 
yet fierer re(»ch i$. The decimal 0.353S333, &c. by repeated 
additions on the right, may be made to approximate continu- 
ally to I, but can never exactly equal it. A difference will 
always remain, though it may become infinitely small. 
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When one qnantily is Chas iiuide to^c^pioach contfAually 
to another, withottt ever passing it ; the latter is called a 
UmU of the former. The fractioti ) is a limit of the decimal 
(k68Q &c. indefinitely continued. 

455. Though an infinitesimal is of no account of itsdff 
yet its eflfect on other quantities is not always to be disre- 
garded. 

When it is a factor or divisor, it may have an important 
influence. It is necessary, therefore, to attend to the rela- 
tions virhich infinkesy infinitesimals, and finite quantities have 
to each other. As an infinitesimal is less than any assigna- 
ble quantity, as it is next to nothing, and, in practice, may be 
considered as nothing, it is frequently represented by 0. 

An infinite quantity is expressed by the character QO 

456. As an infinite quantity is incomparably greater tJian 
a finite one, the alteration of the former, by an addition or 
nAtraObm of the latter, may be disregarded in calculation. 
A single grain of sand is greater in comparison with the 
whole earth, than any finite quantity in comparison with one 
which is infinite. If therefore ii^Snite and finite quanti- 
ties are connected by the sign '-|- or -» the latter may be re- 
jected as of no comparative value. For the same reason, if 
finite quantities and infinitesimals are connected by 4- or - , 
the latter may be expunged. 

457. But if an infinite quantity be moltif^ied by one which 
is finite, it will be as many times increased as any other quan- 
tity would, by the same multiplier. 

If the infiaiite series 2 2 £ 2 2 2 &c. be multiplied by 4 ; 

The product will be 8 8 8 8 8 8 4>c. four times as great bm 
the multiplicand. See Art. 448. 

458. And if an infinite quantity be divided by a finite quan- 
tity, it will be altered in the same manner as any other quan- 
tity. ^ 

If the infinite series 66666666 &c.be divided by 2 ; 

The quotient will be 3 3 3 3 S 3 8 S ^c. half as great as 
iie dividend. 

459. If a finite quantitu be multiplied by an infinUeshnal^ 
the product will be an innnitesimal ; that is, putting z for a 
finite quantity^ and for an infinitesimal, (Art. 455. 
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If theimiltipti«r were a wmi^ iht prodm^t would be equa 
to the multiplicand. (Art. 90.) If the multiplier is less than 
a unit, the product b proportionally less. If then the multi- 
plier is mfiniUlg less than a unit, the product must be uifU 
oitel^ less than the multiplicand, that is, it must be an injfi* 
nitesunal. Or, if an infinitesimal be considered as abso- 
lutely nothing, then the product oiz into nothing is nothing. 
(Art. 112.) 

460.' On the other hand, if a finite quantity be divided by 
an infinitesftmal, the quotient will be infinite. 

z 

For, the less the divisor, the greater the quotient. If then 
the divisor be ir^utelu small, the quotient wUl be infijiitely 
great. In other words, an infinitesimal is contain/^ an infi- 
nite number of times in a finite quantity. This may, at firsty 
appear paradoxical. But it is evident, that the quotient muat 
increase as the divisor is diminished. 

Thus 6^3=:2, 6^0.03=200, 

6-£-0.3=:20, 6-^0.003=:2000, &c. 

If then the divisor be reduced, so as to become less than 
any assignable quantity, the quotient must be greater than 
any assignable quantity. 

461. If a finite quantity be divided by an infinite quantity, 
the quotient will be an infinitesimal. 

OD 

For the greater the divisor, the less the quotient. If then, 
while the dividend is finite, the divisor be infinitely great, the 
quotient will be infinitely, small. 

It must not be forgotten, that the expressions w^vnUely great 
and infinitely smaUf are, all along, to be understood in the 
mathematical sense according to the definitions in Arts. 447, 
and 450. 
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SECTION XVI 

DtTIBION BY CCMIPOUND DIVISORS^ GREATEST 

COMMON MEASURE. 

Art. 46S. IN the eectioii oa divisioii, the eaee in which 
the divisor is a compound <{aantity was omitted, because the 
operation in most instances, required some knowledge of the 
aature of powers; a subject which had not been previously 
Ascplained. 

Division by a compound divisor is performed by the fol« 
lowing rule, which is subetantiaHy the same, as the rule for 
division in arithmetic ; 

To obtain the first term of the quotient, divide the first 
lerm of the dividend, bjr the first term of the divisor ;* 

Multiply the wh<Ae divisor, by the term riaced in the qoo^ 
tient ; subtract the product from a part of the dividend ; and 
to the remainder bnng down as many of the following terms, 
as shall be necessary to continue the operation : 

IKvide again by the first term of the divisor, and proceed 
as before, till all the terms of the dividend are brought down 

Ex* 1* Divide ac^bc^ad^bdj by a^b* 

a-|-ft) aC'{'bc+ad^bd{C'\-d 

oc-f-bc, the first subtrahend. 



ad+bd 

ad+bd, the second subtrahend. 



Here ae^ the first term of the dividend, is <fivided by a» 
the first term of the divisor, (Art. 116.) which gives e f&r the 
first term of the quotient Multiplying the whole divisor by 
this, we have ac-^be to be subtracted from the two first 
tenns of the dividend* The two remaining terms are then 
brought down, and the first of them is divided by the first 



*See Koto fk 
21 
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tenn of the divisw as before. This gives d for the second 
term of the quotient. Then multiplying the divisor by d^ 
we hjPLve ad'\-bd to be subtracted, which exhausts the whole 
dividend without leaving any remainder. 

The rule is founded on this prineqde, that the jNroduet of 
the divisor into the several parts of the quotient, is equal to 
the dividend. (Art. 115.) Now by the operation, the pro- 
duct of the divisor inio the first tenn of the quotient is sub* 
Iracted from the dividend ; then the product of the divisor 
ilKto the tecofMil term of the quotient ; and so on, till the pro* 
duct of the divisor into each term of the quotient, that is, 
the product of the divisor into the whole quotient, (Art* 100.) 
is taken from the dividend. If there is no remainder, it is 
evident that this product is eaual to the dividend. If there 
%$ a remainder, the product of the divisor and quotient is equal 
to the whole at the dividend exeq>t the remainder. And this 
remainder is not included in the parts subtraipted frc»n the 
dividend, by operating according to the rule. 

463. Before beginning to divide» it will generally be ex- 
pedient to make some pieparation in the arrangement of the 
tertns, 

^ The letter which is in the first term of the divisor, should 
be in the first term of the dividend also. And the powert of 
this letter shoidd be arranged in order, both in the divisor 
and in the dividend ; the highest power standing first, the 
next highest next, and so on. 

Ex. 2. Divide 2a«t+6«+2a6«+rf», by a*+V+ab. 

Here, if we take a* for the first term of the divisor, the 
other terms should be arranged according to the powers of a^ 
thus, 

a8+a6+t«)a»+2a«64-2a6*+A»(a+A 

J'+a^'b+al^ 

^b+ab^+V 

In these operations, particular care will be necessary m the 
management of negathe quaniittes. Constant attention must 
be pa3 to the rules Seht the m^is in subtraction, multipliat* 
tion and division. (Arts, 82» 105, 128.) 
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Ex. ft. Divide tat'^tt^xSa^xy+Mx-^asy^xyhySu^y. 

If the terms b^ arranged according to the powers of a^ 
they will stand thus ; 

ta^y)6a^X'^Safxy - Sa'ar-j-^^+S^ - xy{i€fx''a3f^x. 



♦ - Mx-^axy 



•■HBWWMH 



* -f Soflp - ay 



464 In multiplication, some of the terms, by balancing 
each other, may he lost in the pioduct (Art. 110.) These 
may re-^xppear in division, so as to present terms, in the 
course of the process, different fr<xn any which are in the 
dividend. 

Ex.4 

a+x)if+^(a* - ax+jf 



* (M5*-|-a?' 

Ex. 5. 

<i^- 2aar4-2a?)<l*+4ar*(a"+2rta?4-2a5« 



*+2a'x-2aV. 
4-2a*a? - 4aV- 



,4 



-4a? 
•4a«* 



. ♦ +2aV - 4a«*+4«* 
.--2aV-4a«*+4r*. 

If the learner will take the trouble to multiply the quo- 
tient into the ddvisor, in the two last examines, \xfi will find 
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in the ptiiiitl jj^roducts^ the seyeral terms whkh iip|)eftr io tbe 
process of dividin?. But most of them, by balancing each 
other, are lost in the general product. 

Ex. 6. Divide 4f^a*+a^b+ab+Sac+Si^ by o+l. 

Quotient. cr^-obnH^. 

Ex, 7. Divide o+i-c-flw -6«4"^a:, by a-J-t-c. 

Quotient. 1 «- op. 

Ex a Divide 2tf'-'lSa»«-fll<W-8ax'+f«*, by «a«-. to 
4-«*. Quotient. a^-6to-f2a;.' 

465. When there is a remamder after all the terms of the 
dividend have been brought down, this may be placed over 
the divisor and added to the quotient, as in arithmetic. 

Ex. 9. 



a+b)ac+he+ad+bd+t{e+d+ . 



X 



ae-^bc 

♦ * ad+bd 
ad4-bd 



Ex. 10. 
d - h)ad - ah+bd - tA-f-y^o+fc-f JL. 

O — A 



ad' 


-ah 








• 


m 


bd- 
bd- 


bh 
-bh 






• 


m 


y 



Ii IS evident that o-f-i is the quotient Jbelonging to the 
vhole of the dividenM, excepHng the remainder y. (Art. 562.) 

And -iL. is the quotient belonging to this remainder. ( A ct. 

1240 



Ex. IL Divide 9ax+2xjf -*9iib -Ay-|-^^+^+^ ^ ^M^y* 

Quotient. 2x^h+e+ *L 

Ex. 1& Dividea'6-Sa«+<ab--6a--46+tt, by&^-S. 

Ex. IS. See Art. 283. 
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Ex. 14* Divide a+W+^Vy-i-^y ^ ^VV* 

Quotient 1+r^. 

16. Divide a^ - Sor'+Sa'af - rf, by a: - o. 
•l6. DivideV-W+«6y-n,byy-a 

17. Divide «•- 1, by «- 1. 

18. Divide 4aJ« - Qs^+ex - 3, by 2a;«+3a? - 1. 

19. Divide af+4a^b+Sb\ by a+26. 

20. Divide «*-<i^«*+2a%?-i^, by a*-««+«^. 

466. A regidfljr aeries of quotiente is obtained, tqr dividing 
the difference of the po¥>^8 of two qiiantitie% by the diflfer* 
ence of Uie quantities. Thus, 

(y*- ^-f-(y - •) =y*+«»'+«y+«V+^. 

Here it vrill be seen, that the index of y, in the fbst term 
of the quotient, is less by 1, than in the dividend ; and thai 
it decreases by 1, frcnn the first term to the last but one : 

While the index of a, ioci«ases by 1, from the second term 
to the last^ where it is less by 1, than in the dividend. 

31* 



Thb maybe ezpceased in a general fioimvday tbrn^ 

To demonstrate this, we have only to multiply the quo- 
tient into the divisor. (Art. 116.) 

All the teims except two, in the partial products, will be 
balanced by each otl^r ; and will leave the general product 
the same as the dividend. 

Into y -a 

Producty* * * * ♦. -o^ 

Mult. y-->4.oy*-'«+ay-' ^.a-'^^+uf"- * 

Into y-a 

-- ay*-* -- ay^*. . . . - a"'--y -- flT-'y - or 
Prod, y* * * ♦ • -iT. 

466. 6. In the same manner it may be proved, that the dif- 
ference of the powers of two quantities, if the index is an 
e9€n number, is divisible by the sum of the quantities. Thai 
iBf as the double of every number is even ; 

(y**- ci^)-r(y+«)=^^' - ay*""*. . . .4-«*"""^- «*"-*. 

And the 9um of the powers of two quantities, if the index 
is an odd number, is aivirible by the sum of the guanHtiee. 
That is, as 2m4-l is an odd nmnber ; . 

(y*H-i^oaM.i)^(y^„a)=y*»-.<^-\ , . .-a*-- V+^' 

For in each of these cases, the product of the quotient and 
divisor, is equal to the dividend. 

Thus, 
(y'-a«)-f-(y+a)=y»-ay*+rfy»-a»y«+(<V-«'t *«• 
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And, 




GREATEST COMMON MEASURE. 

. 466. e. The Greatest Common Measure of two quantities 
may be found by the following rule ; 

Dirinv oNK or the quantities bt the other, and trb 

PRECEDING DIVISOR BT THE LAST REMAINDER, TILL NOTHINO 
REMAINS ; THE LAST DIVISOR WILL BE THE ORKATBIT OOMMON 
MEASURE. 

The algehiaio letters are here supposed to stand for whole 
numbers. In the demonstration of the rule, the following 
prineiiAes must be admitted. 

1. Any quantity measures UBdf, the quotient being 1. 

S. If two quantities are resqpectivdy measured by a third, 
their svm or mfference is measured by that third quantity. — 
If 8 and e are each measured by d, it is evident that 64*^ 
and b - c are measured by i. Connecting them by the sign-j* 
)r *, does not affect their capacity of being measured by d. 

Hence, if h is measured l^ d, then by the preceding pro« 
position, 64-d is measured by d. 

S. If one quantity is measured by another, any mnUxph 
of the former is measured by the latter. If h is measured 
by d, it is evident that 6-^6, 36, 4i, nfr, &c. are measured 
byd. 

Now let P=sthe greater, and d=the less of two algebraic 
quantities, whether simple or compound. And let the pro* 
cess oi dividing, according to the rule be as follows : 

T)d(f 

9 
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In which a, q^ q"^ are the ftiofienf^, from the succaflriTe 
divisions ; ana r, r^, and o the rifiuMufert • And as the divi* 
dend is equal to the product of the divisor and quotient added 
lo the renudnder, 

I>=(i^4-r, and d=r^'-f.K 

Then, as the last divisor r' measures r the remainder being o^ 

it measures (2, and S,) rj^+r'^rf, 
and measures ^q^t^J}^ 

That is, the last divisor r' is a common measure of due twn 
given quantities D and d. 

It is also their moleaf common measure. For every com*- 
Bum measure of X> and i^ is also (S^ and 2) a measure of 
D - dq^T ; and every common measure of i and r, is also a 
measure of d - rtj^^r^. But the greaUH measure of r^ is 
UseU^, This, then, is the greatest common measure of D 
and d. 

The demonstmtion will be substantially the same$ wh«it« 
ever be the number of successive divisions, if the <^pieraiion 
be continued till the remainder is nothing. . 

To find the greatest common measure q{ three quantities ; 
first find the greatest common measure of two of them, and 
then, the greatest common measure of this and the third 
quantity. If the greatest common measure of X> and d be 
f^, the greatest common measure of / and c, is the greatest 
common measure of the three quantities Dy d, and c. For 
every measure of r^, is a measure of D and d; therefore the 
greatest common measure of r^ and c^ is also the greatest 
common measure of i>, d, and c. 

The rule may be extended to any number of quantities. 

466. d. There is not much occasion for tlie preceding 
operations, in finding the greatest common measure of mu 
pie algebraic quantities. For this purpose, a glance (^ the 
eye will generally be sufficient. In the application of the 
rule to compound quantities, it will firequently be expedient 
to reduce the divisor, or enlarge the dividend, in conformity 
with the following principle ; 

7%e greatest common measure of two qwrntities is not dUeredy 
by multiplying or dividing either of them by any quantity which 
isnot a divisor of the otJ^^ and which contains no factor which 
is a divisor of the other. 

The common measure of ab and ac is a. If either be 
muU^lied by d, the common measure of a6d, and -ac, or of 



A and mi^ k still a. On the c^her hand, if ab and acd are 

the given quantities, the common measure is a; and if acd 
be dMded by d, tite common measure of ab and oc is a. 

Hence in finding the common lEneasure by division, the 
diviscHT may often be rendered more dmple, by dividing it by 
tome quantity, which does not c(»itain a divisor of the divi- 
dend. Or the dividend may be muUydied by a factor, whi«*b 
does not contain a measure of the divisor. 

Ex. 1. Find the greatest common measure of 
6a»+llaa?+Sir*, and 6a»+7aa: - Sir«. 

8rf-{- 7aar-8a? 

Dividing by 2ar)4aar-f-6a^ 

2a+3a?)6a»4-7oa? - 3a?(3a - r 
6<^+^ax 



After the first division here, the remainder is divided by 
tsr, which reduces it to Ita+Sx. The division of the pre«» 
ceding divisor by this, leaves no remainder. Therefore 2a^ 
Sop'is the common measure required. 

2. YHiat is the greatest common measure of a? - 6*^, and 
a^+Ux+b*1 Ans. x+b. 

3. What is the greatest common measure of cop^f^t <^ 
a'c-f ^^ 1 Ans. «+^. 

4. What is the greatest common measure of So^ - i4x - 9, 
and «a?»- 16a?-67 Ans. iF»-8ap- 3. 

5. What is the greatest eommon measure of tf* - b^ and 
fl*-tV1 Ans. rt^-*». 

6« What is the greatest common measure of o^-- 1, and 
sy-fyl ^ Ans««-|-1. 

7. What 18 the greatest common measure of a:"- a', and 
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8. What is the greatest comm<m measure of nf^-ab-W^ 
andii?-Sai+26M 

^. What is the greatest common measure of a^ -- s^, and 
10, What is the greatest commoa measure of ii^-*a6% aad 



SECTION XVII. 

INVOLUTION AM) EXPANSION OF BINOMIALS.* 

Art. 467. THE manner in which a binomial, as well as 
tmy other compound quantity, may be involved by repeated 
multiplications, has been shown in the section on powers. . 
(Art. 213.) But when a high power is required, the opera«» 
tion becomes long and tedious. 

This has led mathematicians to seek for some general prin« 
ciple, by which the invdution may be more easily and expe- 
ditiously performed. We are chiefly indebted to Sir Isaac 
Newton for the method which is now in common use. It is 
founded on what is called the Bmofodal Theorem, the inven- 
ticffi of which was deemed of such importance to mathemati- 
cal investigation, that it is engravea on his monument in 
Westminster Abbey 

468. If the binomial root be a4-&, we may obtais, by mul- 
tiplicatioUf the following powers. (Art. 213.) 



* Simpton's Algebra, Sec 15. Simpson's Fluxions, Art 99. Euler^s Algf* 
ora. Sec 2. Chap. 10. Manning^s Algebra. Saunderson's Algebra, Art. 
380. Vinee's Fluxions, Art. 3S. W«iins*lii Med. Anid. p.41S. Lacroix^ 
Algebra, Art. 135. Do. Camp. Art 70. Lond. Phil. Trans. 1795, 1811^ m^ 
1S17. Woodhottse's Aaatytieal Cakulatioiu 
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fl4-6)*=ia»+6a*6+10aV+l(Wft'+5a6*+^', &c. 

By attending to this series of powers, we shall find, that 
the esqjKmenita preserve an invariable order through the whole. 
This will be very obvious, if we take the exponents by them- 
•elves, unconnected with the letters to whicn ^ey belong. 

In the «,««. the expooente {SJi^JllJ 
In the cube, the exponenu iJjL^^J;^;; 

In the 4th power, the exponent- jjjISi' ^ll M 

Here it will be seen at once, that the exponents of a in the 
fint term, and of & in the last^ are each equal to the index at 
the ]^wer ; and that the mm of the exponents of the two let- 
ters IS in every term the same. Thus in the fourth power, 

C in tl» first term, is 4-f-0=:4 
l%tft sum <tf the expoaimts < in the second, S4-l=4 

( in the third, 84-23c:4,&c. 

It is farther to be observed, that the exponents of a regu- 
larly decrease to 0, and that the exponents cf b mereoie fi*om 
0. That this will universally be the case, to whatever ex- 
tent the involution may be carried, wQl be evident, if we con- 
sider, that in raising from any power to the neyt, each term 
is multiplied both by a and by b. 

Thus (a+bY=cP+2ab+V 
Mult, by a+b 

[of a in each term 

{f-\'i(fb-\-ab^. Here 1 is added to the exp. 

a^'b+Zab^+V. Here 1 is added to the 

[exp. of* In each term. 

If the expcments, before the multiplicallon, in^ease and 
decrease by 1, and if the mtdtipUcation adds 1 to each, it is 
evident they must still incteaae aad decrease kt the same . 
manner as before. 



_^^ 
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469. li then o-j-fr be raised to a power whose elponetii k ft. 
The exp*s of a will be n, n- 1, n-S, • . . . 4, I, 0; 
And the exp^s of b will be'O, t, S, . . . . n -»8y H-' 1, n. 

The terms in which a power is expressed, consist of the 
kUer9 with their eajMmenf^, and the coefficients. Setting aside 
the co-efficients for the present, we can detenmne, from the 
preceding obserrations, the letters and exponents of any 
power wnatever. 

Thus the eighth power of a^b, when written without the 
co-effici^ts, is 

a»4.a'i+««6* + e»ir' + «*6* + <^i» + eV+ak' + R 

And the nth power of e-4- ^ i''* 

470. The matikeir of terms is greater by I, than the mi&x 
of the power. For if the index of the power is n, a has, in 
difierent terms, every index from n down to 1 ; and thm i« 
ene additional term which contains only b. ilius, 

The square hai9 8 terma^ The 4th fewer, 5^ 
The cube 4, The Mi power, 6, kc* 

471. The next (B^epistefind the ea^^fiekmi. TWefwrf 
ox the subject is more complicated. 

In the series of powers at the beginning of Art 468, the 
co-effiote(nt8» taken separate from the letters are as follows ; 
In the square^ 1, 2, 1, whose sum is 4ss2* 

In the cube> 1» 3, 3, 1, 8=dP 

bk the 4tl^ power, 1, 4, 6, 4, 1, 16=^:1* 

In the 5th power, 1, 6, 10, 10, 5, 1, . 8a=2*. 

The order which these co-efficients obs^re is not obviou% 
like that of the exponents, upon a bare inspection. But they 
will be fismnd oa examination to be all subject to the follow- 
ing law; 

473. The co-efficient of the iSrst term is 1 ; that of the 
second is equal to the index of the power ;> and univ^isally, 
if the co-efficient of any term, be multiplied by the index ti 
the ieadkig^piiaiility in ibiattenB, and divided by the index <rf 
Ike foDowing qutetity inerea^ed by 1, it will give the eof. 
eAfeient of the suoeeeding term.'* 



* See Ktote T. 
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Of the two letters in a term, the first is called the leading 
quantity, and the other the foUowmg quantity. In the«x 
aniples which have been given in this section, a Is tb6 
leading quantity, and 6 the following quantity. 

It may frequently be convenient to represent the co-eift^ 
cients in the several terms, by the capital letters, ^^ B^ C, &4» 

The ntJi power of a+^» without the co-efficients, is 
a-+rf-'i-f a"-*6'+a— ^6'+a— *6S &c. (Art. 469.) 

And the co-efficients are, 
JL^=^n^ the co-efficient of the stccnd term ; 

B =n X^^i of the third term ; 

C=nX^^ X^^^ of the fourth term ; 
2 3. 

l>=ttX?^X^X^ of the jJ/f/i term; .&c 
2 3 4 

The regular manner in which these co-efficients are de 
rived one from anotlier, will be readily perceived. 

4T8. By recurring to the numbers in Art. 471, it will ba 
seen, that the co-efficients first increase, and then decrease^ af 
the same rate ; so that they are equal, in the first term and 
the last, in the second a]id last but one, in the third and lasl 
but two ; and universally, in any two terms equally distant 
from the extremes. The reason of this is, that (a-4-6)''is the 
same as {h-^-aY ; and if the order of the term? in the bino- 
mial root be changed, the whole series of terms in the oower 
will be inverted. 

It is sufficient, then, to find the co-efficients of Aoff the 
terms. These repeated will serve for the whtde. 

474. In any power of ((i-ffc,) the sum of the co-efficients 
is equal to the number 2 raised to that power. See the lisi 
of co-efficients in Art. 471. The reason of this is, that, ao* 
cording to tlie rules of multiplication, when any quantity ia 
involved, the Utters are multiplied into each other, and the 
co-effiderUs into each other. Now the co-efficients of a-|-6 
being 14-}=^ ^9 if these be involved, a series of the powen 
of 2 will be produced. 

475. The principles which have now been explained may 
mostly be comprised in the following general theorem, called 

«8 
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THE BINOMIAL THEOREM. 

The index of the leading quantity of the power 
^T A Binomial, BEGINS in the first term with the in- 
dex OP the power, ani> decreases regularly bt i. 
The index of the following quantity begins with 1 
IN the second term and increases regularly by 1, 
(Art. 468.) 

The CO-EFFICIENT of the first term is 1 ; that 

OF THE SECOND IS EQUAL TO THE INDEX OF THE POWER ; 
AND UNIVERSALLY, IF THE CO-EFFICIENT OF ANY TERM BC 
MULTIPLIED BY THE INDEX OF THE LEADING QUANTITY Ilf 
THAT TERM, AND DIVIDED BY THE INDEX OF THE FOLLOW- 
ING QUANTITY INCREASED BY 1, IT WILL GIVE THE CO-EF- ^ 
FICIENT OF THE SUCCEEDING TERM. (Art. 47S.) 

In algebraic characters, the theorem is 

(a+6)"=cr-|-nxa—' 6+nx^a— V, &c. \ 



It is here supposed, that the terms of the binomial havcf rio 
other co-efficients or exponents than 1. Other binomials may 
be reduced to this form by aubstituiion. 

Ex. I. What is the 6th power of s-^y f 

The terms without the co-efficients, are 

«•» «V» «y» «^S aY. ^y"* »•• 

And the co-efficients, are * 

1 ft ^X5 16x4 gOxS g I 

* ' T"' "s"* ~r^ * 

Uiatis 1, 6, 15» 20, 15, «, 1. 

Prefixing these to the several terms, we have the power 
required ; 

s^+eJi+l5xY+20:ify'+\5xY+6xyr+^. 

S* What is the nth power of 6+y ' 
^ Ans. fr'+wJi— "y+JBk— y+Cft— y+D6"-y, &c. 

That is, supplying the co-efficients which are here repr«« 
•ented by •«, B, C, 2lc. (Art. 472.) 

4r+ttx6"-'y+»X~Xi"-y, &c. 



r 
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4. What is the 5th power of s^+Sy* 1 
Substituting a for x\ and 6 for .%', we have 

And restoring the vahics of a and 6, 
(«»+3i/«)«==»**+15a:«y'*4-9Q.tY+270y/+405aY+24Sy«^ 

. 6. Wliat is the sixth power of (3a;-f-2y) 1 

Ans* * 

729«»+«91<fcrV+4860a;^y»+4320«»jr'+ei605Y+S7eajf» 
+64y«. 

476, A rgrfrfttol quantity may be involved in the earns 
manner, without any variation, except in the stigns. By ro 
peated nnultiplications, as iti Art. 213» we obtain the foUow 
ing powers of (a-&.) 

a- *)*=(!• -4a'64-6a'fr*-4a6»4.6S &c. 

by comparing these with the like powers of (a+6) in Art. 
468, it will be seen, that there is no difference except in the 
signs. There, aU the terms are positive. Here, the terms 
which contain the odd powers of 6 are negative. See Art. 
218. 

The sixth power of (a?-y) is 
The nth power of (a - b) is 

477. When one of the terms of a binomial is a tmft, it is 
generally omitted in the power, except in the first or last 
term ; because every power of I is I, (Art. 209.) and thia 
when it is a factor, has no effect upon the quantity with 
which it is connected. (Art. 90.) 

Thus the cube of (x+l) is a;'+3ar^x l+3a:xl'+l\ 
Which is the same as «'-f-3*^+3^+^- 

The insertion of the powers of 1 is of no use, unless it 
be to preserve the exponents of both the leading and the fol* 
lowing quantity in each tenn, for the purpose of finding tho 
co-efficients. But this will be unnecessary, if we bctu id 
mind, that the swa of the two exponents, Ux each tenn, k 
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•qual to the index of the po.\^er^ (Art. 463.) So that, if vre 
have the exponent of the leading quantity, \7^ may kmow 
tliat of the follomng quantity, and v. v. 

" Ex. 1. The dxth power of (1 -y) is 

«. ( 1 +xy=x I +^x+Bs^+ Ct^+Dsif, SLc. 

478. From tlie comparatively simple manner in which the 
power is expressed, when the first term of the root is a unit, 
IS suggested the expediency of reducing other binomials to 
Ibis form. 

The quotient of {a^x) divided by a is ( 1+^ ] « This naul 

tiplied into the divisor, ia equal to the dividend ; that i% 
{a+x) =ax (l+-] therefore (a+a?)»=af x (l+-)*- 

By expanding the factor ( l-f- } % "^^ hsuye, 

479. When the index of the power to which any I.inomial 
is to*be raised is a positive tohole number, the series will temrU 
note. The number of terms will be limited, as in all the 
preceding examples. 

For, as the index of the leading quantity continually de- 
creases by one, it must, in the end, become 0, and then the 
series will break off. 

Thus the 6th term of the fourth power of a^x is x\ or 
^a^, (f being commonly omitted, because it is equal to I. 
(Art, 807.) If we attempt to continue the series farther, the 
eo-efficient of the next term, according to the rule, will be 

^ =0. (Art. 112.) And as the co-efficients of all suc- 
ceeding terms must depend on -this, they will also be 0. 

480. If the index of (he proposed power is negative^ thig 
can never become 0, by the successive subtractions of a unit. 
The series will, tlierefore, never ttitninate; but like many de- 
cimal fractions, may be continued to any extent that is de* 
wedl 



' ftx. Expand into a scries =(a+y)~^ 

The termg williont the co-efficients, are 

The co-efficient of the 2d term is - J, of the 4thi^^-=-4 

3 

Of tlie third, ~^^" ^=+3, of the 5th -'*X~5_^5, 

Z 4 

The scries then is 
a-*-«a-'j/4-3a-y-4a-y4.5a~y, &c 

Here the law of the progression is apparent ; the co-ef5- 
cteiUs increase regularly by 1, and their signs are alternately 
positive and negatiYC. 

481. The BiiKHTiial Theorem fe of freat utility, not only 
in raising powers, but particularly in fitulinglhe roots of bino- 
mials. A root may be expresised in the sai|)c manner as a 
power, except that the exponent i«, in the one case an tnfe* 
fer^ in the other a fractwn. (Art. 245.) Th^w (a+fc)" may 
be either a power or a root. It is a po>^er if n3=2, but a root 
if n=J. 

4fi®. If a root be expanded by "the bkiomia! theorem, the 
aeries wUl never UrmmtUe, A series produced in this Aray 
terminates, only when the tndfex of the leading qimntitybe- 
^mes equal to 0, do as to d*slroy lfae:£0-edlcieDts of the suc- 
ceeding terms. (Art. 479.) But according to the theorem^ 
the diilerencc in the mdex, betvreen one term and the ntxt^ 
is always a qnit ; and a fradbxiiy though il may diange froia 
positive to negative, cannot become eyaaly erpial to 0, by 
successive subtractions of units. Thus, if the index in thV 
first term be J, it wiU be, . „ . 

InthelM, ^-ls^|^ In the 4th -#-!=» ^ I, ^ 

In the 3d, -J -1= -f. In the 5th -f- l=x-^|, fccu 

' . • 

Ex. What is the square toot of (a+l) 1 "* 
The terms, withAit the co-isfficLents, are, 



The coefficient of the second term is i^^ 

of the Sd, ^4^= - i, of the 4th, "'^7?=+ A. 

And the series is a*+ia~*J -ia~*6»+ i>,a"*f, &c 

Wlien a qaanlity is expanded by the Binomial Theorenv 
the law of the series will frequently be more apparent, if the 
/kctort, by which the co-efficients are formed, or* Jbept di»» 
Htmt. 

1. Expand hito a series (a*-)-') • 
fiubstkating b for a*, we have 

^=|, (Art. 472.) 

« 2 8^ 4 T3 
8.4 S 8.4 6 8.4.6 

8.4.6 4 2.4.6 8 8.4.6.8 
IbMtffirioi^ <ben, tbe value (tf 1^ and writing -fer (T*, v« Mv« 

a +«) -•+ j^ T4?+i:46rf 8.4.6.8««' *^ 
t. Expand into a Berie9 (1+^) • 

a. Expand V^ or (1+1)^. 

*"• *"ni"' lii+iXS' «.4.6.8+8.4.6.aib' *''* 

4. Exinod (»f«)t,<»r a*x (^+-]* Bee Art. 478. 



6. Eiqpand («i-f 6) *, or a* x (l+* ) *• 

^\ ^Sa 3.6a»^S.6.9a' 8.6.9.12? / 
6. Expand into a series (a - b). 

V 4a 4.8a* 4.ai2rf 4.8.12.i6«^ / 
% E^qpand {a+«)'"*- 8- E^qpand (1 -ar)l 
9. Expand (1+a?) ""t 10. Expand (a"+») ""*. 

-48S. The binomial tlieoFem may also be applied to qaan* 
litie* consisting of more ihm hM terms. By 8iU)stitution, 9ev. 
«ral tenns may be reduced to two^ and when the compound 
•zpresdions are restored, such of them as haTC exponenU 
Qiay be separately expanded. 

Ex, What k the cqbe of a+b^e % 
Sttbatittttinjr h for (6-f c,) we have a4-(5+f )=«+*. 
And by the theorem, (a4-&)^=:a»+Sa'A+8a&*+AV 
That is, restcNing the t^liie of iit. 

The two last terms contain powers of {b-^-n) ; but Aeaa 
nay be separately involved. 

Prmhbcuaus Exomphin 

t What k the 8th power of (o+i) 1 

Ans. a^+8a't+«8a»6»+56aV+70oV4.«eii» 1- 
28aV+8a6'+y. 

1 What is the 7th power of (a-5) 1 

S. Expand into a series _— , or (I -a}'*^ 

l-a 
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h 



^M;+5^+^+?'"-)°' 




4 Expand _^, or hx (« -*)"*• 
a-b 

h 
\a' cr or a- / « 

5. Expand into a serie» (rf+6')*. 
Ana. flJ-i*- J1I4. Jl, &c 

6. Expand into a series (o+y)-*. 

0< «» ' o* a' a' 

7. Expand into a series (<?+«»). 

Ans ex (14- ^-^4--^^ &c.\ 
■ ^'^' *^ \^+3? 3:6?^ 8.6.9? / 



bh . h*h , l?h ^^ 



Eanand 



^ _ or <!(€»+«*)"*, 



9. Find the 5th power of {a*+f.) 

10. Find the 4ih power of («+''+*•) 

11. Expand (rf-«)i * 18- Eaq»*»d (l-»*> • 
IS. Expand (a-jr)* 14. Exponi *(«?-»•)' 
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EVOLUTION OF COMPOUND QUANTITIES. 

Art, 484. THE roofs of compound quantities may be ex« 
tracted by Che following general rule : 

After arranging the terms according to the powers of onift 
of tbe letters, so that the highest power shall stand first, (hfi 
next higliest next, &c. 

Takt iht root of the first term, for the first term of the rrjter- 
ed root : 

Subtract tlie power from the given qucmtitVy and divide tlie. 
first term of the remmndtr, by the first term of the root involved 
to the next inferior power, and multiplied by the indea: of the 
given power ;t the quotient mil be the next term of Ui4 root. 

Subtract the power of the terms already found from the given 
quantity, and using the same divisor, proceed as before. 

Tills rule verifies itself. For tlie root, whenever a new 
term is added to it, is involved, for the purpose of subtract- 
ing its power from the given quantity : and when the power 

is eqtud to this quantity, it is evident the true root is found. 

ft 

Ex. 1. Extract the cube root of 
a\ the first subtrahend. 



S«^)* Scf, &c. the first remainder 
a«4.3a^4-3a*4-«V the 2d subtrahend. 

II i« i I II ■ ■ II ■ m 

Sa*)* * '•Ga\ &c. the 2d remainder. 
rf+3a* - 3a' - 1 1 a'+6a»+ 1 2a - 8. 



t By the given power is meant a pow^r or the same name vrith tho renyjirMl 
root. As powers and roots are correlativQ, any quantity ia tbc square of Ita 
■quare root, the cuba of its cube root, &c 
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Here o*, tlie cube root rf a', is taken for the first tenn of 
tlie required root. The power a* is subtracted from the given 
quantity. For a divisor, the first term of the root is squared, 
that is, raised to tiie next inferior power, and multiplied by 
3, the index of the given power. ^ 

By this, the first term of the remainder So*, &c. is divided, 
and the quotient a is added to the root. Then a*-|-a, the 
part of the root now found, is involved to the cube, for the 
second subtrahend, which is subtracted from the wliole of 
the given quantity. The first terra of the remainder -6ii% 
&c. i9 divided by the divisor used above, and the quotient -2 
is added to the root. Lastly the whole root is involved to 
the cube, and the power is found to be exactly eoual to the 
given quajitity. 

It is not necessary to write the remainder at lengthy a% in 
dividing, the firnt term only is wanted. 

2. Extmct the fourth root of 

a^+8a»4-24a'4-32a+ 1 6 (a+2 

^4 



4a»)* 8rt», &c. 



a*^8a»+24a»+32a4.16. 

3. Wtiat is the ,j5t^i root of 

a»+6a<6+ 10a»6*+ 1 Odl'b^+Sab^+V 1 Ans. a+fc. 

4. Wliat is the cube root of 

o» ~ 6a'6+ 2f*6« - 8f t An». a-2t 

& Wliat is the 8q<uare root of 

4a*- 12a6+96»4.l6aA-24ifc+16i'(2a-.3H-4A 
4a« 



4a)*-l2rt6, &c. 
4a«-l2a64-96« 
.4a)* ♦ *+ 16 afc, &c. 



4««-. 12a6+96-+16ai - 24bh+lQh\ 



EVOLUTION, • • ^ • M»' 

In finding Uie dtvisar here, the term Sa in the root is not 
kivolved, because the power next below the squaie is the 
fir^t power. 

485. But the square root is more commonly extractc^l by • 
the following rule, which isoftbe same nature as tltat which 
18 used in Arithmetic. 

After arranging the terms according to the powers of one 
of the letters, take the root of the first term, for i]\e, first tenr 
of the required loot^ and subtract the .power from the givec. 
quantity. 

Bring down two other terms for a dividend. Divide by 
double the root already found, and add tlie quotient, botK to 
the root, and to the divisor. Multiply the divisor thus in* 
creased, into the term lasi placed ip the root, and subtract 
the product from the dividend. 

Bring down two or three additi<Hial terms and proceed ai 
before. 

Ex. 1. What is the square root of 
aK the first subtrahend. 



ta+h)* 2ab- 
Into 6 s: 2ab' 



« 



■b 

h\ the second subtrahend. 



atm- 



fta+^h+c) * * iae+2bc+i? 

Into c= Sac-f26c4^, the third subtrahend.^ 

Here it will be seen, that the several subtrahends are 8uc« 
cessively taken from the given quantity, till it is exhausted. 
If then, these subtrahentb are together equal to the square 
of the terms placed in the root, the root is truly assigned by 
the rule. 

The first subtrahend is the squaref of the fuBt term of tihe 
toot. 

The second subtrahend is the product of the second terra 
of the root, into itself, and into twice the preceding tenn. 

The third subtrahend is the product of the third term 
of the root, into itself, and into twice the sum of the two pre^ 
Mding terms, &c 

That iSf the subtrahends are equal to 

fl^4- (2a+6) X *4- {2a+2b+c) x<?, &c. 
and this expression is equal to the square of ti>e root. 
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For (fl+J)«r=i?4.2a6+i'=a^4-(2a+6)x6. (Art. 120.) 

And puUing h^a-\-by tlie square /i'=a'-|-(2a-}-6)xA« 

And (a+6+c)«=(A4-c)«=/i«+(2/i+c)xc; 

that is, restoring the values of h and h\ 

{a+b+cy=:a'+{2a+b)xb+{2a+2b+c) X^ 

In tlie Fame manner, it ma)' be proved, that, if renodier 
term be added to ibe root, t)>e power will be increased, by 
the product of that term into itself^ and into tmce the sum 
of tl>e preceding t^rms. 

The denioivstrntion will be substanliaUy the flame, if some 
of the terms be lugatwt, r * . . 

2. What is the sfpiare root of 

1 - 46+4i'+2y - Aby+y\\ - 2b+y 
I 



2-26)»-46. 
Into-26=-46. 



4b* 

46* 
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2 - 4b+y) * ♦ 2y • ^by+y* 
Into y= 2y-4by+y\ 

3. What is the square root of 

a» - 2a'+3a* - 2a'+a^ 1 • . Ans, a' - a'+a. 

4. Wtiat is ihe^ sqmire root of 

a*-|-4a^fc-^4t« - 4a» - 86+4 1 A ns. a«4-26 - 2. 

486. It will frequently facilijatc the extracfion of roots,* 
to cposider the index as composed (^ two or more factert. 

Thu8a*=a^><* (Art. 258.) And a*=a*><* that is, 

. The fourth root is equal to the square root of the sqiiaj» 
oot; 

The sixth root is equal to the- square root of the cube root ; 

The eighth root is equal to the square root of Uie fourth 
root., &e. 

To find the sixth root, therefore, we may first extract thtt 
cube root, and then the itquaie root of this. 
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1 Find the square root of x* - 4a:*+6j5*-4«4-'« 

t Find the cube root of ar' - 6x'+15x* - 20a;3+15a*- 6a:+L 

8 Find the square root of 4«* -.4a:*+13r»- 6x+9, 

4. Find the fourth root of 

1 Qa' - 96<«^a:+2 1 6aV - 2 1 6(w*+81 «*. 

6. Find the 5th root of aJ*4-5x*+10a?'+10r»4-5a;4-l. 
6. Find the sixth root of 

ROOTS OF BINOMIAL SURDS. 

486. 6. It is sometimes expedient to express the square 
root of a quantity of the f6rm a±\/6, .called a binomial or re* 
sidual surd, by the sum or diiference of two other siu-ds. A 
formula for this purpose may be derived from the following 
propositions; 

1. The square root of a whole number cannot consist of 
two pcurlSy one of which is rational^ and the other a surd. ' 

If It be possible, let V^^^4~Vy9 ^ which the part x m 
rational. 

Squaring both sides, a=a;*+2«VS+y 

And reducing, VV — * * rational quantity ; 

»x 

which is contrary to the supposition. 

2. In every equation of the form a:4"VJ^=^+V*> '^ '^*- 
tional parts ou each side are equ(d, and also the remaining 
parts. 

If X be not equal to a, let x==iatz» 

Then atz+^/y=^a+A^b. And j^b=zz-{-y/y ; 

That is, \/6 consists of two parts, one of which is rational, 
and the other not ; which, according to the preceding ptof(^ 
sition, is impossible. 

In the same manner it may be shewn, that in the equi^ 
tion, X-* ^y^a-^^by the rational parts on each dde am 
equal, and also the remaining parts* 

S. If V«+V^==H-Vif> then \^U"^^tisa$w^J^tjf. 

For/ by squaring the first equation, we have 

a+\^b=zx'+2x^y-^y 

as 
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And l^ th« last pnoposition. 



By subtractiwi, a-_\/6=x»-. 2xVy+y 
By evolution, Va - \/4 = « - >^y. 

486. c. To find, now, an expresedon for the square root ol 
a binomial or residual surd. 

Let \/a-f-V^=*+Vy 

Then \/a-\/i=:ap-VJ/ 

Squaring both sides of each, we have 

Adding the two last, and dividing, assi^Jf^y 

Multiplying the two first, \/a* - fr = «• - Jf 

Adding and subtracting, 

«+V^-*=2«* Ora?=V i 



Therefore, as V<H- Vfe=»+ v^, and ya-y*=«- Vfc 



yTTTi^^- / <H-V<^-* _ ^ "'^^ -^ 

Or, subetituting d £cw ^«?-J, 

^ 1. flod the eqaare root of S-(-2^. 
, Here «a3, <^=:9, ^^=2^^, 6=8, a*- £=:9 - 8=1. 



. u 
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'^ 9/ 9nid tht Kfanrt root of ll+t.^^ Am. ^^^ 

S. Rnd tjie aquare root of 6 - i^yS. Ans, ^3 * 1., 

4. Find the sqtiare Foot of 74-4v^* Au& S-|-iv/& 

& Kad the eqtiere foot of 7*-Sv^^ ''^'^ ^/i^^/%f, 

These results ma^ be verified, hi eaeh inslaAee, by imitlt* 
fltying the root into itself &iid thus re-jiroducin^ the hinonq^ 
firom which it is derived. 
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INFINITE SERIES. 

Art. 487. IT is frequently the case, that, in attempting to 
extract the root of a quantity, or to divide oi\e (quantity b^ 
another, we find it impossible to assign the quotient or root 
with exactness. But, by continuing the operation, one terin^ 
after another may be added, so as to bring the result nearef 
and nearer to the vatue required. When the number qi 
tern)s is supposed to be extended beyond any determinate 
limits the expression is called an tf^nStt series. • TIi^ quantity^ 
however, may be finite, though the number of terms be un- 
limited. 

An infinite series may appear, at first view, much less sim* 

i>le than the expression from which it is derived. But tiie 
brmer is, frequently, more within the power of calculation 
than the latter. Much of the labor and ingenuity of mathe* 
maticians has, accordingly, been employed on the subject of 
series. If it were necessary to find each of the tecma by uc^ 
tual calculation, the undertaking would be hopeless. But a 
few of the leading terms will, generally, be sufiicieni to de* 
termine the law of the progression. 
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m 

4M* Kfrm^Um imgr often oe expanded into, an Ijufiinte 
«Bm% ly dividu^ the tmmerafpr by the denominator, F«r the 
MrAie of & fractioD is equal to the quotient of the numerator 
divided by t}ie denominator. (Art. 1S5.) When this quotient 
olUiBot be expressed, in a limited nomb^ of ienats, it lAKfhm 
Upresented by im infinite seriesu 

Ex. To reduce the fraction '. to an infinite series^ 

4i?xte Ihy l-^Oy according to the rule in Art. 462. 
1 - o) 1 (1 +a-f rf-f a% &c. 






* a\ &c. 



By continuing the operation^ we obtain the terms 

l+fl+^^+^^'+^^+^+^S ^^- which are sufficient to 
Aow that the series, after the first term, ' consists of the 
powers of a, rising regularly oee above another. 

That the series may comergty that is, come nearer and 
nearer to the exact value of the fraction, it is necessary that 
the first term of the divisor be greater than the second. la 
the example just given, 1 must be greater than a. For at 
each step of the division, there is a remainder ; and the quo* 
iient is not comf^ete, till this is placed over the divisor and 
annexed. Now the .fiist remainder is a, the second a\ the 
third a\ &c. If a then is ^i^ater than 1, the remainder con- 
tinually increases ; which shows, that the farther the division 
is carried, the greater is the quantity, either positive or nega- 
tive, which ought to be added to the quotient. The series 
is^ therefore^ diverging 4nstead of cona>erging. 

B\*. if a be les^ than 1, the remaindeiis, a, a*, a\ &c. will 
continually decrease. For powers are raised by muliiplica* 
tion ; and if the multiplier be less than a unit, the product 
will be less than the multiplicand. (Art. 90.) If a be taken 
equal to |» then by Art. 223, 

rf»s=4, rf=i, a^= iS, a'^ A, &c. 
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and we have 



Here the two first terms =14-ii which is less, than S» by | ; 
the three first =: l-{-|, less than 2, by; | ; 

the ybur first zsi l-j-f , less than £9 by ^ ; 

So that the farther the series is carried, the nearer it ap- 
proaches to the value of the given firaction, which is eqoii 
to 2. 

2. If be expanded, the series will be the same as that 

l_|-a * 

from , except that the terms wHoh consist of the odd 

1 — a 

powers of a will be negative* 
So that JL= 1 - a+a" - a^+a* - o^+of, &c. 

3. Reduce ^ to an infinite series. 

a-6 



-/ \a «* a* 



k-^I 



a 

Here h divided by a gives - for the first term dT the quo^ 

ft 

tient. (Art. 1 24.) This is multiplied into a - 1, and the product 

is fc-_; (Arts. 159, 168.) which si^btracted from h leaves 
a 

^ This divided by a gives ** (Art. 163.) for the second 
a a 

term of the quotient. If the operation be continued in tfaa 

same manner, we shall obtain the series, 

in which the exponents of b and af a kicreftse reguloiif by L 



« 
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4 Reduce pt? to an infinite series. 

Ans. 1+2a+2^+2d^+3af^ &c. 

489. Another method of forming an infinite series is, b^ 
ixtrnclh^ ilu root of a compound surd^ 

Ex. 1. Reduce Vor^-f-A^ to an infinite series, byextracCing 
tae aquare root according to the rule in Art. 485. 



a* 



•^S 






^^a Say 



Here a the root of the first term, is taken for the first term 
of the series ; and the power a^ is subtract-ed fiom the given 
quantity. The remainder 6* is divided by So, which gives 

— 9 for the second tenn of the root. (Art. 124.) The divi- 
eor, with this term added to it, is then multiplied into the 
term, and the product is ft^-4~ — 2' (Arts. 165, 169.) This 

ft* . 

subtracted from V leaves - — ^ which divided by 2a gives 

4a^ 

b* 
- —^ few .the third term of the root. (Art. 163.) &c. 

2a 8a' 16a» 



4. vI+J=l+|-'^fl-?g.*c 



I 



4? 



INFINITE SERIES. ^ ' v tM 

400. A binomial which has a negative or fractional expo* 
Dent, may be ex]iaaded into an infinite series by the l^hunnial 
theorem. See Aits. 480^ 483, and the examples at the eud 
of Sec. xvii. 



INDETERMINATE CO-EFFICIENTS. • 

490. b. A fourth method of expanding an algebraic ex- 
pression* is by assuming a series, with indelerminale co-effu 
ciet^s ; and aftenvards finding the vajue of these co-efficieuts. 

If the series, to which any algebraic expression is assumed 
to be equal, be 

^-[.J?x+Cx'4-jDa:»4-Ear*, &c. 

let the equation be reduced to the form in which one of the 
members isO. (Art. 178.) Then if such values be assigned 
to./3, JS, C, &c. til at the co-efficients of the several (lowers 
of a:, as well as the aggregate of the termsinto which x does 
not enter, shall be eoc/i eqiud to ; it is evident that the whole 
will be equal to 0, and that, upon this condition, the equation 
is correctly stated. ; 

The values of ^, B, C, &c. are detemiined,' by reducing 
the equations in which they arc respectively contained. 

Ex. 1. Expand into a series , — ^. 

c-^hx 

Assume --£-.== ^4. J?x+Cr»4.Z):e^4.JSa:*, &c. 
c-^bx 

Then multiplying by the denominator t-^-bx^ and trans- 
posing % we have 

0= (w?c - a)+ {M+Bc)xJr {Bh+ Cc) x'+ ( Cb+Dc)x\ &c. 

Here it is evident, that if (Jlc^a), {M+Bc), (Bb+Cc)^ 
&c. be made each squal to 0, the several parts of the second 
member of the equation will vanish, (Art. 112,) and (lie 
whole will be eciual to 0, as it ought to be, according to the 
assumption which has been made. 



• 
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Redocbg the following eqaatioiui» 




•fic-aaO^ > we 


bave Ji^^ 
c 






Bb+Cc=0, 




C&+Z>e=:0, 


Dos . ^C, 

c 


&e. 


&e. 



That is, each of the co-efficients, C, D, and JB, is equal to 

L 

tlie preceding one multiplied into - ^ We have therefore 




c-^bx c c* c* c 

i. Expand into a series . ^JL^. 

* 

Assmne -Jtb*L-^=w3+Bar+Ca?4./)a:», &c. 
d-^hx-^car 

Then multiplying by the denominator of the fraction, and 
transposing o-fftar, we have 0=(wJd-a)4-(-Sci-|-«flA-6)« 
+{Cd+Bh+Ac)3i!'+{Dd+Ch+Bc)sf, &c, 



a ^ hn e 



Therefore A^^ C^^'lB^tJl, 

a d d 

d d d d 

And ^H-ft^ ^«-M/y,M.-/^R-j-^/iW ib. 
if/ix+c^ d U <^/ U ^rf / 

S. Expand into a series -—t — _, 
^ 1-ar-ar* 

In which, the co-efficient of each of the powers of a?, is equal 
to the mm of the co-efficients of the two preceding terms. 
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d 
4. Expand into a series 



6 -^euc 



6. Expand into a series 



Ans. l+t+Sx'-{-13s^+4lx*+\2W+365a*, &<% 

1 

6. Expand into a series 



1 — a? — j*-|-a!* 
7. Expand , ^ . «. Expand ^ ""* 



.^•^^'(T^ J^- Expand^ . 

SUMMATION OF SERIES. 

491. Though an infinite series consists' of an unlimited 
number of terms, yet, in many cases, it is not difficult to find 
what is called the sum ofUte terms; that is, a quantity which 
differs less, than by any assignable quantity, from the value 
of the whole. Tliis is also called the limU of the series.-— 
Thus tliQ dechnal 0.SS333, &c. jnay come infinitely near, to 
the vulgar fraction i, but never can exceed it, nor, indeed, 
exactly equal it. See Arts. 453, 4. ^Therefore i is the limit 
of 0.33333, &c. that is, of the series 

10 i'TUO I TnaiT I IHOOO I IOOUU09 ^^* 

If the nurt)ber of terms be supposed infinitely great, the 
difference between their sum and i, will be infinitely small. 

492. The sum of an infinite series whose terms decrease 
by a common divisor, nmy be found, by the rule for the sura 
of a series in geometrical progression. (Art. 442.) Accord. 

ing to this, S= — ^^ that is, the sum of the series is foimd 

r-1 

by multiplpng the greatest term into the ratio, subtracting 

the least term, and dividing ty the ratio less 1. But, in an 

infinite series decreasing, the least term is infinitely small,— 

It may be neglected theieforc as of no comparative value. 

(Art. 456.) The formula will then become, 

S=r!z2 or 5= " 



r-1 r-1 



Ex. L What 18 the sum of the infinite series 

m I T OO I moo I mou y I iouoop » &C. T 
Here the first term is ^, and the ratio is 10 

Then iS=:-^ =1^^=1=1, the answer, 
r-l 10-1 ' 

2. What is the sum of the infinite series 

Ana. S^Jl-.=^2Sl=t. 
r-I 2-1 

8. What is Ihe sum of the Snfinile aeries 

»+i+i+A+ A. fcc. 1 Ans. f^l+h 

493. I'h'ere are certain classes of infinite series, whose 
sums may be found by mAiraetion, 
* By the rules for the reduction and sabtraction of firactions, 

1^1_8^8_ I 

i^S 2x3 2x3' 

I 1^4-3^ 1 

8^4 3x4 Sxi* 

>^^^g-4, 1 ^^ 

4 5 4x5 4x5* 

If then the fractions on the right be fbrmed into a series 
they will be equal to tlie difference of two series formed from 
the fractions on the left. This difference is easily found ; 
for if the first term be taken away from one of these two 
series, it will be equal to the other. 

Suppose we have to find the sum of ihe infinite series 

L+_L+JL+ JL, &c. 

, Prom tl)is, let another be derived, by remoTing the last 
factor fronii each of the denominators ; and let the sum ef 
the new series be represented hy S^ 

That is, let ;S=|-|-*4.Lf *, &c. 
•Then ^-l^i+^+J+i &c. 



And jy subtraction 1= 4- \ +_ — J-_L, Stc 
' a «T^ 3-4^ 4-6^ 68 
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Here the new series is made one side of an equalion, and 
directly under it, is written the same series, after the first 
t6rm I is taken away. If the upper one is equal to S, U is 
evident that the lower one must be equal to 5- ^. Then 
subtracting the terms of one equation from those of the 
other, (Ax. 2,) we have the sum of the pro{i06ed sevtc* 
equal to J. For S- (S-i)=:iS-iS+i«i. 

IB. What is the sum of the infinite series 

Here a new series may be formed, as before, by omitting 
the last factor in each denominator. 



And by subtraction |=^ +1^+^. -f-^+Jl-, &c 
^ 2 I'S 2-4 ' 3-5 4*6 &T 

Or ?= J-+J^-|- J^+ JL+-L, &e. 
4 1 •S^2-4^S-5^ 4-6^5^ 

In repeating the new series, in this case, it is necessary to 
omit the two first terms, which are l-|-i=z:f. 

3. What is the sum of the infinite series 

2-4-6 4-6-8'^6-810 ^81012' 

. Here a new series may be formed by omitting the Istet fac- 
tor, and retaining the two first, in each denominator^ And 
we shall find 

l=-i-+ JL+-Jl. +_i-^ &c, 
8 2-4-6^4-6-8^6-8-10^81012^ 

°' a=2T6+4^+e"^Mo"^?IHF ^ 

4. What is the sum of the iiifinite eeries 
* +^-^^^^^-f ^, fej. I Ans. 1 



1-8-3' 2-84' 3-4o M-d-e 
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'. 403. b. Series whose sums can be determined, may also 
he found by the following method. Assume a decreasing 
series, containing the powers of a variable quantity a:, whose 
mm =S, Multiply both sides of the equ.ition, by a com- 
pound factor, in which x and some constant quantity are con- 
tained ; and give to x such a value, that the compound fac- 
tor shall be equal to 0. If one or more of the first terms be 
then transposed, these will be equal to the sum of the re- 
maining series. 

Ex. 1. Let 5=1+?+-+?!+-+^ &c. 

Mukiplying both sides by a: - 1, we have 

^ ' ^l-2^2-3^3-4 U V 5-6 

If we make a:=: 1 , the first member of the equation becomes 
«9x(i - I)=0. (Art. 112.) Then transposing - 1 from the 
other side, we have 

*"l-2+2-3+3^+4^+6-6^ ^^• 

2. Let ig=l+f+^+^+^ &c. as before. 

^2^3^4^6^ 

Multiplying by a? - 1, we have, 

Making 07=1, and transposing the two first terms of the 
series. We have 

^^2 '2 l-3^2-4^3-5^4-6^6-7' ' 
8. Multii^ying fif=l+?+^4.l', &c. by 2a;«-3a:+l 
^ we have 

And if a; be put equal to 1, 



From the two last examples it will be eeen, thtti d^fftnd 
may have the tome mmL 

RECURRING SERIES. 

493. c. Wheg a aeries is so oonstituted, that a certaio 
Bumber of contiguous terms, taken in any part of the seriesi 
have a ffiven rehttion to the term inunediately siieceedini^ 
It is ealTed a rtcwrmg Bories; as any one of the foUowuig 
terms may be footid, by rMtmng to those which precede. 

Thus m the series l+Sx+4af+7e+Ux*+l8^, ke. 

the sum of the co«efficients of any two contiguous tenn% is 
equal to the co-efficient of the following term. If the series 
U expressed by 

* 

Then tfir^l, the first term. B:=six^ the second 
CsK-Bx+^flai'^ Ax\ the third, 
D^Cm+Ba^x^li^, the foUsih^ &s^ 

'That is, each of the terms, after the second, is equal to the 
ens tOMuAateiy preceding muitqilml by «» 4* ^^ ^"^ *^^ 
pceoeding multiplied by ir. 

In the series l+a;r+3«^+4^+5«^+6«*, &e., ' 
•ftdl term, after the second, is equal to tx multiplied by the 
t«rm immediately preceding, -^of multiriied by the term 
Bftsst preceding. The co-efficients of x and s', thiU. is +t- 1* 
«SBSiaiite what is called the $eak of rcMtuL 

In die series l+4a?+6ap»-f ll«^4-afc*+e*u", Ae^ 
msf tkrt$ contiguous terms have 'a constant mlaljoia to Urn 
siicceeditig term. The seok <^ rOathu is 2^ l^-j ; so thai 
each term, after the third, is eqpaptl to ix into the tenA imm^ 
^tely preceding. - «* iiUo the term riext preceding^ 4^90* 
into the third, preceding term . . ' 

Let any recurring series be expressed by ' 

4 

. If iba btw of progression depepde. i«peii tm santigiwm 
lams and the seale of relaiiop <«icMs. oC two. psct% « 
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Uma C» AiuH-iinc', the third teoa^ 
D:=: Onar+j?tix*, the fourthi 
JE;=l>ms+Cna:^, the fifth. 

If the laTT of progression depends on Uith coiitiguow 
terms, and the scale of reiatien Is m-|-il-f r, 

Tkm X>s Cmx+Bnpf^-^^^^ the ftHirih tsciA, 
J;=:t/>wl^4« Cnaf'+Br4i^, the fifths 

. If the law of progression depends on more than three tenu, 
tlie succeeding terms are derived ftom them in a similar 
tnanner, 

493. d. In any recurring series, the setde of rdaikm, if it 
consists of two parts, may t)e Jotmd^ hy reducing the equa- 
tions expressing the values of two of the terms ; if it cqq- 
siets ofmree pavts, it may be found by reducing the equations 
expressing the values of three terms, ftc. As the scale of 
retkUoQ is the seme, wbsitever be the v»Im ^f #4fi the series, 
the reduction may be rendered more sin^e, by making s^l. 

Taimg thea tbe 4»uKh and fifth terms, in tile firat %xma^ 
fde above, and making #s:il, we hftve 

These reduce^ (Art. S39,) give 
DC^B E CB'-BB 

,^ . {Jt B C D E F 

mmesenes^ j^3^^g^^^^_^g^^jj^^ &c 

Making d;=sl, we hav« 

Hierefore, the acale of relatitm is 8 ~ 1. 

To know whether the law <^ progression depends on lise, 
Urse, Ms^m^rt t^rllis ; we may fiiist make trial o^ twe teitiis ; 
UmI if tlie eotde of irirtiau th^ lbuiid,4oee iMt MwesfiMi 



1 * 



'with the giren sefM, we may try -three or more ttyms. Or 
if we begin with a number of team (Erenter ihaa is neceft* 
cary, one or more of the vahies found will be 6, and the 
irtbera will constitute the true scale of relation. 

4dS. e. When the scale of relation of a decreaang recur* 
ring series is kno wa^ the mm of the terma nmf be feitiid. 

j^. i^ B C D JSh F 

*^ I a+bs+aJ'+dx'+^i^+Ji^^ fee. 

%e arecurring series, of which the scale of relation k mr^4L 

Then Jt^s the tot t^n% JSs:; the se^oodi 
C^Bxmat^^ Xf^y the third, 
D=sCxm»-f-J?xna!», the fourth, 
JBs=DXi»«4-CXtta^> the fifth, 
ftc« &c. 

Here mx is multiplied into every term, except the first and 
the last ; and n2* into every term except the twe last. If 
the series be infinitely extended, the last terms may be neg* 
lected, as of no ccxnparative value, (Art. 466,) and if Sss 
the sum of the terma^ we have 

But iS -- Jtzxz B+ C+ A &c. And S=:A+B+ C, &a 
Therefore S==:A+B+mxx(S'- jr)+ns*xS. 
ftedueing Uiis equation, we have 

' 1 — map— fMp'* 
Kx. 1. What 18 tt^ sum of the infinite teiiei 

The odde of rdation wiU be found to be 14-6. 
ThmidtsU -P=8j^ »»=5l, 11=6. 

The aeries theoelbre ss— Hl^l- . 

%. What 18 the sum of the infinite series 

l^.S«+43p+7«*-j-lla?^4.18a:»+£9i*, ht.1 

j^ns* ■ « I ■I I I M l 
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S. Whftt is the mim <tf the infimte eeriet 
l+x+6a»+18a?+4U*+121«»4.86&r», &c. f 

Ads. . - — _— 
1 -ix-Sx 

4. What is tba sum of the mfioite series 
l+Sjf+Sx'+'it'+Sa!', &c. t 

Aml±5^!f=_JL- 

8. What is the sum of the infinite series 
l+8»J-6a»4-7a»-f 9*«+lla!», Sect 

Ana.i±* 



6. What is the sum of the infinite series 
14.S»-f.8«»4-28«»-|-100x«, &ct 

l-x 



Ans. 



"^» 



t-Sx-Zi* 



If m the senes j ^5^_,_c^^.d^_,.^^yy, kc. 
the ecale of relation consists of three parts, m+n+y"* 

Then •fl= the first term, B^ the second, C== the thfed, 
jD=Cxwuc+J?X««*+-^X»'«*» the fourth, 
Er=Dxfnx+Cxn3^+Bxr3f, the fifths 
JP=jEJxm^+^Xft^+<^X^^4 the sixth, 

fcc. &c* 

a 

TherefM* 
■" S=A+B+C+mxX{C+D+E &.c.)+n>Fx 

(B-\-C+D &c.)+r*'x(.a+-B+C&o.) T^i^n 
S=wa+B4. C+ma X (S - ^ - !?)+««* X (<S - ^)-t-ni!»^ « 
Reducing this equation, we have 

_ ^9+B+C-(A+B)mx-^na^ 



imiMiTK ssaues. fisn 

Ex. 1. Wliat is the knm of ihe mfkilte feems . 
iu uiiku lli6 scaie of relation is 2 -* 14-^ 1 

2, What is the sum of the infinite series 

in which the scale of r^tiou in 1-^1 -* 1 1 
Ana. 



METHOD OP DIFFERENCES. 

493. «. la the Summation of Series, the object of hiqulrj; 
M not, always, to detemiioe tl\p value of the whole wlien in* 
finitely extended ; btit frequently, to find the sum of a («r» 
torn munber of terms.' If th« series is an increasing one, the 
mxm of all the ierms is infinite. But the value of a Ujnited 
number of terms maybe accurately determined. And ft up 
lirecj^ueAtly the case, that a part of a ekereadng «eriea^ may 
He more easily sommed than the who(e» A nooderatd utmi*- 
ber of ternnsai the commencement of Uie seiies, if U ccmvsiw 
ges rapidly, may be a near ap))roximati(m to the anKHiut of 
Vie whole, when indefinitely eictended^. 

One of the methods of determining the value of a limited 
miiober of tdrms^ ^kpe^ds on fodiu^ the seveml chiefs (|f dj^ 
fsrences belbngiag to the series. The differenees between 
the ism^ themselves, are oalM the £r«i orJcr of differeaces;. 
the differences of these differences, the secemd wrder, tie* la 
the series, 

1, 8, 27, 64, 125, &c. 

by subtracting each term from the next, we obtain the (faasl 
erder of difierences 

7, 19,37,61, ta 

and taldn|^ each of these from tiie next, we have the seconi 
order, 

12, 18, 24, Ac. 

Proceeding m this manner with the series 

wedMalnaieABbitii^ta<^i<*di&reQca% . 



4 

«d. Diff. c - 2t-|-«, el ~ 2e+6, e - 2d+<^i A ^+^ *<^* 
Jd. Diff. <J - Sc+3t - a, e - ^H-Sc - fr, /- 3€+8d - c, &€. 
4ib. Diff. e-4d!-f 6<?-46+o,/- 4«4.6J-4c+fe' tc. 
5th. Diff. /- 5e+ 1(W - lOc+56 ^ a, &c. 

.&c. &c. 

In these eoEfMresikHifi, eeu^h difierenee, here pointed off by 
€(»mnas» though a compound quimtity, ia callea a ttmL Tliui. 
the first term in the first rank ia 6 - a ; in the second, e - 2i+a ; 
m th^ third, d~3c-|>35-a; Slc. The first lerm$^ in the 
Bererol orders, are those which are principally exnpioyed, in 
{nvestigating and appljinir the rr^ethod of differences. It wiK 
be seen, that in the preceding scheme of the successire di£> 
ferences, the co-efficienti of the first term, 

|n the second rank, are I, 2, 1 ; 
In the third. 1, 3, 3, 1; 

In the fowrlfi, I, 4, 6, 4, 1 ; 

lathe fifth, - I, .% 10, 10, 5, 1; 

■ 

Which fkire the «aim^ as the co-efficients in the jMNVfrt V^M* 
mtmiah, (Art 4t1.) Therefore, the ei>«e£leient8 oi. thft firet 
tnm in the nth order of differences, (Ajri, 473,) eie 

4BS: /. For the purpose of obtammg a genoral emremoB 
far Any iem of the senee a, 6, c, d, &c. lei D% Vy Ir\ Df^\ 
lt€.Tq»re8eiit the f^m Urms, in the first, iec<»^ thirds fourth^ 
&€• oroers of diffet^ences. 

Theniyzrift-a, 

Z>'^'^=^4i+ft:- 4*4-0, 

&c. &c. 

' , ... 

TranqxMUig and reducing these, we obtain the following 
uxpttaaaim fat the tonn» of the <»iginAl series, Oih^etd, && 

The second terra h=x.a-^Jy, 

Thethod, c=a+2D'4.JD^, 

The fowtb rf=»fSi^+*^+^"t 



• liem ihd (^offid^igs €k«nre ihe«aa)e lav, atf 111 the 1^^ 
Wfd a bmomisi; with this diflR^renee, thai the co-affioienlg 
of the tith term of the series, are the eo-^effioicutfl of iht 

(»- l)th power of a binomial. 

Thus the co-efficients of the fifth tern) are 1, 4, 6, 4^ t ; 
which are the aante as the oo^ffidenu of the pwik power 
of a bittoniial. Substituting, then, n - 1 for n» in the forinula 
for the co-efficients of an involved binomial, (Art. 472,} and 
applying the co-efficienta thus obtained to 2)', p^\ D% D^''\ 
&c. as in the preceding equations, we have the followiog gen» 
eJral e:(rpression, for the nth term of the series, a, b, e, ^, &,a 

The nth lerro 
=*«4-(n-l)I>'+(n-l)?r*Z)"+«-.l!i^X?3*I>'", &c. 

When tfie diflfercnces, after a few of the first orders, becoirie 
0, any t^mi of the series is easily found. 

Ex. 1. What is the nth term of the series 1, 3^ 6, 10, 16, %\ % 
Proposed series 1, 3^ 6, 10, 15^ 21, &c. 
First order of diff. «, S, 4, 6, 6, &c. 
iSecond do 1, 1, 1, 1, &c. 

Third do. 0, 0, 0, 

Herea=l, ITzzx^, 1>"=1, JB^^'^O. 

Therefore die nth teim = 1+ (n - 1 )2+» - 1 -^• 
The 20th term =14-38+171 =210. The 50th = 1 275. 

• 

2. Wha^ is the 20th term of the series \\ r, 3^ 4*, S', &c. I 
Proposed series 1, 8, 27, 64, 125^ fte. 
Pkstorcterof dIff. 7, 19, 91, 81, &e. 
Second do. 12, 18, 24, frc. 

Third do- 6, 6, fce. 

Hcreiy=5r, iy'=12, I>^=r«. 
Therefore the 20th term =8000. 

%. What is th* 12th term of the series 2, 6,. 12, 20, 30, ftc«t 

Ans. 156. 

i WlMi9lhi^J^hienDoftfaeseri6slV2',S\4%5%6',&c.i 



- 4tS. g foolMiti ftn expreintkm Ar the mmi of imy mitfifter 
ef l^rmsof a series ct, 6, <*, 4, &c. tet one, iWo^ three, Ae, iMrflM 
ke micceMveJy added togetheri so air lo form a nei* teiiu^ 

the differences ifi du% w« hare 



Ist Diff. o, t, c, rf, ^ ^ 4:c. 
Sd Diff. 6-a,c-i, rf-c, e-rf,/-c, &c. 

• Sd Diff. c - 26+0, d - 8c+fc, e - 2rf+^ /- 2e+<t kc. 

&c. &c. 

Here it will be observed that the seconjl rank of differences 
in tlie new series, is the same as the^rsl rank ij|i the tnigpnal 
series a, t, e,c{, e, &c. and generally, that the (ii4-l)th rank 
kn the new series is the same as the nth rank in the ocigmal 
series. If, as before, D^ss the first term of the first di^^Nreiv 
ces in the original series^ and d^= the first temi of the ^-st 
differences in the ^ew series ; 

• Then df=:u, dt^^I/, dff^^jy, H^'tzITf, &c. 

Talcing now the formula (Ait. 493./.) 

« « 

«+(»-i)iy+(«-i)^z«jy'4.(«-i)!Li^x^^''4-&i. 

which isti giMieral expression for the nth term of a series h& 
which the first term is a ; applying it to the new series in 
which the first term is 0, and substituting n-(- 1 for t^ we have 

■'2. % 9 A 9 • % 

Or na+n!LtliK+n!l2l x51?l>^+n!^ X?^X^/>"'+ 

Whieh is a g^eji^ expresaioii ix the (n-^I } th lerm of tli6 
•eries 

^ the nth tertn of the series 

But Uie nth term of the latter series^ is evideirtly the imk 
H n terms of the series, a» i, e, d, &c. Therefore die 



INFINITE SERIftS* %Tt 

general ttpresnm for the sum of n terms of a series of which A 
is the first term, is 

[4-&C. 

Ex. 1. What is the turn of n terms of the series of odi 
members, I, S, 5, 7, 9, &c.1 

Series proposed 1, 3, 5, 7, 9, &c. 
Fkst order of diff 2, 2, 2, 2, &c. 
Second do. 0, 0, 0, 

Here a=l, D^=2, jD''=0. 

rherefore the sum of n terms r=n-f wl— ix2=iiP. 

That is, the sum of the terms is equal to the square of (&• 
mimber of terms. See Art« 431. 

2. What is the sum of n'terms of the series 

P, 2^ 3% 4% 5*, &c. ? 
Here a=.l, IX=3, Z>^^=2, J5'''=0. 

Tlierefore n terms =i(2n»4.3««+n) ^in{n+l) X (^+1). 
Thus the siun of 20 terms =2870. 

3. What is the sum of n terms of the series 

.», 2', S\ ^, &c.? 
Herea==l, IT =^7, iy'=l2, I^'^Q, iy'''=:zO. 



Therefore n terms = J(n^+2n'4.n«) = (inx»+l)*. 
Thus the sum of 60 terras =1625625. 

4 What is the sum of n terms of the series 
2,6,13,20,30, &c1 

Ans. in(w+l)x(n+$.) 

6. What is the sum of 20 terms of the series 
1,3,6, 10, 15, &e.? 

6 WbiLi isihe fiumof 12 terms of the series 

1*, 2^, 3*, 4*, 6S &C.1 * 

*Se»NoteU. 



■MM 
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BECTiON XX. 



COMPOSITION AND RESOLUTION OF TH» HIOHSS 

EQUATIONS. 



Art. 494. EQUATIONS of any degree mtiy be produced 
from simple equations, by inultiplicatioQ. The iHannei: in 
which they are compounded will be best understood, by 
taking themjn that state in which tliey are all brought oa 
one side by transposition. (Art. 178.) It will also be neces- 
sary to assign, to the same lett^, mfierent values^ in the 
different simple equaUons. 

Suppose, that in one equation, «=:t > 
And, that in another, Xss$ y 

By .transposition, x - 2ssO 

And ir-*3=:0 



Multiplying them together, n" * 5ar4-^ ^ ^ 
Nexty suppose «-4srO 



<^^^ 



And mu]lipiyi&i|& ^ - 9x^+%Qa! - f 4;=bO 

Again suppose, «-*5=0 

And mult as before, 3r'-14«*+71ic'-154»4.I20=0, &o 
Cidlecdng together tlie i»odiie|% we tia^ 

(t^ «)(« - 3) (a? - 4) c= j;» ^ 9^+»Qm - 34«0 
(«-«)(4r-8)(«*4)(a;-5)=;y-14jf»4-7l«*^154»+lSOa6*o 



EQUATIONS. 870 

Thui ki the product 

of tvfo ato^ple equalioas, is a quadmtk equaticm ; 
of three simple equations^ ig a cubic equation ; 
of four simple equations, is a Uquadriuic^ or an eq\vi 
ikmof the fourth degree, &.c. (Art* 300.) 

Or a cubic equation may be considered as the product of & 
quadratic and a simple equation ; a biquadratic, as the 
product of two quadratic ; or of a cubic and a simple equa- 
tion, &e 

4^5. 1)^ each ease, the e^BpmmU of the unknown quantity^ 
in tjie first term, is equal to the degree of the equation ; aiid, 
in the succeeding terms, it decreases regularly by 1, like tli^ 
exponent of the leading quantity in the power of a binomial 
(Art. 468.) 

In a quadratic ecfuatkHi,. the exponents are 9, 1» 

In a cubic equation, 3, 2, 1. 

In a biquadratic, 4, ^ 8, 1, &o 

49€. The fnumbtr of tertx^ is graaterby 1, than the degree 
of the equation, or the number of sknple ecpationt from 
which it is produced. For besides the terms which contain 
the diflferent powers of the unknown quantity, there is one 
which consists of Jbfiotm quantities only. The equation is 
here supposed to he ^Mt)«p2e£«» Bit! if there are in the poftial 
products, terms which balance each other^ these may disap- 
p$ar in the result. (Art. 110.) 

497^ Each erf the values of the unknown quanrity is cal- 
led a TO^t cf the equciHtm. 

Thus, in the example above. 

The root«rof the quadratic equation are S, 2,, 

of the cubic equation 4, S, 2, 

of the biquadratic 6, 4, 3, 2. 

The term^roi^lis Boi to be mideicftood in the same sens^ 
here, as in the preceding sectioiiSt The root of an equoHm 
is not a quantity which multiplied into itself will produce the 
equation. It is one of the values of the unknoum quantity; 
and when its sign is changed by transposition, it is a tenn in 
one of the binomial factors which enter mto the composition 
of the equation of which it is a root. 
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The value of the unknown letter ar, in the equation, is a 
quantity which may be substituted for «, without afTebting 
the equality of the members. In the equations which we 
are now considering^ each member is equal to O; and the 
first is the product of several factors. This product will ecvi* 
tinue 10 be equal to 0, as long as any one of its factors ia 0» 
(Art. 112.) If then in the equation 

Ve substitute 2 for x, in the first factor, we have 

So, if we substitute 3 for Xy in the second factor, or 4 in 
die third, or 5 in the fourth, the whole product will still be 0. 
This will also be the case, when the product is formed by an 
actual multiplication of the several factors into each other. 

Thus, as ar* - 9i»+2ex- 84=0 ; (Art. 494. 
So 2'-9x2*+26x2-24=0, 
Anda'-.9x3»+2ex3-24=0, &c. 

Either of these values of c, therefore, wiK sati^ the oon- 
^Ikionfl of the equaUon. 

49S. The mmber of r^x>ts, then, which belong to aaequa* 
Uoo, is eqcial to the degree of the equation. 

Tku^ a quadratic equation had two roots ; 
a cubic equation, three ; 
a biquadratic, /our, &c. 

Some of these roots, however, may be totdgiiMrjf. For an 
imaginary expression may be one of the faciors frofn whioh 
the equation is derived. 

499. The resoluHot^ of equations, which consists in finding 
their roott^ cannot be well understood, without bringing into 
view a number of principles, derived from the manner m 
which the equations are compounded. The laws by which 
tbe co-6^iettnt£ are governed, may be seen, irom the folioifrfng 
view of the multipUcation of the factors 

a?-o, a:-t, a?-c, a:-(i, 

each of which is supposed equal to 0. 

The several co-efficients of the same power of ar, are pla-* 
ced vmder each other. 
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Thus, -oaf - bx is written ^? | *> «^ ^^® ^^^ co-effl 

cients in the same manner. 

The product, then 

Of (a?-a)=a 
Into (a?- 6) =0 

iB^Zl] *+ai=0, a quadratic equation. 
This into ap-c=0 



Us* 




x^abc=:Oi a cubic equatloift. 



x-^-abcd^O, a biquadratic 



500. By attending to these equatirnis, it will be seen thutf. 

In the^r5t terra of each, the co-eflicienl of a; is 1 : 

In the second term, the co-efficient is the sum of all the 

roots of the equation, with contrary signs. Thus the roots 

of the quadratic, equation are a and 6, and the eo->efficieatfi^ 

in the second term, are - a and - h. 

In the third term, the co-eflScient of a?, is the sum* of all 

the products which can be made, by multiplying together 

any two of the roots. Thus, in the cvibte equation, as the 

roots are a, 6, and c, the co-efficients, in the third term, are 

oifr^ acy be. 

In the fovtrth term the co*ei8cient of op is the sum of all 
.the products which^ can be made, by multiplying togeth^ 
.any three of the roots after their signs are changed. Tha» 
the roots of the biquadratic equation are a, b^ e^ and dy andf 
the co-effieients in the fourth term are •<* o^ **^ aid, - ard, 
-icd. 

The Uut term, is the product formed £pom, aU th^e roots ai 
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Id 4h« cubic equation, it is - ax - 6x -c= - abc. 
In the biquadratic, -ax-^X-cX -i=+a6crf, &c. 

501. In the preceding examples, the roots are all posilwt 
The signs are changed by tranapo^on, and when the seve- 
ral factors are multiplied together, the temiB in the preduct« 
as in the power of a residual quantity, (Art, 476,) are alter- 
iiately positive and negative. But if the loots are all nego- 
tfir«, they become positive by transposition, and all the terms 
in the product must be pomtivot Thus if the seveial Talues 
of X are - a, - 6, - c, - c/, then 

and by multiplying these together, w^ shall obtain the same 
equations as l>efore, except that the signs f)f all the terms 
will be positive. In other cases, some of the roots may be 
positive, and some of them negative. 

502. As equations are raised^ from a lower degree to a 
higher, by multiplication, so they may be depressed, from a 
higher degree to a low^er, by division. The product of (a? - a) 
into (a; ~ 6) is a quadratic equation; this into {x^e) is a 
cubic equation ; and this into (x - d) is a biquadratic. (Art 
494.) If we reverse this process, and divide the biquadratic 
by (ar-rf), the quotient, it is evident, will be a cubic equa- 
tiotii ; and if we divide this by (x - c) the quotient will be 
quadratic, &c. The divisor is one of the factors from which 
the equation is produced; that is, it is a binomial consisting 
of X aod one of the roots with its sign changed. When, 
therefore, we hare found either of the roots, we may (Uvide 
by this, connected with the ^nkiK»wn quantity, which will 
tfidoce the equatioo ip the next inferior degxee. 

HESOLUTION OF EOUATIONS. 

503. Various methods have been devised for the resohUkn 
6f the higher equations ; but many of them are intricate and 
tedious, and others are a^^icable to particular cases only. 
The roots of numerical equations may be found, howevec, 
with ^ufiicient exactness by successive approximaHoni. Fiom 
the laws of the co-efficients, as stated in Art« 500, a general 
estimate ^may be formed of the values of the roots. Th^ 
mHf^ be sueby that, when their signs are clianged, their 
product shall be equtU to the kiH term of Ai* «piatioxi» a^ 
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their wm equal to the eo^efficient of the second term* A trial 
^>fty then be made, by substituting, in the place of the un- 
kuown letter, its supposed value. If this proves to be too 
mioil or too great, it may be increased or diminished, aii,d 
the trials repeated, till one is found which will nearly satisfy 
the conditions of the equations. After we have discovered or 
assumed two approximate values, and calculated tlpue enoTM 
which result from them, we may obtain a more exact cor- 
rection of the root, by the following proportion. 

* ^8 tii$ dkffennu Cjf the mrors, to the difference of the assumed^ 
nmnbers ; 

Sh is the least error^ to the correction required^ in the eorres^ 
feafiding assumed member. 

This is founded on the supposition, that the errors in the 
estdts are proportioned to the errors ia the assumed nwmbers^ 

Let .AT and n be the assumed numbers ; 

S and 8, the errots of these numbers ; 

R and r, the errors in the results. 

Then by the supposition R:r:: S :$ 

And subt. the consequents (Art. 389.) R-r: S-^8::f:s, 

But the difference of the asstimed numbers is the same, 
as the diSerence of their errors. If for inotance, the true 
number is 10, and the assumed numbers 12 and 15, the er* 
rors are 2 and 5 ; and the difference betweeB 2 and 5 is the 
same as between 12 and 15w Substituting, then, JV*~n for 
S-^SyWe have R -r : JV*-* n::r:Sy which is the proportion 
stated above. 

The term difference is to be understood here, as it 19 conir 
monly used in algebra, to express the result of subtraction 
according to the general nile. (Art. 82*) In this sense, the 
difference of two numbers, one of which is positive and the 
other negative, is the same as their sum would b^, if their 
signs were alike. (Art. 85.) 

The supposition which is made the foundation of the rule 
lor findiiig the true value of the root of an equation^ is n(A 
strictly correct. The errors in the results are not exaethf 
proportieoed to the errors in the assiuned numbers. But 
as a. greater error in the assumed number, will generally lead 
to a .greater error in the result, than a less one, the rule wiU 
answer d»e purpose of approsdraatioQ^ If the value which is 
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first foundy is not sufficiently correct, this maybe taken as one 
of the numbers for a second trial ; and the process ma^ be 
repeated till the error is diminished as much as is required. 
There will generally be an advantage in assuming two num* 
bers whose difference is .1, or .01, or .001, &c. 

Ex. !• Find the value of s^ in the cubic equation^ 

aJ»-.8a?+17a:-10=0. 

. Here as the signs of the terms are alternately positive and 
negative, the roots must be all positive; f^U 501.) their 
product must be 10 and their sum 8. 

Let it be supposed that one of them is 5*1 or 5*3. Then, 
substituting these numbers for ar, in the given equation, we 
have, 

Bythelstsuppos'n,(5-l)»-8x(5-l)»+17x(6-l)-103=l-27l. 
By the second (6-2f -8x(5-2)»+17x(5-2)- 105=2-688. 
That is. By the first supposition. By the second supposition, 

The 1st term, 0:*= 132*651 140 608 

The 2d •8a*= -20808 -216-32 

The 3d 17a?= 86.7 88-4 

The 4th -10=- 10. - 10- 



Sums or errors, -f 1*271 4-2*688 

Subtracting one from the other, 1-271 



Their difference is 1 '41 7 

Then stating the proportion 
1*4 : 0-1 : : 1*27 : 0-OS, the correction to be sub- 
tracted from the first assumed number 5*1 : The remainder 
m 5*01, which is a near value of v. 

To correct tliis farther, assume a:=5*01, or 5*02. 

By the first supposition. By the second supposition 

The 1st term a;*== 125*751 126-506 

The 2d - 8a;«= - 200*8 - 201 -6 

TheSd 17ar=: 85-17 85-34 

The 4th -10 = - 10- -10. 



Enora + 0-121 4. 0-246 

0^181 



"^ 



Di^rence 0*125 



' Then 0185 : OOl : : 0121 : 001, the eorreciioii. Thit 
tubtracted from 501, leaveB 5 for the value of x; whicIiwiB' 
be found, on trial, to satisfy the conditions of the equiktiozu 

For5»-8x5*4-nx5-102=0* 

We have thus obtained one of the three roots* To find 
the other two, let the equation be divided by a;-* 5, according 
to Art 462, and it will be depressed to the next inferior de* 
gree. (Art. 502.) 

(r-5}«»-8«*+n«-10(a»-3:c+*=:;0. 

Here, the equation becomes quadmtic. ' 

By tmnspofiition, #* - Sjp:s — 9. 

Completing the square, (Art. 305*) a"— Sa:4-i=f -2=i- 
Extract and transp. (Art. 303,) «=3iVi=*ii* 
The first* of these vaUies of x^ is 2, and the other 1* 

We have now fbund the three roots of the proposed equa* 
tion. When their signs are changed, their sum is -*- 8, the 
co-effident of the aecond term* and their product - 10, the 
last term. 

2. What are the roots of the equation 

x»-8a;*+4ar4.48=0l Ans. -2,+4,+6. 

8. What are the roots of the equation 

a»^ 16a;»+65a?- 50=01 Ans. 1, 6, Itt 

4. What are the roots of the equation 

aj3^2^_ 38a:=90 1 Ans. 6, - 5, - 3 

5. What is a near value of one of the roots of the equation 

x^+9a^+4x=iSOl 

6. What is a near value of one of the roots of the equation 

a:3^-r«4-ar=100l 

5M. b. Another method of approximating to the rootf of 
numerical equations, is that of Newton, by successive substi^ 
tutions. 

Let r be put for a number found by trial to be nearly equal 
to the root required, and let z denote the difference between f 
and the true root x. Then in the givea eqpiation, mibstitute 

rtz for X, and reject the terms which ecnitain the powers of j; 

*2d 
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This v31 reduce the equation to a simpk one* And If z 
be lees than a unit, its powers will be still lees, and therefinpa 
the error occasioned by the rejection of the terms in whi(di 
they are contained, will be comparativelv small. If the 
iralue of f, as found by the reduction of the new eouatioD, 
be added to or subtracted from r, according as the latter is 
found by trial be too great or too small, the assumed root wfll 
be once corrected. 

By repeating the process, and substituting the corrected 
ralue of r, fbr its assumed value^ we may come nearer and 
nearer to the root required^ 

Ex. 1. Find one of the values of ar, in the equatkm 

Let f-r=flf. 

16(r-«)'= ^ ler'+SgiT- 16«« \ =60. 

65r -65« 

Rejecting the terms wbieh contain «* and jt*, we have A 

r» - 1 6r«+65r - Sr'z+32rz - 65;r = 60. ' 

This reduced gives 
^_50-.r»+16r^-.65r 



The» I - 16^« - 16(r-«)'= 
( 66a; =3 66(r-2) =:x 



-Sr* +S3r- 65 



60 






If r be assumed =11, then z= — =0'8 nearly. 

76 ^ 

and x=r-jr nearly =11 -0^='10'2. 

To obtain a nearer approximation to the root, let the cor- 
rected value of 10*2 be now substituted for r, in the preceding 
equation, instead of the assiuned value 11, and we shall have 

z=-188 ar=r-3r= 10-012. 

FW a f jyrd approximation, let r= 1001 3, and we haive ? 

jr=-0l2 #=:tr-z=10. 

S. What is a near value of one of the roots of the equation 
sf+ lOaf 4-6ar= 2600 1 Ails. 1 1 -0067. 

S^ W^at are theioote of the equation 

«»+2«'-lU=l«) 



4 What are the roots of th6 «(}tiaiiafl 

S03.C. jLn equation of the mth degree consiste of a^, the 

several inferior po^vers of x with their co-efficients, and one 

term in which x is not contained. If A, B, C^. ^ . . T, be 

pui for the several 4o-effic]entS9 add 17 fon: the iast terra, 

then a:"-{*iI««-*+JBa*-«-f Co*-* +T«r-f 1^=0, 

wiU be a general expression for an^qtiation of any degree. 

• • 

If a, ^ Cy &c. be roots of any equation, that is, suoh quai>» 
tities as may be substituted for x; (Art. 497.) it may be 
shown, without reference to the method of produc:jng the 
equation by multiplication^ that the fitat tMrnber U exactly 
dmrfSfc 6y ap-o, x-t, a?-c, &c. 

For by substituting a for x, we hAve 

a"*+JJa'»-'-{-jBa"-»4-Ca^-* +ra+l7==0. ■ 

Ana transposing terms. 

Substituting this value for 17, in the o(riginal equati<»i, 
ar+^a:"-'+^ar-«+Ca^-» UTx ) ^ 

Or, uiuting the corresponding terms, 

(Cai*-'- C(f-») +T{x-a)=0. 

In this expression, each of the quantities (ap^-a"), 
(jJaf-» - J*r-^, &c. is divisible by a:-a ; (Art, 466.) there- 
fore the whole is divisible by op - a. 

In the same manner it may be diown, that the equation 1$ 
divisible by a? —6, x-e^ &€• 

» 

503.ll. The ^uo^ieni produced by dividing the original 
equation by a; - a, is evidently equal to the aggregate of the 
particular quotients arising from the division of the severed 
quantities (aT-flT), (a?"'-'-a''-^), &c. 

The quotient of (a^- a"')-r(«-^ «)> (Art. 466) is 

The quotient of A {sT"^ -«^-*)^(«-«) » 
&c. &c« 



ALOBBEiu 

Cdlecting these particular quotients tc^gether, and pladng 
under each other the co-efficients of the same power of x, we 
have the following expression for the quotient of 

divided by dr - a. 









n. 



I - 



The qaodeat of the same equaticm divided by « - 6, ia 

+i ) +Bb I «^ +B4— • 






m. 



The quotient firom dividing by x - ^ is 



--B4— • 
— Cft— * 






+JSc— • 

--Or-* 

• • • • 

+T. 



In the same manner may be found the quotients produced 
by introducing successively into the divisor the several roots 
of the equation ; which are equal in number to m. 

503.e. From the known relations between the roots and 
the co-efficients of equations, as stated in Art. 500, Newton 
has derived a method of determining the co-efficients, from 
the nwi of the roots, the sum of their squares^ the sum of 
* their cvbts, &c., though the roots themselves are unknown ; 
and 3n the other hand of determining from the co-efficients, 
the sum "jf the roots, the sum of their squares, the sum of 
their cubes, &c. For this purpose, the following plan of no- 
tation is adopted. Si is put for the sum of the roots, 8^ for 
the sum of their squares^ S^ for the sum of their ^u6e$, ^c. 
If the roots are a, 6, c, (f , . . Z, then 



EQUATIONS. 

St =a«+6»+c»+(i« . . . +P 
S^ — a*-f-6"+(?»+d* . . . +P' . 
&c. &c. 

By means of this notation^ we obtain the following expres 
sion for the sum of all the quotients marked I, II, III, &c 
(Art. SOS.d,) and continued till their number is equal to m. 







—4 



•SS„^9 
BSm^9 



+mr. 



In the original equation. 



• • • 



+Tx+U=0, 



the co-effictentSy .d, jB, C, &c. have determinate relations to 
the sum and products of the roots, a, 6, c, &c. (Art. 500.) 
But the quotient marked I, (Art. 505. d.) produced by divid- 
ing by OP- a, is the first member of an equation of the next 
injerior degree, (Art. 502.) from which the root a is excluded. 
So 6 is excluded from the quotient II, c from the quotient III, 
&c. In the expression above marked Y$ which is the sum 
of m quotients, the co-efBcient of x in the second term is 
Si -{-iLSl, But ^4, which is the co-efficient of x in the second 
term of the original equation, is equal to the sum of the 
roots o, by c, &c. with contrary signs; (Art. 500.) that is 
jSi=s-j9. Therefore, 

iSi+mwJ=(m-l)wJ. 

In the third term of the original equation, B the co>effi- 
cient of x, is equal to the sum of all the products which can 
be made by multiplying together any two of the roots. (Art. 
500.) But each of these products will be excluded from 
two of the quotients, I, II, III, &c. For instance, ab will not 
be found in the first, from which a is excluded, nor in the 
second, from which b is excluded. Therefore in the expres- 
sion F, the co-efficient of or in the third term is equal to 
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mJ?- Soft - Sac -2aJ^&c But-2ai^ -Siu^-Siul, &c. = -* 
2B. So that 

S^^iSi+mB= (m - 2) J?. 

In the fourth term of the original equation, C the co-effi- 
cient of Xy is equal to the sum of all the products which can 
be made by multiplying together any three of the roots, after 
their signs are changed. But each of these products will be 
excluded from three of the quotients, I, II, HI, &c. So that, 
in the expression F, the co-efficient of x in the fourth term, 
is equal to mC - Sabc * Sabd^ &c. That is, 

S.+dSr{-BS,+m C= (m - 3) C. 

In the same manner, the values of the co-efficients of a? in 
succeeding terms may be found ; the number of the co-effi- 
cients being one less than the number of roots in the equation. 

Collecting these results, we have 

iSfs+jJiSft-f inJB= (m - 2)B, 
S^+^S^+BS^+mC= hn - S) 0, 
S4+ASr\-BSrhCS^+^0=: (w- 4)I>, 
&c, &c. 

Transposing and uniting terms. 



I. 



iSi+jJ=0, 

Sr^Jl8,+2B=0, 
S^+^S^+BS,+SC:=zO, 
04 — •a.Sz — BSi 
&c. 



C5fj+4D=0, 
&c. 



Substituting for Si, S9, S^, &c. their values, and reducing, 
11. iSi=-j?, 

S^=z jr-25, 
S^z= - JP+SAB ^ SC, 
S,=, •fl*-4wa«B+4aC+2J?-4D, 
&c. &c. 

We have here obtained symmetrical expressions for the 
sum of the roots of an equation, the sum of their scjuares^ 
the sum of their cubes, &c. in terms of the co-efficientg. 



EQUATIONS. Ji91 

By transposing' the terms m the expressions marked I, we 
have the followmg values of .fl, B^ C, &c. 

III. ^=^S, 

D= - ilcS,Jf-BSr^JlS^+S,) 

By which the co-efficierUs of an equation may be found, 
from the sum of its roots, the sum of their squares, the sum 
of their cubes, &c. 

Ex. 1. Required the sum of the roots, the sum of theii 
squares, and the sum of their cubes, in the equation 

X* - 10a:»+S5aj"- 50x - 24=0. 

Here wi= - 10. J5=35. C= - 50. 

Therefore iSi=10 

iS«=10«-(2x35)=S0. 

S,= W+lSx - 10x35) -(Sx -50) = 100. 

2. Required the terms of the biquadratic equation in which 
Si=l, iS's=:39, iSj)= -^Sdy and the product of all the roota 
after their signs are changed is - 30. 

Aris. a?* - x^ - 19a?«+49a:- 30=0.* 



* See Note Y • 
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SECTION XXI. 



APPLICATION OF ALGEBRA TO GEOMETRY.* 

Art. 504. It is often expedient to make use of the alge- 
Draic notation, for expressing the relations of geometrical 
quantities, and to throw the several steps in a demonstration 
into the form of equations. By this, the nature of the reason- 
ing is not altered. It is only translated into a different Ian* 
guage. Signs are substituted for words^ but they are intend- 
ed to convey the same meaning. A great part of the de- 
monstrations in Euclid, really consist of a series of equa- 
tions, though they may not be presented to us under the al- 
gebraic forms. Thus the proposition, that the sum of the 
three angles of a triangle is eqnai to two right angles^ (Euc. 32. 
1.) may be demonstrated, either in common language, or by 
means of the signs used in Algebra. 

Let the side AB^ of the triangle JlBCy (Fig. 1.) be con- 
tinued toD; let the line BE be parallel U)*SC; and let 
GHI be a right angle. 

The demonstration, in words, is as follows : 

1. The angle EBD is equal to the angle BACy (Euc. 29. 1.) 

2. The angle CBE is equal to the angle ACB. 

8. Therefore, the angle EBD added to CBE^ that is, the 
angle CBD^ is equal to BAG added to ACB. 

4. If to these equals, we add the angle ABCy the angle CBD 
added to JIBC^ is equal to BAC added to miCB and 
ABC. 



* This and the following section are to be read afler the Elements of 
Geometry. 
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6. But CBD added to JIDC^ is equal to twice GHl^ that is» 
to I wo right angles. (Euc. 13. I.) 

9. TherefoFe, ihc angles BJIC^ and JiCB, and ^9BCy are to- 

getlier equal to twice G///, or two right angles. 

Now by substituting (he sign +> ^^^ ^'^ worf addedyisv 
€mdf and the character =:, for tlie word equals we shall have 
the same demonstration iu tlie following forut. 

I. By Euclid 29. 1. EBDz=,BJiG 

«. And CBE^JlCB 

3. Add the two equations EBI)-^-CBE=zB^C+JCB 

4. Add JBC to both sides CBI)+ABC:=::B^C+JICB+ 

JIBC 
6. Bui by Euclid 13. I. CBD+JBC=2Gm 

6. Make the 4ih & 5th equal BJC+JCB+dBC=z2GriL 

< 

By comparing, one by one, the steps of these two demon- 
strations, it will be seen, thai they are precisely (he same, ex- 
cept that (hey are dilFerently expressetf. The algebraic mode 
ha? often the advantage, not only in being more concise (ban 
the other, but in exhibiting the order of (he quant}(ies more 
distinctly to the eye. Thus, in the fourth and fifih steps of 
the preceding example, as the paris (o be compared are 
placeil one under the odier, it is seen, at once, wha( nuiK( be 
the new equation derived from ihese (wo. This regular ar-- 
rangement is very important,* when the demonstration of a 
tlieorem, or (he resolution of a problem, is unusually compti- 
caied. In ordinary language, the numerous relations of the 
quantities, require a seiies of explanalions to make them un- 
dersto<wi ; while by tlie algebraic notation, the whole niay be 
placed distinctly before us, at a single view. The (iisnosi. 
lion of the men on a chess-lmard, or the situation of the oH^ 
jects in a land.sciif)e, may be better ccnqM'ehenJed, by a 
glance of tlie eye, than by the most laboured description in 

505. It will be observed, that the notation m itie example 
just given, dilTcrs, in one respect, from that which is general- 
ly used in algebra. Each (piantity is represented, not by a 
m\i:it letter^ but by several. In conunon algebra when one 
letter stands immediately before another, <is abf wiihotu any 
character between them, they are to be considered aa mmfh 
plieJ together. 



S94 ALGEBRA 

But in geometry, AB is an expression for a riaglt line, ani 
not for tite piodiict of A into B. Multiplication «8 denoted, 
cither by a point or by the characier X. The product of 
AB into CD, is ABCD, or ABxCD. 

606. There is no impropriety, however, in representing a 
geometricai quantify by a single letter. We may make h 
stond for a line or an angle, as well as for a number. 

If, in the example above, we put the angle 

EBD=:a, ACB=d, JBC:=zh, 

BJiC=b, CBD^g, GHI=:zl; 

CBE=c, 

the demonstration will stand thus ; 

1. By Euclid, 29. 1. a-b 

2. And e=zd 

3. Adding the two equations, o+c=g=i-|-iI 

4. Adding h to both sides, g^h=ib-\-d^h 

5. By Euclid 13. 1. g+h=2l 

6. Making the 4th and 5th equal, b4-^+A=:2{. 

This notation is, apparently, more simple than the other ; 
but it deprives us of what is of great importance in geometri- 
cal demonstrations, a continual and easy reference to the 
ti*?ure. To distinguish the two methods, capitals are gener- 
iiliy used, for that which is peculiar to geometry ; and small 
Utlersy for that which is properly algebraic. The latter has 
ihe advantage in long and complicated processes, but the 
other is often to be preferred, on account of the facihty with 
which the figures are consulted. 

507. If a line, whose length is' measured from a given 
point orlhie, be considered jpo5t/ive ; a line proceeding in the 
opposite direction if to be considered negative. If ^B (Pig. 
2.) reckoned from DE on the right, is positive ; JlC on tlie 
iejt is negative. 

A line may be conceived to be produced by the motion (^ 
a poirU. Suppose a point to move in the direction of AB^ 
and to describe a line vaiying in length with the distance of 
the point from A While the point is moving towards B, ita 
distance from A will increase. But if it move from B to- 
wards, C, its distance from A will dimmish, till it is reduC'Cd 
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to uothing, and then will increase on the opposite nde. As 
that which increases the distance on the right, diminishes it 
on tiie left, the one is considered positive, and the other nega> 
tive. See Arts. 59, 60. 

lienee, if in the course of a calculation, the alg^raic 
value of a Une is found to bQ n^tUwe; it must be measured 
hi a direction opposite tu that which, in the same process, 
has been considered positive. (Art. 197.) 

508. In algebraic calculations, there is frequent occasicm 
for mtdtipUcatidny cftmum, involution, &c. But how, it may 
be asked, can geometrical quantities be multiplied into each 
other 1 One of the factors, in multiplication, is always to be 
considered as e^ number. (Art. 91.) The operation consists in 
repeating the multiplicand as many times as there are uniiM 
m the multiplier. How then can a line, a surface, or a solids 
become a multiplier 1 

To explain this it will be necessary to observe, that when- 
ever one geometrical quantity is multiplied into another, 
some particular extent is to be considered tne unit. It is imma* 
terial what this extent is, provided it remains the same, io 
different parts of the same calculation. It may be an inch, 
a foot, a rod, or a mile. If an inch is taken for the unit, 
each of the lines to be multiplied, is to be considered as made 
up of so many parts, as it contains inches. The multiplicand 
will then be repeated, as many times, as there are luiits in 
the multiplier. If, for instance, one of the lines be a foot 
long, and the other half a foot ; the factors will be, one 13 
inches, and the other 6, and the product will be 72 inches. 
Though it would be absurd to say that one line is to be re« 
peated as often as anwther is long; yet there is no unpropriety 
m saying, that one is to be repeated as many tinies, as there 
are feet or rods in the other. This, the nature of a calcula* 
tion often requires. 

509. If the line which is to be the multiplier, is only a 
part of the length taken foi the unit ; the product is a like 
part of the multiplicand. (Art. 90.) Thus, if one of the 
factors is 6 inches, and the other half an inch, the product is 
3 inches. 

510. Instead of referring to the measures in common use, 
as inches, feet, &c. it is often convenient to Ax upon one ci 
the lines in a figure, as tne unit with which to com|Xire all the 
others. When there are a number of lines drawn withiD 



206 ALG£BHa. 

and about a drck^ the radius is commonly taken for the unit. 
This is particularly the case in Irigononietrical calculaiions. 

511. The observations which have been made concerning 
lines, may be applied to surfaces and solids. There may be 
occasion to nuihipiy the area of a figure, by the oumber of 
inches in some given line. 

But here another ditficuUy presentii itself. The product 
of two lines is often spoken of, as be^ng equal to a surface ; 
and the product of a line and a surface, as equal to a solid. 
Tiius the area of a parallelogram is said to be equal to the 
product of its biise and heighi ; and the solid contents of a 
cylinder, are said to be equal to the product of its length into 
the area of one of its ends. But if a line has no breadth, 
how can the multiplication, that is ihe repetilimif of a line 
produce a surface 1 And if a surface has no Udckness, how 
can a repetition of it produce a solid 1 

If a parallelogram, represented on a reduced scale by 
ABCDy {V\^. 3.) be five inches long, and three inches wide ; 
the area or surface is said to he equal to the product of 5 into 
3, that, is, to the numher of inches in JIB^ nuilliplied by the 
nuniher in DC. But the inches in the lines jJiS and BC are 
Unear inches, that is, inches in length only ; while those 
which conij)ose the surface JlC are supcrjidal or square 
inclies, a dilTerent. species of magnitude, now can one of 
these be converted into the other by multiplication, a process 
which consists in repeating quaiUities, without changing 
their nature 1 

512. In answering these inquiries, it must be admitted, 
that measures of length do not l>elongtothe same class of 
magnitudes with superficial or solid measures ; and that none 
of the steps of a calculation can, properly speaking, trans- 
form the one into the other. But, though a line cannot be- 
come a surface or a solid, yet the several measuring units in 
common use are so adapted to each other, that st|uares, 
cubet^, &.C. are bounded by lines of the same name. Thus 
the side of a scpiare inch, is a linear inch ; that of a square 
rod, a linear rod, &c. The length of a linear inch is, there- 
fore, the same as the length or breadth of a square inch. 

If then several square inches are placed together, as from 
Q to /?, (Fig. 3.) the nuviber of them in the parallelogram 
OR is the same as the number of Unear inches in the side 
QR : and if we know the length of this, we have of course 
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the area of the paiallelogram, which is here supposed to be 
one inch wide. 

But, if the breadth is several inches, the larger parallelo* 
gram contains as many smaller ones, each an inch wide, a9 
there are inches in the whole breadth. Thus, if tlie paral* 
lelogram JlC (Fig. 3.) is 5 inches long, and 3 inclies broad, 
it may be divided into three such parallelograms as OR. To 
obtain, then, the number of squares in the large paralleio* 
gram, we have only to multiply the number of squares in 
one of the small parallelograms, into the number of such 

Carallelograms contained in the whole figure. But the num« 
er of square inches in one of the small parallelograms ia 
equal to the number of linear inches in the length AB. And 
the number of small parallelograms, is equal to the number 
of linear inches in the breadth BC. It is therefore said con- 
cisely, that the area of tlu parallelogram is equal to the length 
multipHed into the breadth. 

613. We hence obtain a convenient algebraic expression, 
for the area of a right-angled parallelogram. If two of the 
sides perpendicular to each other are AB and BC^ the expres* 
sion for the area is ABxBC ; that is, putting a for the area, 

a=:ABxBC. 

It must be imderstood, however, that when AB stands for 
a line^ it contains only linear measuring units ; but when it 
enters into the expression for the area, it is supposed to con« 
tain superficial units of the same name. Yet as, in a given 
length, the number of one is equal to that of the other, tliey 
may be represented by the same letters, without leading to 
error in calculation. 

514. The expression for the area may be derived, by a 
method more simple, but less satisfactory perhaps to some, 
from the principles which have been stated concerning t?art- 
able quaniUies^ in the 13th section. Let a (Fig. 4.) represent 
a square inch, foot, rod, or other measuring unit ; and let k 
and I be two of its sides. Also, let A be the area of any 
right-angled parallelogram, B its breadth, and L its lengths 
Then it is evident, that, if the breadth of each were the 
same, the areas would be as the lengths ; and, if the length 
of each were the same, the areas would be as the breadtlia. 

That is, A : a:: L :l^ when the breadth is given ; 
And A : a:: B : 6, when the length is given; 

86* 



tUB AtGEBKA. 

Tfierefore, (Art. 4!S0.) df : a: : JSx^ : H when both Tory. 
Thol is, ilie area is as the product of tlie length and breadlk, 

51d. Hence, in quoting. (he ^enienf^ of Euclid, tlie term 
product 18 frequently sul^tituted for rectangle. And what'>* 
ever is there proved concerning the equality of certain rect- 
angles, niay be applied to the product of the lines wliich 
contain the rectangles.* 

516. Tlie area of an oblique parallelogram is also obtained^ 
by multiplying the base into the perpendicular height. Tht» 
the exprension for the area of the parallelogram JlBJ^M{Fig. 
6. ) is JI/JVx •«/> or JIB x BC. For by Art. b\^,ABxBC 
is the nrea of the right-angled parallelogram ^BCD; and 
by Euclid 36, 1,t parall^lograins ij|k>ii equal bathes, and be* 
tween the same parallels, are equal ; that is, ABCD is equal 
ioABJfM. 

617. The area of a square is obtained, by multiplying one 
of the sides into itnlf. Thus the expression for the area of 

9 

the square «/7C, (Fig. 6,) is AB^ that is, 

a=:JIB. 

For the area is eoual to ABxBC. (Art. 613.) 



But J1B=BC^ therefoie, JlBxBC=^ABx*StB=^JlB. 

618. The area of a triangle is equal to half the product of 
the base and height. Thus the area of the triangle JiBG^ 
(Fig. 7.) is equal to half .^iS into G//or its equal j?C, tliat i% 

a=z\JlBxBC. 

For the area of the parallelogram ABCD is ABxBC^ 
(Art. 613.) And by Euc. 41, l,t if a parallelogramand a tri- 
angle are upon the same bar^e, and between the same {uiralr 
iels^ the triangle is half the parallelogram. 

169. Hence, an algebraic expression may be obtained for the 
area of any figitre wlialever, whicii is bounded by right line& 
For every such figure may be divided into triangles. 



♦ See Note W. 

i Legendre^s Geometry, American EUJition, Art. 16$. 

iLcgcndrc, 168. 
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Thus rtie right-lined figure 

JIBCDE (Fig. 8,) is( composed of the triangles 
JBC, ACE, and ECO. 

The area of the triangle JlBC:=z{ACx BU 

That of ilie triangle ACeJ\ACxKII^ 

That of the triangle ECD-i ECxI^O. 

The area of the whole figure is, theiefore, equal to 
{iJlCxBL)Mi^CxEH)+{iECxDG). 

The explanations in the preceding articles contain the 
first principles of the mensuration of superficies. The ohjectof 
introducing tlie subject in this placei however, is not to inuke 
a pructicul applictiiiun of it, at present ; but merely to show 
the grounds of the method of representing geometrical quan- 
tities in algebraic language. 

520. The expression for the superficies has here, been de- 
rived from that of a line or lines. It is frequently necessary 
to reverse this order ; to find a side of a figure, from knowing 
its area. 

If the number of square inches in the parallelogram 
JlBCD (Fig. 3.) whose brecidth BC is 3 uichef^ be divided 
by 3 ; the quotient will be a parallelogram ABEP^ one inch 
wide, and of the same length with the larger one. But the 
length of the small parallelogram, is the length of its side 
AB. The number of square inches in one is the same, as 
the nuiTibcr of linear inches in the other. (.\.rt. 512.) If 
therefore, the area of the large parallelogram be represented 

by a, the side j9jB=-?-^ that is, the length of a parMelogram 

is found by dkiding the area by the breadth. 

52 1 . If a be put for the area of a square whose side is AB^ 

Then by Art. 517 a=: JS 

And extracting both sides \fa^AB. 

That is, l/ie dde of the square is found, by extracting the 

sqwxre root of the nurnber of measuring units in its area, 

* 

522. If JIB be the base of a triangle and BC its perpen 
dkular height ; 
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Then by Art. 518, a^^SCxMS 

And dividing by JBC, -£-.=^2?. 

Tliat is, the base of a triangk is found, by dividmg the area 
ky hay llie heiglU. 

523. As a surface is expressed, by the product of its length 
and breadth ; tlie contents of a solid may be expressed, by 
the product of its length, breadth and deptli. It is necessary 
to bear in mind, that the measuring unit of solids, is a cube ; 
and that the side of a cubic inch, is a square incli ; the side 
of a cubic foot, a square foot, &c. 

Let ABCD (Fig. S.) represent the base of a parallelopi' 
ped, 5 inches long, three inches broad, and <me inch deep. 
It is evident there must be as many ctMc inches in the solia, 
as there are square incites in its base. And, as the product of 
the lines JIB and jBC gives the area of this base, it gives, of 
course, the contents of the solid. But suppose that the depth 
of the parallelopiped, instead of being one inch, is four inches. 
Its contents must be four times as great. If, then, the 
length be AB, the breadth BC, and the depth CO, the ex- 
pression for the solid contents will be, 

ABxBCxCO. 

524. By means of the algebraic notation, a geometrical 
demonstration may often be rendered much more simple and 
concise, than in ordinary language. The proposition, (Euc. 
4. 2.) that when a straight line i^ divided into two partjs, the 
square of the whole line is equal to the squares of the two 
parts, together with twice the product of the parts, is demon- 
strated, by involving a binomial. 

I^et the side of a square be represented by s ; 
And let it be divided into two parts, a and b. 

By the supposition, «=(^-& 

And squaring both sides, s'=o*-f-2<x6+6*. 

That is, ^ th'e square of the whole line, is equal to c? and 
b\ the squares of the two parts, together with %ab, twice the 
product of the parts. 

525. The algebmic notation may also be applied, with 
great advantage, to the solution of geonietrical problems. In 
doing this, it will be necessary, in the first place, to raise ao 
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algebraic equation, from the geometrical relations of th© 
quantities given and required ; and tlien by tUe usual reduc^ 
tions, to find the value of the uiikiK>wn quantity iii tliis equa- 
tion. See Art. 192. 

Prob. I, Given the base, and the mm of the hypothenuse 
and perpendicular, of the right angled triangle, ABC, (Fig* 
9.) to tind ihe perpendicular. 

Let tlie base AB^h 

The [lerpendicular BC:=^x 

The sum of hyp. and perp. x-\'JWr:za 
Tlieu transposing a;, AC^^a-'X 



ji 



1. By Euclid 47. 1,* BC +AB =z:JlC 

2. That is, by the notation, aB*4-^'=(^"'^)'=<**""2^*+^ 

Here we have a common algebraic equation, containing 
only one unknown quantity. The reduction of this equa;- 
lion in the usual maimer, will give 

«= = JBC, the side required. 

The solution, in letters, will be the same for any right 
angled triangle whatever, and may be expressed in a gene- 
ral tlieorem, thus ; * In a right angled triangle, the perpendi- 
cular is equjil to the square of the sum of the hypothenuse 
and perpeiidicular, diminished by the square of the base, and 
divided by twice the sum of the hypothenuse and perpendi- 
cular.' 

It is applied to particular cases by substituting numbers, for 
the letters a ami b. Thus if the base is 8 feet, and the sum 
of the hypothenuse and perpendicular 16, the expression 

"" becomes — — --=6, the perpendicular ; and this sub- 
2a 2x16 

tracted from 16, the sum of the hypothenuse and perpendi« 

cular, leaves 10, the length of the hypothenuse. 

Prob. 2. N Given the base and the difference of the hypothe- 
nuse and perpendicular, of a right angled triai^le, to find the 
perpendicular. 



Legente, 186. 
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Let the baae AB (Fig. 10.)=fc=«0 

The perpendicular, Bu^x 

The given diflerence, =rd=10. 

Then will the hypothenuse j9C=ar4-c(. 

Then 



1. By EucUd 47. 1, AC zzAB+BC 

2. That is, by the notation, {z+d)*=:b*+:f 

i. Expanding {x+d)\ «'4-2dar+iP=6«+a» 

4. Therefore jts*!^'^:!* 

id 

Prob. S. If the hypothenuse of a right angled triangle w 
SO feet, and the difference of the other two sides 6 feet, what 
is the length of the base 1 Ans. 24 fee* . 

Prob. 4. If the hypothenuse of a right angled triangle is 
50 rods, and the base is to the perpen£cular as 4 to 3, what 
is the length of the perpendicular 1 Ans. SO. 

Prob 5. Having theperimeter and the diagonal of a par 
allelogram ABCV^ (Fig. 11.) to find the sictes. 

Let the diagonal JlC=zh=: 10 

The side AB—x 

Half the perimeter BC+ABz:zBC+x^bz:zl4 
Then by transposing jt, BC=zb-x 



By EucUd 47. 1, AB+BC =AC 

That is, «»+(fe ->)•=*• 

Therefore a?=J6±Vi6"+4tf-i6''=8. 

Here the side AB is found ; and the side BC is equal lo 

Prob. 6. The area of a right angled triangle ABC (Pig. 
12,) being given, and the sides of a parallelogram inscribed 
m it, to find the side BC. 



Let the given area =0, DE^zBF^b 

EB=uDP=:d, BC=iX 

Then by the figure, CFzz BC - BF^x 
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1. By similar triangles, CF :DP:: BC: AB 

8. That is a? - 6 : d : : a? : AB 

5, Therefore, di£^{x-r'b)xAB 

4. By Art. 618, a^ABx\BC^ABx\^ 

6. Dividing by Ja?, —^AB 

X 

6. Therefore <fe=(«-6) x— =2a-?fi 

X X 



7. And x=^^i-^^Ba 

Prob. 7. The three sides of a right angled triangle, ABCf 
(Fig. 13.) being given, to find the segments made by a per- 
pendicular, drawn from the right angle to the hypothenuse. 

The perpendicular will divide the original triangle, into 
two right angled triangles, BCD and ABD. (Euc, 8 6.)* 

1. By Euc. 47. 1, BD + CD =BC 

2. By the figure, CD=w?C-AD 

8. Squar. both sides, Ci)L=(.3C-AD)* 

4. Therefore, hD+ (A C -- AD) =BC 

5. Expanding, BD+5C-2.«C.AD+Ad'==5C 

6. Transposing, BD=BC-AC+2AC.AD'A1^ 

7. By Euc. 47. 1. FoLZfl^- AD 

8. Mak. 6ch & 7th eq. 'B^-^'AC+^ACkD^AB 

9. Therefore AD=4^:^£z:^£ 

2AC 

The wnknown lines, to distinguish them from those which 
are known, are here expressed by Roman letters. 

Prob. 8. Having the area of a parallelogram DEFG (Fig. 
14,) inscribed in a given triangle, ABC^ to find the sides ol 
the parallelogram. 



* LegetKlre,8l3. 
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Draw CI perpendicular to ^B. By supposiUon, DO is 
poroilel to •SB. Tlierefore, 

The triangle CJIG, is similar to CIB > 
And CJJG, toCJlB J 

Let Cl=id DG^x ) 

ABz=ib The given area =<» j 

\. By siniilcir triangles, CB : CG : : JB : DO 

2. And CB: CG::CI: CH 

S, By equal ratios, (Art. 384) AB : DG : : CI : CM 

4. Therefore £^^L=cn 

JiB 

5. By tlie figure, CI-Cn=rrr=DE 

6. Subsliluling for CII, CI - U^^£L=DE 

JIB 

1. That is, i-^=DE 

b 

a By Art. 515, a=i?GxD£=xX(d-^] 

9. Thalia, a^dx^^ 

b 

10. This reduced gives «=-'^^ / -- ^=:DG 

The side DE is found, by dividing the area by DG. 

Proh. 9. Through a given point, in a given circle, so to 
draw a right line, that its parts, between the point and the 
peripiiery, shall have a given diilerence. 

In tlie circle JIQ^BR^ (Fig. 15.) lei P be a given point, in 
tlie diameter JIB. 

Let •*/*=«, PR^t^ 

JlPsizb, Tlie given dtflTerence^rf, 

Then will PQ=rx-f dl 
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I. By Euc. 35. S.* PRxPQ-JSlPxBP 

t. That is, xx{x+d)=axi 

3. Or, oi?-^dx=tA 

4. Completing the square, ^-f*^4~i^=i^+^' 

6. Extract, and trangp. a?= - ld±/^^d^-[-ab=zPIL 

With a liitle practice, the learner may very much abridge 
these solutions, and others of a similar nature, by reducing 
several steps to one. 

Prob 10. If the sum of two of the sides of a triangle be 
1155, the length of a perpendicular drawn from the angle ia« 
eluded between these to the third side be 300, and the differ- 
ence of the segments made by the perpendicular, be 495 ; 
what are the lengths of tlie three sides i 

Ans. 945, 375, and 780. 

Prob. 11. If the perimeter of a right angled triangle be 
720, and the perpendicular falling from the right angle om 
the hypothenuse be 144 ; what are the lengths of the sides t 

Ans. 300, 240, and 18a 

Prob. 12. The difierenee between the diagonal of a square 
and one of its sides being given, to find the length of the 
sides 

If x= the side required, and d=z the given dliiereace ; 

Thenar=rd+rf\/2. 

Prob. 14. The base and perpendicular height of any plane 
triangle being given, to find ttie side of a square inscribed ia 
the triangle, and standing on the base, in the same manner 
as the parallelogram DEFC^ on the base jJJ5, (Pig. 14.) 

If 0?= a side of the square, 6= the base, €Uid A= ihm 
height of the triangiu • 

Then «= A- 
b+h 

Prob. 15. Two sides of a triangle, and a line bisecting tiie 
hicluded angle being given ; lo find tiie length of ibe base 
or tliird sido, upon which the bisecting line faUs. 



^LegendreSM. 
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If «r= the base, a= one of the given eddesi css the otber, 
and 6= the bisecting line ; 

Tlien ap= {a+e) X ^^"^^ 

Prob. 16. If the h3rpothenuse of a right angled triangle 
be 35, and the side of a square inscribed in it, in the same 
nanner as the parallelogram JS£X>F, (Fig. 12.) be 12 ; what 
^re the lengths of the other two sides of tlie triangle \ 

Ans. 28, and 21. 

Prob. 17. The number of feet in the perimeter of a right 
angled triangle, is equal to the number of square feet in the 
area ; and the base is to the perpendicidar as 4 to 8. Re- 
quired the length of each of the sides. 

Ans. 6, 8, and 10. 

Prob. 18. A grass plat 12 rods by 18, is surrounded by a 
gravel walk of unifonn breadth, wiiose area is equal to that 
of the grass plat. What is the breadth of the gravel walk T 

Piob. 19. The sides of a rectangular field are in the ratio 
of 6 to 5 ; and one sixth of the area is 125 square rods. 
What are the lengths of the sides] 

' Prob. 20. There is a right angled triangle, the area of 
«rhich is to ihe area of a given parallelogram as 5 to 8. The 
shorter side of each is 60 rods, and the other side of tlie tri- 
aifgle adjaceni to the right angle, is equal to the diagonal of 
the parallelogram. Required the area of each 1 

Ans. 4800 and 3000 square rods. 

Prob. 21. There are two rectangular vats, the greater ol 
which contains 20 cubic feet more than the other. Their 
capacities are in the ratio of 4 to 5 ; and their bases are 
iqUares, a side of each of which is equal to the depth of the 
other vat. Required the depth of each ? 

Ans. 4 and 5 feet. 

• 

Prob. 22. Given the lengths of three perpendiculars, 
drawn Irom a certain point in lin equilateral triangle, to the 
three aides, to find the length of the sides. 

If «k 6« and c, be the three perpendiculars, and «sb hall 
the length of one of the sides ; 

Then x^f+Hl 
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Prob, 23. A square public green is surrounded by a street 
of uniform breadth. The side of the square is 3 rods less 
than 9 times the breadth of the street ; and the number of 
squar.e rods in the street, exceeds tlie number of rods in the 
perimeter of the square by 228. Wnat is the area of the 
square 1 Ans. 576 rods. 

Prob. 24. Given the lengths of two lines drawn from the 
acute angles of a right angled triangle, to the middle of the 
opposite sides : to find the lengths of the sides. 

If x=z half the base, yr= half the perpendicular, and a 
and b equal the two given lines ; 



Then x 



_ /4^-a* ,,_ /4a* -t' 



^SeeNotoX. 
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SECTION XXll 



EQUATIONS OF CURVES. 



Art 526. IN the preceding section, algebra has been 
apphed to geometrical figures, bounded by right lines. Its aid 
is required also, in investigating the nature and relations of 
curves. The advances which in modern times have been 
made in this department of geometry, are, in a great measure, 
owing to the method of expressing the distinguishing proper- 
ties of the different kinds of lines, in the form of equations. 
To understand the principles on which inquiries of this sort 
are conducted, it is necessary to become familiar with the 
fdan of hoiation which has been generally agreed upon. 

527. Tite positions of the several points in a curve drawn on 
a plane, are determined^ by taking the distance of each from ttoo 
right liTies perpendicular to each other. 

Let the lines JIF and ^O (Fig. 16.) be perpendicular to 
each other. Also, let the lines DBy UB*, l/'B'^ be perpen- 
dicular to AF\ and the lines CD, CLy, C'iy\ perpendicu- 
lar to AG. Then the position of the point D is known, by 
the length df the lines BD and CD. In the same manner, 
the point ly is known by the lines B'jy and Cjy ; and the 
point iy\ by the lines B"D'' and O'U'. The two lines 
which are thus drawn, from any point in the curve, are, to- 
gether, called ths co^ordmoXes belonging to that point. 

But, as there is frequent occasion to speak of each of the 
lines separately, one of them for distinction's sake, is called 
an ordinoXe, and the other, an abscissa. Thus BV is the or- 
dinate of the point />, and C/), or its equal AB, the abscissa 
of the same point. It is, generally, most convenient to take 
the abscissas on the line AF, as AB is equal to CD, AW 
to ejy, and AM' to a'ly. Euc. 33. 1 The lines Ai 



BQUATIONS OF CURVES. 309 

and AGy to which the co-ordinates are drawn, are called the 
axes of the co-ordinates. 

528. U co-ordinates could be drawn to every point in a 
curve, and, if the relations of the several abscissas to their 
corresponding ordinates could be expressed by an equation ; 
the position of each poini^ and consequently, the nature of 
the curve, would be determined. Many important proper- 
ties of the figure might also be discovered, merely by tlirow- 
ing the equation into different fonns, by transposing, dividing, 
mvolving, &c. But the number of points in a line is unlinv 
ited. It is impossible, therefore, actually to draw co-ordi« 
nates to every one of them. Srill there is a way in which an 
equation may be obtained, that shall be applicable to all the 
parts of a curve. This is effected by making the equation 
depend on some property, which is common to every pair ofco* 
ordinates. In explaining this, it will be proper to begin with 
di straight line, instead of a curve. 

Let AH (Fig. 17.) be a line from which co-ordinates are 
drawn, on the axes AF and AG perpendicular to each other. 
And le't the angle FAH be such, that the abscissa CD or AB 
shall be equal to twice the ordinate BD, 

The triangles ABDy AB'U, AB"iy' &c. are all similar. 
(Euc. 29. 1.)* Therefore, 

AB,BD.:AB'. BU : : AW^ : B'iy\ 
And if AB^tBD, ihenAff=2B'iy, Q,ndAB'z=2B''iy\SLC. 

That is, each abscissa is equal to twice the corresponding 
ordinate. But, instead of a separate equation for each pair 
of co-ordinates, one will be sufficient for the whole. Let x 
represent any one of the abscissas, and y, the ordinate b^ 
longing to the ^me point. Then, 

ar=2y, ory=ia:. 
This is an equation expressing the ratio of the co-ordinatea 
of the line AH to each other. It differs froni a commoa 
equation in this, that x and y have no determinate mami* 
tude. The only condition which limits them is, that Iney 
shall be the abscissa and ordinate of the same fmnt. 

If x=ABy then y—BD 

If x=AB', y^B'iy 

If x^AB\ y^B^'jy, &c 

2^ « Legendre^ 60. 
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From this it is evident, that, if one <3^ the co-ordinates be 
taken of any particular length, the other will be given by the 
equation. If, for instance, the abscissa x be two inches long« 
ihe ordinate y, which is tialf Xy must be one inch. 
If ar=8, then ^=4, If 4?^30, then y=r 15, 

If x=10, y=5. If a?=100, J/=50, &c. 

On the other hand, if sr=2, then a?=4, &e. 

629. If the angle HAF be of any different magnitude, as 
in Fig. 18, the general equation will be the same, except the 
co-efficient of 9, Let the ratio of y to or be expressed by a, 
that is, let y : a; : : a : 1. Then by converting this into an 
equation, we have 

ar=y. 

Tlie co-efficient a will be a whole number or a fraction, 
according as y is greater or less thtm x. 

630. To apply these explanations to curves, let it be re- 
quired to find a general equation of the common parabola. 
(Fig. 19.) It is the distinguishing property of this figure, as 
will be shown under Conic Sections, that tlie ohscissas 
are proportioned to the squares of their ordi nates. Let the 
ratio of the square of any one ordinate to its abscissa, be 
expressed by a. As the ratio is the same, between the 
square of any other ordinate of the parabola and its abscissa, 
we have universally \f \ xxiax 1 ; and by converting this 
into an equation, 

ar=y'. 

This is called the equation of ihe curve. Tlie importunt 
advantages gained by this general expression, are owing to 
this, that the equation is equally applicable to every peitU of 
the curve. Any value whatever may be assigned to the ab- 
scissa «, provid(»d the ordinate u is considered as belonging 
to the same point. But, while x and y vary together, the 
quantity a is sujpposed to remain constant. 

By the equation of the parabola, ax=y*, and extracting the 
root of both sides, (Art. 297.) 

yz=,^ax. If .a=2, then y =\/2a?. And 
If a?= 4.6==jgir(Fig.l9.)theny=V2x4.5=V9=3=.BI> 
If a?= 8. :=zAB y=V2x8=:Vl6=4=^7y 

If Xz=i\%b=^ABf y= V2xl2 .5=V2g;=5=jy^2y^ 

If 4r=18. :=zAB'" »=V2Xl8 =V^6=:e=:Zir''iy'«^. 



r 



EQUATIONS OF CURVRS. $1 

5S1 . When ordinates are drawn on both sides of the axis 
to which they are applied ; those on one side will be positwe, 
while those on the other side w»ll be negative. Thus, in Pig. 
19, if the ordinates on the upper side of AF be considered posi- 
tive, those on the under side will be negative. (Art. 507.) 
The abscissas also are either positive or negative, according 
as they are on one side or the other of the point from which 
they are measured. Thus, in Fig. 20, if the abscissas on fhe 
right, ^9By AJff^ &c. be considered positive, those on tlie left, 
•4C, .5(7, &c. will be negative. And in the solution of a 
problem, if an abscissa or an ordinate is found to be negative. 
It must be set off on the side of the axis opposite to that on 
which the values are positive. 

532. In the preceding instances, the straight line or curve to 
which the ordinates and abscissas are applied, crosses the 
axis, in the point where it is intersected by the other axis. 
Thus the curve (Fig. 19.) and the straight line E'lyi^ig. 
20.) cross the axis .5F, in the point Ay where it is cut by the 
axis AO. But this is not always the case. The abscissas on 
the axis QF, (Fig. 21.) may be reckoned from the line ON. 

Let X represent any one of the abscissas, JIfB, MC, dec. 
and y the corresponding ordinate. 

Let z^AB, bz=JHA. 

And a=: the ratio of BD to AB^ as before. 

Then as=y, (Art. 529.) that is, z=^ 

But by the figure, AB^MB - MA, i.e. 2r=a? - 6 

Making the two equations equal, s~b=:Y. 

a 

Therefore «=:?-|-*« 

a 

633, In investigating the properties of curves, it is impor* 
tant to be able to distinguish readily the cases in which the 
abscissas or ordinates are positive^ from those in which they 
are negcOwe ; and to determine under what circumstances, 
either of the co-ordinates vanishes. An abscissa vanishes at 
the point wtiere the curve meets the axis from whkh the abscissas 
are measured. And an ordinate vanishes, at the point where 
the curve meets the axis from which the ordmates are 
measured. 
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Thus, in Fig. 1 9, the ordinates are measured from the line 
AF. The length of each ordinate is the distance of a particu- 
lar point in the curve from the line. As the curve approaches 
the axis, the ordinate diminishes, till it becomes nothing, at 
the point of intersection. For, here, there is no distance 
between the curve and the axis. 

The ahsciasas are measured from <he One AG. These 
must diminish also, as the curve approaches this line, and 
become nothmg at «/9. 

534. From this it is evident, that when the two axes meet 
the curve at the 9ame painty the two co-ordinates vanUh to- 
gether. In Fig. 19, the two axes meet the curve at «9, the 
one cutting, and the other touching it. But in Fig. 21, the 
axis JifF crosses the Une ^D at A ; while GJ^ crosses it at 
JV*. The ordinate, being the distance from JUF^ vanishes at 
«d, where the distance is nothing. But the abscissa, being 
the distance from 6JV*, vanishes at JV* or M, 

535. An abscissa or an ordinate changes from poritwe to 
negative^ by passing through the point where it is equal to 0. 
Thus the ordinate y, (Fig. 20.) diminishes as it approaches 
the point A ; here it is nothing, and on the other side of •/}, 
it becomes negative, bect^use it is below the axis CF. (Art. 
507.) . In the same manner the absmsoy on the right <^ AO^ 
diminishes, as it approaches this line, becomes at Jt, and 
then negative on the left. 

In this case, the two co-ordinates change from positive to 
negative, at the same point. But in Fig. 21, the ordinates 
change from positive to negative at A ; while the abscissas 
continue positive to C JV*, being still on the right of that line. 
On the right from .5, the co-ordinates are both positive : be- 
tween A and the line GJ>ry the abscissas are positive : and 
the ordinates negative: and, on the left of G^ both are 
negative. 

536 The most important applications of the principles 
stated in this section, will come under consideration, in suc- 
ceeding bmnches of the mathematics, particularly in Flux-i«r 
ions. A few examples will be here given to illustrate the 
observations which have now been made. 

Prob. I. To find the equation of the circle. 

In the circle FGMy (Fig. 22,) let the two diameters GjN 
aoid FM be perpendicular to each other. From any point 
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in the curve, draw the ordinate DB perpendicular to AF^ 
and AB will be the corresponding abscissa. 

Let the radius wlD=r, ^9B=x, BD=y. 



Then, by Euc. 47. 1,* BD=zAD^ AB 

That is, y«=r«-a;» 

And by evolution, y=±>^r* - a? 

In the same manner, x=zt^r^ - j/*. 

That is, the abscissa is equal to the square root of the dif- 
ference between the square of the radius and the squaie of 
the ordinate. 

If the radius of the circle be taken for a ttm/, (Art. 510) its 
square will also be 1, and the two last equations will become 

=i\/l - ^9 and ar=i\/l - j/'. 
These equations will be the same, in whatever part of the 
arc GDF the point D is taken. For the co-ordinates will be 
the legs of a right angled triangle, the hypothenuse of which 
will be equal to AD^ because it is the radius of the circle. 

5^7. Ta undprafnnd thft -applicalioiL to the other quarters 
of the circle, it must be observed, that, in each of the 
^equations, the root is ambiguous. The values of y anc of x 
maybe either positive or negative. This results from the 
nature of a quadratic equation. (Art. 297.) It corresponds 
also with the situation of the different parts of the circle, with 
respect to the two diameters FM and GJV. In the first 
quarter GF, the co-ordinates are supposed to be both positive. 
In the second, GM^ the ordinates are still positive, but the 
abscissas become negative. (Art. 631 .) In the third, JI/JV^ 
both are negative, and in the fourth, J^Fy the ordinates are 
negative, but the abscissas positive. That is, 

{FGy X is +, and y-f-* 
KP,x +, y-. 
* Legendre, 186. 
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5S8. In geometry, lines are supposed to be produced by 
the motion of a pohU. If the point moves uniformly in one 
direction, it prouuces a straight line. If it continually variei 
its direction, it produces a curve. The particular nature of 
the curve depends on certain conditions by which the motion 
is regulated. If, for instance, one point moves in such a 
manner, as to keep constantly at the same distance from 
another point which is fixed, the figure described is a circle^ 
of which the fixed point is the centre. It is evident from 
the preceding problem, that the equation of this curve de- 
pends on the manner of description. For it is derived from 
the property that different part? of the periphery are equally 
distant from the center. In a similar manner, the equations 
of other curves may be derived from the law by which they 
are described ; as will be seen in the following examples. 

Prob. 2. To find the equation of the curve called the Cw- 
$oid of Diocles. (Fig. 23.) 

The description, which may be considered as the definition 
of the figure, is as follows. 

In the diameter .dJS, of the semi-circle •dJV*J?, let the point 
J? be at the same disiance nrorii j9, «» /* is from Ji. Draw 
TiJV* perpendicular to *SBy to cut the circle in JV*. From j^ 
thi'ough JV*, draw a straight line, extending if necessary be- 
yond the circle. And from P, raise a perpendicular, to cut 
this line in JIf. The curve passes through the point JIf. 

By taking P at different distances from td, as in Fig. 24, 
any number of points in the curve may be determined. As 
the line PJIf moves towards J?, it becomes longer and longer; 
■o as to extend the Cissoid beyond the semi-circle. 

To find the equation of the curve, let AH and AB be the 
axes of the co-ordinates. 

Also, let each of the abscissas APy AP^ AP^\ &c. 3=a:^ 
each of the.ordinates PMy FM, P^M'y &c.=y, 
and the diameter AB =o, 

Then by the construction, PBz=:AB *-APz=h - x. 

As PM and /2JV are each perpendicular to ABy the triau 
^es APM and ARJ^ are similar. (Euc. 27 and 29. 1.) 
Therefore, 
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1. By similar triangles, AP : PM: : AR ; AY 

2. Or, by putting PB fw its equal AR, 

AP:PM::PS:RJf 

8. Therefore, P^xfg _j^y 

AP 



Jt 



4. Squaring both sidea^ PJV/ X PB _^jyi? 



w3P 



5. By Eua 35. S, and 8. S,* ARxRB=:RJ^ 

6. Or, putting PB for its equal AR, and Af for its equal RB^ 

PBxJLP^'Rjf 



7. Making 4th and 6th equal, PBx^P^^^^^ ^ f ^ 

AP 



8. Therefore, .flP =PM xPB 

9. Or, a:»=y*X(6-a?). 

That is, the cube of the abscissa is equal to the square <rf 
the ordinate, multiplied by the difference between the Jiame-* 
ter of the circle, and the abscissa. The equation is the same 
for every pair of co-ordinates. 

Prob. 3. To find the equation of the Conchoid of Nico- 
medes. 

To describe the cirve, let AB^ Fig. 25, be a line given in 
position, and C a poL \i without the line. About this point, let 
the line Ch revdve. From its intersections with JtB, make 
the distances EM, E'My M'M\ &c. each equal to AD. 
The curve will pass through the points D, JW, •/W, JIf", &c. 

To find its equation^ let CD and AB be the axes of the co- 
ordinates. Di aw FJJf parallel to .^P, and PJtf parallel toCJP 
Prom the construction, AD is equal to JSJI/. 

Let the abscissa APz=:FM^Xf 

the ordinate PM:szAF^%f^ 

the given Une CAz=($f 

and AD=EM=by 

Then will CFz= CA+AFz::z o+y. 

■II' ■ ■ ...■■■. ,p II .. I. .1-1.1 I . I I . I t l — ^M^iM» 

* Legendro, 105, 224. 
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4l8 CJIf cuts the parallels CD and PJIf, and also the paral- 
lels AP and FM^ llie ulaagles CFM and MPF4 are similar. 
Then 

1. By similar triangles, CF : FM: : PM : PE 

%. Therefore, PE^^^^l^ 

' CF 

^ — f' 

3. Squaring both sides, PE =zE^L^^!L 

CF 

4. By Euc. 47. 1 PJB =£Jtf - PM 

« fl 



6. Mat 3d and 4th equal, EJft^ PM*^^'^' ^^ 

CF 

6, Thatis, 6«-y«= *^\ 

7. Or, (a+yrx(6^-y')=a5y. 
539. In these examples, the equation is derived from the 

description of the cur\'e. But this order may be reversed. 
If the equation is given, the curve may be described. For 
the equation expresses the relation of every abscissa to the 
corresponding ordinate. The curve is described, therefore, 
by taking abscissas of different lengUis^ and applying ardinaies to 
tjch. The line required, will pass through the extremittes of 
these ordi nates. ^i^ 

Prob. 4. To describe the curve whose equation is 
2j?=:y*, or j/=\/2a:. 

On the line AFf (Fig. 19.) take abscissas of diflerent 
lengths': 

For instance, JlB =4.5, then the ordinate BDzzzS, (Art. 530.) 

AR =8. jyiy = 4, 

•flff'=12.5 ^"/5"=5, 

•42?"'= 18. ^"//"=G, 

&e. 
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Apply these several ordinates to their aJbseismSy and con- 
nect the extremities by the line ADDfU'y &c. wliich will be 
the curve required. The description will be more or leas 
accurate, according to the number of points for which ordi- 
nates are found. 

640. If a pomt is conceived to move in such a manner, a« 
to pass through the extremities of all tlie ordiuates assigned 
bjr an equation ; the line which it describes is called the loctct 
of the point, that is the path lu which it moves, and in which 
it may always be found. The line is also called the \ocux oj 
Ihe tqtKUkn^ by which the successive positions of the point ere 
determined. Thus the coirmion parabola (Fig. 19,) is called 
the locus of the points, I>, D^, iy\ &,c. or of the equation 
aap=sy'. (Art. 5 30.) T he arc of a circle is the locus of the 

equation x=±/\/r*^y\ (Art 536.) To find the locus of 
an equation, therefore, is the same thing, as po find the 
stiaigtit line or curve to which the equation belongs. 

Prob. 5. To find the locus of the equation 

«=??, or ax=zy, 

in which x and y are variable co-ordinates,.while a is a deter- 
minate quantity. 

If the abscissa x be taken of different lengths, the ordinate 
y must vary in such a manner as to preserve ar=y ; or con- 
verting the equation into a proportion, y : xi:a: 1. There-t 
fore, as a is a determinate quantity, the ratio of op to y will be 
invariable ; that is, any one abscissa will be to its ordinate as 
any other abscissa to its ordinate! Let two of the abscissas 
be jJB and *4fi', (Fig. 17.) and their ordinate^ JSD and 
B'ly; then, 

ABiBDizAB^iffiy. 

The line dDiy is, therefore, a straight line ; (Euc. 82. 6.) 
and tliis is the hcus of the equation. 

If the proposed equation is x:s^'-\'h^ the additional term^ 

makes no dilference in the nature of the locus. For the only 
effect of 6, is to lengthen the abscissas, so tiiat they must not 
he measured from A^ but from some otiier point, as Jdl 

38 
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(Pig. «t.) The ratio ofAB^B^, &c. to BD^.R!/, &c. stSI 

remains the same. Bee Art. 532. The loem of the equatioa 
is, therefore, a straight line* 

541. From this it will be easy to prove, that the locus of 
every equation in which the co-oidinaies x and y are in sepa- 
mtc lennn, and do not rise above the first power^ is a straight 
line. For every sucli equation may be brought to the fomi 

T=?li. All the tenns may be reduced to three, one con- 

Caimng x, another y^ and a third, the aggregate of the con- 
stant quantities whicii are not co-elSicieulsof x and y ; as will 
be seen in the following problem. 

Prob. 6. To find the locus of the eauation 

By transposition, cx-^-kx = y +n - m^d. 

Dividing by c-j-A a;=5_2--.-| — ""^^T - . 

Here the constant quantities, in each tenn, may be repre* 
Bcnted by a single letter. (Ait. 321.) If, tlien, we make 

e-f-Arso, and * *"""*+ --.fc. tj^^ equation will become a?=:lf-|-6, 

whose locus, by the last article, is a straight line. 

542. But if the ordinate? are as the squares, cubes, or 
higher powers of the abscissas, the locus of the equation, in- 
stecid of being a straight line, is a curve. For the ordinates 
applied to a straight Une, have the sajne ratio to each other 
wtiich their abscissas have. But quantities have not the 
same ratio to each otlier, which their scjuares, culjes, or higher 
DOwers have. (Art. 354.) Thus, if a^=:y, the ordinates 
will Increase more rapidly than the abscissas. If the abscis- 
sas be talcen, 1, 2, 3, 4, &c. the ordinates will be equal to 
iheir squares, 1, 4, 9, 16, &tr. 

o^tzj. AS an uniunited vaiiety of equations may be produ- 
ced, by different combinations and powers of the co-ordi- 
hafeiis. and as each of these has its appropriate locm ; it is 
evident that the forms of curves must be innumerable. They 
may, however, be reduced to classes. The modem mode of 
classing them, is from the. degree of their equations. Tfu 
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tKfferent orders of lines are distmgidshed^ by the greaUst mdes^ 
or sum of the ijuUces of the eo-^ir^UmUeSy in tmy term of db 
equation. 

Thus the equation ax=:y belongs to a line of the firsi or* 
der, because the index of each of the co-ordinates is J. Bui 
this order includes no curves. For, by Art. 541, the locus of 
every such equation is a straight line. 

The equation ca^-axy^y^ belongs to the second order of 
ines, or the first kind of cni-ves, because the greatest indes 
is 2. The equation ay+ary=6x also belongs to the second 
order. For, although there is here no index greater than 
1, yet the stan of the indices of x and y, in the secoiul term, 
is 2. 

The equation J/'- 3aart/=6ii? belongs to the third order of 
lines, or the second kind of curves, because ihe greatest in- 
dex of y is 3. 

544. In curves of the higher orders, the ordinate belong, 
ing to any given abscissa may have different values, and nmy 
therefore meet the cur\'e in several points. For the length 
of the ordinate is determined by the equation of the curvc^ 
and if the equation is above the first degree, it may have two 
or more roots^ (Art. 498.) and may, therefore, give different 
vaUiea to the ordinate. 

An equation of the first degree has but one root ; and a 
hne of the first order, can be intei*sected by an ordinate, in 
one point only. Thus the equation of the line »SH (Fig. 
17.) is ax=:yy in which it is evident y has but one vahie, 
^while X remains the same. If the abscissa x be taken eqiial 
ioABy the ordinate y will be J? J9, which can meet tiie liutt 
AH in D only. 

But the equation of the parabola t/'=aa:, (Art. 530.) iid« 
two roots. For, by extracting both sides, yz=i±\/ax. (Art. 
297.) It is true, that in this case, the two vahies of y are 
equai. But one is posUivCy and the other negative. Thin 
shows that the ordinate may extend both ways from the end 
of the abscissa, and may meet the opposite branches of the 
cur\'e. Thus the ordinate of the abscissa AB (Fig. 19.) may 
be either BD above the abscissa, or Bd beUno U. 

A cubic equation has three roots ; and an ordinate of the 
curve belonging to this equation, may have three different 
values, and may meet the curve in three diiferent points 
Thus the orduiate of the abscissa.4J3 (Fig. 26.) may be Bl 
or Biy ^ or Bd. 



&4& Vffata the eurvemeete the axis on which the absMi^ 
Mui are measured, the ordinate, after becoming less and less, 
is reduced to nothing. (Art. 533.) But, in some cases, ar 
curve may continualty approach a line, without ever meeting 
It Let the distances j}£, BR^ 1ifB'\ &c. on the line w9F, 
(Fig. S7.) be equal; and let the curweDjyiy'y &c. be of 
such a nature that of the several ordinates at the points JS,JE^, 
B^\ &c. each succeeding one shall be half the preceding, 
that is, B'ly, half JB A B^'l/' half JS'iy, &c. It is evident 
that, however far the straight line be carried, the curve will 
become nearer and nearer to it, and yet will never quite reach 
It Ji line which thus cantmuaUy approaches a curve toUhmU ever 
meeting U, is caUed an asymptote of the curve. The axis AF 
18 here the asymptote of the curve Diyiy\ &c. As the ab- 
ectssa increases, the ordinate diminishes, so that, when the 
abscissa is mathematicaliy infinite, (Art 447.) the ordinate 
becomes an infinitesimal, and may be expressed by 0. (Art. 
465.)* 

f 1 — "■ -r*- r^' ■^" ■— ^rw^^ r^m m-^^ !■ ■■ rr ■ 1 i -rr -m-f ^WiM-ri^ i . i ■■ ir mi - i ^ — r - i i g — ■ 1 m- 

^SeeNctoY. 
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Note A. Page 1. 

As the term quantity is here used to signify whatever k 
the object of mathematical inquiry, it will be obvious that 
number is meant to be included ; so far at least, as it can be 
the subject of mathematical investigation. Dugald Stewart 
asserts, indeed, that it might be easily shown, that number 
does not fall under the definition of quantity in any sense of 
that word. Philosophy of the Mind, Vol. II. Note G. For 
proof that it is included in the cmnmon acceptation of the 
word, it will be sufficient to refer to almost any mathematical 
work in which the term quantity is explained, and particu- 
larly to the familiar distinction between continued quantity or 
magnitude, and discrete quantity or number. 

But does number "fall under the definition of quantity 1** 
Mr. Stewart after quoting the obseiTation of Dr. Reid, thai 
the object of the mathematics is commonly said to be quan* 
tity, which ought to be defined, that which may be measured^ 
adds, "The appropriate objects of this science are such 
things alone as admit not only of being increased and dimin- 
ished, but of being multiplied and didded. In other words, 
the common character which characterizes all of them, is 
their menaurabiUty.^ That number may be multiplied and 
divided, will not probably be questioned. But it may per-* 
haps be doubted, whether it is capable of mensuration. If, 
as Mr. Locke observes, " number is that which the mind 
makes use o^ in measuring all thinss that are measurable,'* 
can it measure itself^ or be measured i It is evident that it can 
not be measured geometricaUyj by applying to it a measure ol 
length or capacity. But by measuring a quantity math^ 
matically, what else is meant, than determining the ratio 
which it bears to some other quantity of the same kind ; in 
other words finding how often one is contained in the other, 
either exactly or with a certain excess 1 And is not this as 
applicable to number as to magnitude t The ratio which a 
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{fivea number bean to wnUy cannot, indeed, be the stAjeet 
of inmdnf ; because it is expressed by the number iuet£ 
Bat the ratio which it bears to other numbers may be as pro- 
per an object of mathematical investigation, as the ratio of a 
mile to a furlong. 

For proof that number is not. quantity, Mr. Stewart refers 
to Barrow's Mathematictd Lectures. Dr. Barrow has start- 
ed an etynudogkal objection to the application of the term 
quantity to number, which he intimates might, with more 
propriety, be called quotity. He observes, ** The genend ob- 
ject of the mathematics has no proper name, either in Greek 
or Latin." And adds, *^ It is plain the mathenrntics is con^ 
versiuU about two things especially, quantity strictly takec^ 
and quotity ; or magnitude and multitude." There is fre- 
quent occasion for a common name, to express number, dura- 
iion, &c. as well as magnitude ; and the term quantity will 
probably be used for this purpose, till some other word is sub- 
stituted in its stead. 

But though Dr. Barrow thus distinguishes between mag*- 
uitude and number, he afterwards gives it as his opinion, 
(page 20^ 49,) that there is really no quantity in nature dif- 
ferent frojn what is called magnitude or continued quantity, 
and oonsequently, that this alone ought to be accounted the 
object of the rmUliematics, He accordingly devotes a whole lec- 
ture to the purpose of proving the identily of ariihnetic and 
geometry. {Led. 3.) He is "convinced that number really 
differs nothing from what is called continued quantity ; but 
is only formed to express and declare it ;" that as " the con- 
cept ions of magnitude and number could scarcely be separa- 
ted," by the ancients, "in the name, they can hardly be so 
in the mtne^," and " that number includes in it every conside- 
ration pertaining to geometry." He admits of metaphysiccd 
oumber, which is not the object of geometry, or even of the 
mathematics. But, in his view, magnitude is always inclu- 
ded in mathematical number, as the units of which it is com- 
posed are equ^. On the other hand, magnitudes are not 
lo be considered as mathematical quantities, except as they 
are measured by number. In short, quantity is magnitude 
measured by mauber. 

It would seem, then, that according to Dr. Barrow, num- 
ber considered as separate from magnitude, has as fair a 
claim to be called quantity, as magnitude considered as sep- 
arate from number.. If arithmetic and geometry are the 



same; quantity is as much the object of one^ as of the other. 
How far this scheme is applicable to duratioiii motion, &c« it 
18 not necessary^ in this place to inquire. 

Note B. p. 1. 

It is to be regretted, tliat the science of Fluxions has re- 
ceived its name from ilie particular manner in which its in- 
ventor. Sir Isaac Newton, explained its principles, rather than 
from the nature of the science itself. This has served to 
countenance the opinion, that tlie doctrhie of fluxions, and 
the differential and integral calculus, in which a dHferent lan- 
guage, and different mode of explanation have been adopted, 
are distinct methods of investigation. Whereas the funda- 
mental laws of calculation are the same in both. These 
nave no necessary dependence on motion, or even on geo- 
metrical magnitudes. The method of fluxions has been 
greatly enlarged and modified since Newton's day. But it 
is difficult to change the name, to adapt it to the present 
state of the science, without seeming to derogate from that 
profound regard whioh is due to the original mventor. 

Note C. p. S3. 

It is common to define multiplication, by saying that 'it is 
finding a product which has the same ratio to the multipli- 
cand, that the multiplier has to a unit.' This is strictly and 
universally true. But the objection to it, as a definition^ is, 
that the idea of ratio, as the tenn is understood in arithmetic 
and algebra, seems to hnply a previous knowledge of multi- 
plication, as well as of division. In this work at least, the 
expression of geometrical ratio is made to depend on division, 
and division on nuiltiplication. Ratio, therefore, could not 
be properly introduced into the definition of multiplication. 

It is thought, by some, to be absurd to speak of a umt as 
consisting of parts. But whatever may be true with respect 
to number in the abstracty there is certainly no absurdity in 
considering an integer, of one denomination, as made up of 
parts of a different denomin.ation. One rod may contain 
several feet : one foot several inches, &c. And in multipli- 
cation, we may be required to repeat the whole, or a part of 
the multiplicand, as many times as tliere aie inches in a foot, 
or pari of afoot 
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- Note D. p. 88- 

It is perhaps more phlloeophically exact, to coadtder au 
equation as affirming the equivalence of two different expres* 
sions of the same quantity, than to speak of it as expressing 
/ an equality between one quantity and another. But it is 

doubted whether the former definition is the best adapted to 
the apprehension of the learner; who in this «arly part of his 
matliematical course, may be supposed to be very little accus- 
tomed to abstraction. Though he may see clearly, that the 
area of a triangle is equal to the area of a parallelogram of 
tJie same base and half the height ; yet he may hesitate in 
pronouncing that the two surfaces are precisely the same. 

Note E. p. 86. 

As the direct powei6 of an integral quantity have posiike 
indices, while the reciproaU powers have negatwe indices ; it 
is common to call the former positive powers^ and the latter 
negative powers. But this language is ambiguous, and may 
lead to mistake. For the same terms are applied to powers 
with positive and negative signs prifjixed. Thus -f-Sa* is 
called a positive power ; while -8a* is called a negative one. 
It may occasion perplexity, to speak of the latter as being 
both positive and negative at the same time ; positive, be- 
cause it has a positive imdex^ and negative because it has a 
negative co-emcient. This ambiguity may be avoided, by 
using the terms direct and reciprocal ; meaning, by the for- 
mer, powers with positive exponents, and by the latter, pow- 
ers with negative exponents. 

Note F. p. 109. 

I have been unwilling to admit into the text the rules of 
calculation w^hich are commonly applied to imaginary quan- 
tities ; as mathematicians have not yet settled the logic of 
the principles upon which these rules must be founded. It 
appears to be taken for granted by Euler and othei*s, that the 
product of the imaginary roots of two quantities, is equal to 
the roo of the pro dvtct of the quantities; for instance, that 

V - a X V-6=: V - a X - ft- If this principle be admitted, 
certain limitations mtist be observed in the application. If 

we make V^xV-a==V~iix -«, and this in confor- 
mity with the conmMm rule for possible quaQlitie% ss Vo* ; 
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yet we are not at liberty to consider the latter expression a9 
equivalent to a. For though \/^*^ when taken without re- 
ference to its origin, is ambiguou^y and may be either -^a or 
-*a ; yet when we know that it has been produced by mul- 

tiplyingV^^ into it^If, we are not permitted to^ve it anj 
other value than - a. (Art. 262.) 

On the principle here stated, imaginary expressions may 
De easily prepared for calculation, by resoloing the quumtity 
under the remced sign into two factors^ one of which is -l; 

thereby reducing the imaginary part of the expression to V-l. 

As -a=:+^X ■"!> ^he expression \/ -^a^^ax -1=V^X 

V~. So V-a-6=:Va+6xV^. The first of the 
two factors is a real quantity. After the impossible part of 

imaginary expressions is thus reduced to V-1, they may be 
multiplied and divided by the rules already given for other 
radicals. 

Thus in Multiplication^ 

2. 4-V-"ax-V-T=-v«frx-i=+V«*- 

3. V~9xV'^=-V5i5=-e. 

4. (i+v:n")x(i-v~i)=2. 

From these examples it will be seen, that according to the 
principle assumed, the product of two imaginary expressions 
IS a real quantity. 

5. V~axV^=V*xV^XV^=V*^xV^. 

6. V^xVi9=6xV^T. 

Hence, the product of a real quantity and an imaginary 
expression, is itself imaginary. 

In Divisiany 

V-b v'^xV-l ^ i V-o 

Hence, the quotient of one imaginary expnaaoa divided 
bj another is a real quantity. 
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■ Hence, the quotient of an imaginary quantity divided by a 
real one, or of a real quantity divided by an imaginary one* 
is itself imaginary. 

By multiplying V-1 continually into itself, we obtain the 



following powers. 

(vrr)^=+i (VTr)«=+i 

&c. &c. 

The even powers being alternately - 1 and +1 and the 
odd powers, — V - 1 and + V - 1 . 

On the nature and use of imaginary expressions, see Eu- 
ier's Algebra, Rees* Cyclopedia, the Edinburgh Review, Vol. 
I. and the London Philosophical Transactions for 1801, 1803 
and 1806. 

Note G. p. 146. 

Every affected quadratic equation may be reduced to one 
nf the three following forms. 

1. a^-^axz^ b 
2,ai^-axr:z b 

These, when they are resolved, become 



1. a;=-J(d:VK+6 
2.x=: Ja±VK±6 

In the two first of these fonns, the roots are never imagi 
nary. For the terms under the radical sign are both posi 
tive. But in the third form, whenever b is greater than |a*y 
the expression ia*-6 is negative, and therefore its root is 
impoesible. 
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Note H. p. 176, 

For the eake of keeping clear of the multiplied controver-» 
sies, a great portion of them verbal, respectuig the nature oi 
ratio, I have chosen to define geometrical ratio to be that 
which is expressed by the quotient of one quantity divided by 
another, rather than to say i^at it condsts in this quotient. 
Every ratio which can be mathematically assigned, may be 
expressed in this way, if we include surd quantities among 
those wiiich are to be admitted into the numerator or deiiomi- 
nator of the fraction representing the quotient. 

Note L p, 177, 

This definition of compound ratio is more comprehensive 
than the one which is given in Euclid. That is incliHled in 
this, but is limited to a particular case, which is stated in 
Art. 353. It may answer the purposes of geometry, but is 
not sufficiently general for algebra. 

Note K. p. 178. 

It is not denied that very respectable wi iters use thesi 
terms indiscriminately. But it appears to be without any 
necessity. The ratio of 6 to 2 is 3. There is certainly a 
difference between twice this ratio, and tlie square of it, that 
is, between twice three, and the square of three. All are 
agreed to call the latter a dupliccUe ratio. What occasion is 
there, then, to apply to it the term double also 1 This is 
wanted, to distinguish the other ratio. And if it is confined 
to that, it is used according to the<:ommon acceptation of the 
word, in familiar language. 

Note L. p. 185. 

The definition here given is meant to be applicable to 
quantities of every description. The subject of proportion nn 
it is treated of in Euclid, is embarrassed by the means which 
are taken to provide for the ca»e of incomniensurahle quanti- 
ties. But this difficulty is avoided by the algebraic nota* 
tion which may represent the ratio even of incoimnensur- 
ables. 

Thus the ratio of 1 to a/2 is -L-. 

^ ss/2 



It is tfTipoSBible, indeed, to express in raUonal numben^ 
the square root of 8, or the ratio which it bears to 1. But 
this is not necessary, for tlie purpose of sliowing its equality 
with another ratio. 

The product 4x2=8. 

Aiid, as equal quantities liare equal lOOts, 

2xV2=V8. therefore, 2:^/8::l : V2. 

Here the ratio of S to V^) is proved to be the some, as 
that of 1 to \/2 ; although we are unable to find the exact 
value eitlier of a^ or \/2- 

It is impossible to determine, with perfect accuracy, the 
ratio which the side of a square has to its dingonaL Yet it 
is easy to prove, that the shie of one square has the eame ra- 
tio to Its diagonal, which the side of any other square has to 
its diagotial. When incommensurable quantities are once 
reduced to a proportion, they are subject to the same laws as 
other proportionals. Througliout the section on proportion, 
the demonstrations do not imply that we know tiie value of 
the terms, or their ratios ; but only that one of the ratios is 
equal to the' other. 

Note M. p. 190. 

The inversion of the means can be nmde with strict pro- 
priety in those cases only in which all the terms are quanti- 
ties of the same kind. For, if the two last be different from 
the two first, the antecedent of each couplet, after the inver- 
sion will be dilferent from the consequent, and therefore, 
there can be no ratio between ihcm. (Art. 355.) 

This distinction, however, is of little importance in prac- 
tice. For, when tlie several (juanlities are expressed in num^ 
bersy there will always be a ratio l>etween the numbers. And 
when two of them are to l)e multiplied together, it is imma- 
terial which is the multiplier, and which the multiplicand. 
Thus in the Rule of Three in arithmetic, a change in the 
order of the two middle terms will make no difference in the 
result. 

Note N. p. 197. 

The terms composition and diviswn are derived from ge- 
ometry, and are introduced here, because they are generally 
used l>y writers on proportion. But they are calculated rather 
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to perpiex, thaa to assist tlie learner. The objection to the 
word composition is, that its meaning is liable to be mistaken 
for the composition or compounding of ratios, (Art. 390.) 
The two cases are entirely different, and ought to be carefully 
distinguished. In one, the terms are added, in the other, 
they are multiplied together. The word compound has a simi- 
lar ambiguity in other parts of the mathematics. The ex- 
pression a+^» in which a is added to 6, is called a compound 
quantity. The fraction J of f , or | xh in which J is mtdtP' 
plied into f , is called a compound fraction. 

The term division, as it is used here, is also exceptionable. 
The alteration to which it is applied, is effected by subtraction, 
and has nothing of the nature of what is called divisiwi in 
arithmetic and algebra. But there is another case, (Art. 
392.) totally distinct from this, in which the change in the 
terms of the proportion is actually produced by division. 

Note O. p. 206. 

The principles stated in this section, are not only expressed 
m different language, from the corresponding propositions in 
Euclid, but are in several instances more general. Thus the 
first proposition in the fifth book of the Elements, is confined 
to equimultiples. But the article referred to, as containing this 
proposition, is applicable to all cases of equal ratios, whether 
the antecedents are multiples of the consequents or not. 

Note P. p. 222, 

The solution of one of the cases is omitted in the text, ho. 
cause it is performed by logarithms, with which the learner 
is supposed not to be acquainted, in this part of the course. 
When the first term, the last term, and the ratio are given, 
the number of terms may be found by the formula 

log.J 

Note Q. p. 227. 

Wlien it is said that a mathematical quantity may be sup* 
posed to be increased beyond any determinate limits, it is not 
intended that a quantity can be specified so great, that no 
limits greater than this can be assigned. The quantity and 

»9 ^ 



S30 ALGEBRA. 

the limite may be aUemately ezteoded one beyond the other. 
If a line be conceived to reach to the most distant point in 
the visible heavens, a limit may be mentioned beyond this. 
The line may then be supposed to be extended farther than 
this limit. Another point may be specified still farther on, 
and yet the line may be conceived to be carried beyond it* 

Note R. p. 230. 

Tlie apparent contradictions respecting infinity, are owing 
to the ambiguity of the term. It is often thought that the 
proposition, that quantity is infinitely divisible, involves an 
absurdity. If it can be proved that a line an inch long can 
be divided into an infinite number of parts, it can, by the 
same mode of reasoning, be proved, that a line two inches 
long may be first divided in the middle, and then each of the 
sections be divided into an infinite number of parts. In this 
way, we shall obtain one infinite twice as great as another. 

If by infinity, here is meant that which is beyond any as- 
signable limits, one of these infinites may be supposed greater 
than the other, without any absurdity. But if it be meant 
that the number of divisions is so great that it cannot be in- 
creased, we do not' prove this, concerning either of the lines. 
We make out, therefore no contradiction. The apparent 
absurdity arises from shifting the meaning of the terms. We 
demonstrate that a quantity is, in one sense infinite ; and 
then infer that it is infinite, in a sense widely different. 

Note S. p. 83S. 

Strictly speaking, the inquiry to be made is, how often the 
whole divisor is contained in as many terms of the dividend. 
But it is easier to divide by a part only of the divisor ; and 
this will lead to no error in the result, as the whole divisor is 
multiplied, in obtaining the several subtrahends. 

Note T. p. 244. 

The demonstration of this proposition, particularly in its 
application to firactional indices, could not be introduced, with 
advantage, in this part of the course. It does not appear 
that Newton himself demonstrated his theorem, except by 
induction. And though various demonstrations have since 
been given ; yet they are generally founded upon principles 
and methods of investigation not contained in this introduc- 
tion, such as the ?1W8 of combination, fluxions, and figurate 
niunbers. 
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Those who wish to examine the inquiries on this subject, 
may consult Simpson's Algebra, Section 15, Eulert Algebra, 
Section 2, Chap. 11, Vince's Fluxions, Art. 99, Lacroix's 
Algebra, Art. 138, &c. Do. Comp. Art. 71, Rees' Cyclopedia, 
Manning's Algebra, the London Phil. Trans. Vol. xxxv, p. 
298, Woodhouse's Analytical Calculations, Bonnycastle's 
Algebra, and Lagrange's Theory of Analyticsd Functions. 

Note U. p. 277. 

The very limited extent of this work would admit of no- 
thing more, than a few specimens of the Summation of Se- 
ries. For information on this subject, the learner is referred 
to Emerson's Method of Increments, Sterling's Summation 
of Series, Waring's Fluxions, Maclaurin's Fluxions, Art. 828, 
&c. Wood's Algebra, Art. 410, Lacroix's Comp. Alg. Art. 
81, &c. Euler's Anal. Infin. C. xiii, Simpson's Essays and 
Dissertations, De Moivre's Miss. Analyt. p. 72, and the Lon- 
don Philosophical Transactions. 

* 

Note V. p. 291. 

To those who have made any considerable progress in the 
mathematics^ this section will doubtless appear very defec- 
tive. But it was impossible to do justice to the subject, 
without occupying more room than could be allotted to it 
here. In going through an elementary course of mathema- 
tics and natural philosophy, the student will rarely have oc- 
casion to solve an equation above the second degree. 

Those who wish to examine particularly the different meth- 
ods of solution, will find them in Newton's Universal Arith- 
metic, Maclaurin's Alg. Part. 2, Euler's Alg. Part 1. Sec. 4, 
Waring's Algebra, Do. Medit. Algeb., Wallis' Algebra, Simp- 
son's Alg. Sec. 12, Fenn's Alg. Ch. 3 and 4., Saunderson's 
Alg. Book X, Simpson's Essays and Dissertations, Journal 
De Physique, Mar. 1807, and the Philosophical Transactions. 

Note W. p. 298. 

It will be thought, perhaps, that it was unnecessary to bb 
so particular, in obtaining the expression for the area of a 
parallelogram, for the use of those who read Playfair's edi- 
tion of Euclid, in which "J1D,DC is put for the rectangle 
contained by •fll> and DCJ*^ It is to be observed, however, 
that he introduces this, merely as an article of notatUnL 
(Book II. Def. 1.) And though a point interposed between 
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the letters, is, in Algebra, a sign of multiplicatico; yet he 
does not here undertake to show how the sides of a parallelo- 
gram may be multiplied together. In. the first book of the 
Supplement^ he has iudeed demonstrated, that " equiangular 
parallelograms are to one another, as the products of the 
numbers proportional to their sides," But he has not given 
to the expressions the forms most convenient for the suc- 
ceeding parts of tliis work. In making the transition from 
pure geometry to algebraic solutions and demonstrations, it is 
unportant to have it clearly seen that the geometrical princi- 

Eles are not altered ; but are only expressed in a different 
mguage. 

Note X. p. 807. 

This section comprises very little of what is commonly 
understood by the application of algebra to geometry. The 
principal object has been, to prepare the way for the other 
parts of the course, by stating the grounds of the algebraic 
notation of geometrical quantities, and rendering it familiar 
by a few examples. 

On the construction and solution of problems. See New- 
ton's Arithmetic, Simpson's Alg. Sec. 18 and appendix, La- 
croix's App. Alg. Geom., Saunderson's Alg. Book xiii, Ana- 
lyt Inst, of Maria Agnesi, Book i, Sec. 2, and Emerson's 
Alg Book II, Sec. 6. 

Note Y. p. 320. 

On the equations of curves, the geometrical construction 
of equations, the finding of lociy &c. see Maclaurin's Alg. 
Part III, and appendix, Newton's Arith., Emerson's Alg. 
Book II, Sec. 9, Uo. Prob. of Curves, Euler's Anal. Infin., 
Waring's Prob. Alg. and Mansfield's Essays. 

Among the subjects which, for want of room, are entirely 
• omitted in this introduction, one of the most interesting is the 
indeierminaie analysis. No part of Algebra, perhaps, is bet 
ter calculated to exercise the powers of invention. But other 
branches of the mathematics are so little dependent on this, 
that it is not absolutely necessary to give it a place in an ele- 
mentary course. 

See, on this subject, Euler's Alg. Vol. ii, with Lagrange's 
additions, Saunderson's Alg. Book vi, Bonnycastle's Algebra, 
and the Edinburgh Phil. Transactions, Vol. ii. 
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